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4. CYCLOTOMIC FIELDS
References: Washington, Janusz, Neukirch.

Theorem (Kronecker-Weber). If K/Q is an abelian extension then K is contained in a
cyclotomic field.

A proof can be found in the exercises of chapter 4 of Marcus.
Let ¢, be a primitive nth root of 1 and let ®,(z) be the nth cyclotomic polynomial (i.e.
the minimal polynomial of ¢, over Q).

Proposition 4.1. Let p* be a prime power and set K := Q((ye). Then the prime p is totally
ramified in K and

pOx = (1 _ Cpa)é(p“)()K

(where ¢ is the Euler phi function). Here (1—(pe) is a prime ideal of norm p (i.e. of relative
degree 1).

Proposition 4.2. Let p® # 2 be a prime power and set K := Q((pe). Then

(1) Ok = Z[(pe]-
(2) Ag = A(Gpe) = +p”° 7 #2=9=1  where the plus sign holds if and only if p =1 (mod 4)
orp=2 and p® > 8.

In section 6 we will prove the following

Theorem 4.3 (Minkowski’s theorem). If K # Q is an algebraic number field then |Ag| # 1.
In particular, some prime p € Z ramifies in K.

Corollary 4.4. If A;, and Ak are coprime then L[ K = Q.

Now write m = [[pi*. Then Q((y) is the compositum of the fields Q((ye:).
Proposition 4.5. (1) p ramifies in Q(¢n) if and only if p | m.
(2) Z[(n)] is the ring of integers of Q((m)-
Proposition 4.6. [Q((y) : Q] = ¢(m) and Gal(Q((n)/Q) =~ (Z/mZ)*, under the isomor-

phism

a (modm) — (Gn+—Ch).
Lemma 4.7. If p 4 n and B is a prime of Q((,) over p then the nth roots of unity are
distinct modulo 3.

Theorem 4.8. If p{n then let f be the multiplicative order of p modulo n. Then p splits
into g = ¢(n)/f distinct primes in Q((,), each of relative degree f.

Finally, we have

Theorem 4.9 (Quadratic reciprocity). If p

and q are distinct odd primes then (E)(1) =
(-1)*2"%%". Further, (=) = (-1)"%, (2) = (-1)

q
p2-1
8

1



5. HILBERT’S RAMIFICATION THEORY

References: Neukirch, Marcus.
Suppose that L/ K is a Galois extension of number fields, 8 a prime of L, p a prime of K
whose splitting in L is determined by the invariants e, f, g. Recall that

Gy :={o € Gal(L/K) : oB =P}
and that Zyp is the fixed field of G. Then
[L : ng] - €f = |Gq3|, [qu : K] =4d.
Let Pz be the prime of Zy below .
Proposition 5.1. With this setup,
(1) Bz is non-split in L (i.e. P is the only prime of L above it).

(2) e(BIPz) =e, f(BIBz)=f.
(3) e(Bzlp) =1, f(Pzlp) = 1.

Now let k() = Or/PB, k(p) = Ok/p. These are finite fields, and by definition,
[K(B) = k(p)l = [
So Gal(k(B)/k(p)) is cyclic of order f. We have a natural map
Gp — Gal(k(P)/k(p))

g0

where 7(a + P) := o(a) + PB.

The inertia group is the kernel of this map; i.e.

Ip:={0c€Gyp : ca=a (modP) Vac Or.}.
and the inertia field Ty is its fixed field.
Proposition 5.2. The map above is surjective. In other words,
Gp/Ip = Gal(k(B)/k(p))-
Let PBr be the prime of Ty below P.

Proposition 5.3. With this setup,

(1) e(BIP7) =€, f(B|Pr) =1.
(2) e(Pr|Pz) =1, f(PBrlBz) =f.

Corollary 5.4. If Gy is normal in Gal(L/K) then p splits into g distinct primes in Gy.
FEach remains prime in Ty and becomes an eth power in L.

If K’ is an intermediate field of the Galois extension L/K, define p’' := P K.

Proposition 5.5. (1) Zg is the largest intermediate field K' such that e(p’ | p) =
ol p)=1.
(2) Zg is the smallest K' such that 3 is the only prime of L over p'.
(3) T is the largest K' such that e(p’ | p) = 1.
(4) Tig is the smallest K’ such that e(B | p') = [L : K'] (i.e. p' is totally ramified in
L).
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Corollary 5.6. If Gg is normal in Gal(L/K) then Zg is the largest subfield of L in which
p splits completely.

Proposition 5.7. Suppose that L and M are extensions of K and that p is a prime ideal of
K.

(1) p is unramified in L and in M if and only if it is unramified in LM.
(2) p is totally split in L and in M if and only if it is totally split in LM.

Corollary 5.8. Suppose that L/K 1is an extension of number fields, that p is a prime ideal
of K, and that M is the normal closure of L over K.

(1) p is unramified in L if and only if it is unramified in M.
(2) p is totally split in L if and only if it is totally split in M.

The Galois group of Q({,) is cyclic of order p — 1. For each d | p — 1 there is a unique
subgroup of order (p —1)/d. Call it G(p—1)/4, and let Fy be the fixed field. Let ¢ be another

prime. Then
Proposition 5.9. q is a dth power mod p if and only if q splits completely in Fy.
This can be used to prove

Theorem 5.10 (Quadratic reciprocity). If p and q are distinct odd primes, then (g) = (g)
unless both p and q are congruent to 3 modulo 4.

6. CLASS GROUP AND UNIT THEOREM. QQD)-. :X-C\\\ust Mooy
An additive subgroup A of R™ is a lattice if it has the form g
A=Zv+ -+ Zv,,
where the v; are linearly independent over R. It is a full lattice if r = n.

Lemma 6.1 (Book 12.1). If A is a full lattice in R™ and T is the fundamental parallelepiped,
then the translates A + T for A € A are disjoint and cover R™.

Theorem 6.2 (Book 12.2). An additive subgroup A of R™ is discrete if and only if it’s a
lattice.

Theorem 6.3 (Minkowski’s lattice point theorem). Suppose that A is a full lattice in R"
and that X is a centrally symmetric conver subset of R™. If

Vol(X) > 2" Vol(A)

then X contains a non-zero lattice point A € A. If X is compact, then the > can be weakened
to >.

Suppose that K is a number field of degree n = r + 2s, where r is the number of real
embeddings. Let the embeddings of K be

015 - 'aO—T7Tla—7—-1)’ . ‘)7—87?8
and define the map v : K — R" by
v(z) := (017, . . . 0vz, Re(71(2)), Im(11(2)), . . ., Re(7s(2)), Im(75()) .
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Theorem 6.4 (Book 13.5). Suppose that U C Ok is a non-zero ideal. Then v(U) is a full

lattice in R™ and
Vol(v(U)) = 27°N(U)+/| Ak

Theorem 6.5 (Book 13.6). Suppose that U C Ok 1is a non-zero ideal. Then there ezists a
non-zero element a € U such that

72.

' G)sN(U)\/M.

Nio@)] < =

For z = (z1,...,Zr U1, 21, - - -, Us; 2s) € R™, we define
N(z) =z ... 2. (y2 + 22) ... (v2 + 22).
The last theorem follows from

Theorem 6.5°. If A C R” is a full lattice, then there exists A # 0 in A with
n! /8\°
N < — (=] Vol(A).
N < 22 (£ velta)

This in turn follows from

Theorem 6.5”. If A C R™ is a full lattice and Y is a compact centrally symmetric set such
that
yeY = |N{y)<1L,

then there exists X\ # 0 in A with
2n
< .
INO! < o VoIlA)

Corollary 6.6 (Minkowski bound). If K is a number field of degree n = r + 2s, then each
ideal class C in the ideal class group C(K) contains an integral ideal J with

N(J) < o (fl->s VIAk].

Tont AT
Corollary 6.7. The class group C(K) is finite.

Corollary 6.8. If K # Q is an algebraic number field then |Ak| # 1. In particular, some
prime p € Z ramifies in K.

If K is a number field, let Ux be the group of units of Og.
Theorem 6.9 (Dirichlet’s unit theorem). I f K is a number field of degree n = r + 2s, then
UK ~V x VV,

where V' is the finite cyclic group consisting of all roots of unity in K and W is a free abelian
group of rank r 4+ s — 1.

To prove this we define log : R™*% — R™*$ by
lOg((El, ey Ty Y1, 215 - -5 Ysy zs) = (log Imlla s ].Og |I7‘I7 log(y% + Z%), s 710g(y52 + Z.?))

and let £ : K* — R" be the composite £ = v o log. The theorem follows from properties
of £ together with the next three lemmas.
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Lemma 6.10. Suppose that A = (a;;) € R™™ has all diagonal entries positive, all off-
diagonal entries negative, and all row-sums equal to zero. Then Rank(A) =m — 1.

Lemma 6.11. Suppose that K is a number field and that 1 < k <r + s. Then there exists
u € Uk such that if

2u) = (21, ) Zris)s
then z; < 0 for alli # k.

Note that this implies z; > 0.

Lemma 6.12. Suppose that 1 < k < r + s. For each non-zero oo € O there ezists a
non-zero B € Ok such that

(1) | Ngsa(B)| < (2)" VIAk].
(2) If (a) = (as, .. ., ar4s) and £(B) = (b1, ..., brts), then by < a; for alli # k.
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7. SECTION 7. VALUATIONS AND COMPLETIONS.
Definition. If K is a field, then two absolute values | - |, | - |; are equivalent if
lz| <1 < |z|; <1
Proposition 7.1. |- | and |- |1 are equivalent if and only if |- | = |- |2 for some a > 0.

Definition. || is a valuation if the triangle inequality holds. If the strict triangle inequality
holds, then | - | is non-archimedian. Otherwise it is archimedian.

Lemma 7.2. If |- | is a non-archimedian valuation and |a| # |b| then
la + b = max{|al, 0]}
Let K be a field with non-arch. valuation |- |. The valuation ring
R:={zeK : |z| <1}
has unique maximal ideal
P={zeK : |z| <1}
and unit group
R'={zeK : |z]=1}.
The value group is
|K*|:={|z] : z € K*}.
The valuation is discrete if the value group is infinite cyclic (i.e. the value group is a discrete
subgroup of the positive real numbers).
Lemma 7.3. |- | is discrete if and only if P is principal (i.e. R is a DVR).

In this case there is an element 7 € R such that [r| < 1 and such that |7| generates the
value group. Call 7 a uniformizer for R. (Note: if 7 has this property, so does 7 - u for any
unit v of R.) We have

P=1R.
If z € K* then z = 7™ - u for some unit u of R, and |z| = |7|™.

Let 1x denote the identity element of K.

Proposition 7.4. | -| is non-archimedian iff the values |n - 1g| are bounded for n € Z.

Let |- | be the usual absolute value on Q and for p prime let | - |, be the p-adic absolute

value, normalized so that
1
lplp = ~.
“p
Theorem 7.5. (Ostrowski’s theorem). The non-trivial valuations on Q are of the form |-|%
and | - |2, where a is a positive real number.

A field K is complete with respect to |- | if every Cauchy sequence of elements of K
converges to an element of K. A completion K of K consists of a pair (K,|-]) extending
(K,|-|) such that K is complete and such that K is dense in K (ie. every element of K is
the limit of a sequence of elements of K.)
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Theorem 7.6. If (K, |- |) is a field with valuation, then a completion (K, |- |) exists. The
completion is unique up to an tsomorphism which preserves the valuation.

The field K is constructed as the set of Cauchy sequences of elements of K modulo the
maximal iAdea of sequences which converge to 0.
If ¢ € K* then a = lima, with a, € K, and we define

la| := lim |a,].

Suppose that the valuation on K is discrete. Then we must have |a| € |K*|. Ie.
passing to the completion does not enlarge the value group.
In the complete field K we have the valuation ring

Ri={zeK : |z| <1},
which has unique maximal ideal
P={zek : |z|<1}
and unit group X A
R'={ze K : |z| =1}
If 7 is a uniformizer for R then it is also a uniformizer for R. In other words,
P=1R, P =R

there seem to be two missing lemma numbers here..........

Lemma 7.9. R/P™ = R/P™ for all m > 0.

Proposition 7.10. Suppose that K is the completion of K with respect to the discrete non-
archimedian valuation | - |. Let R C K be the valuation ring, let P be the mazimal ideal,
and let w be a uniformizer. Let S be a complete set of representatives for R/P. Then every

x € K* has a unique representation as a power series
T =71"(ap+ a1+ apm +...).
wherem € Z, a; € S for all i, and ap & P.
Let K be complete with respect to the discrete non-archimedian valuation | - | and let R

be the valuation ring. (R is called a complete DVR.)
We look at the question of factorization of polynomials in R[z].

Proposition 7.11. (Weak Hensel’s lemma). Suppose that R is a complete DVR and that 7
is a uniformizer. Suppose that f(x) € R[z] has a simple root ag € R modulo w (i.e. f(ao) =0
(mod ) but f'(ag) # 0 (mod 7).) Then f(z) has a unigue root a € R with a = ap (mod 7).

Lemma 7.12. If R is a complete DVR and K the fraction field, and f(x) € R|[z] is reducible
over K, then it is reducible over R.

If a € K* then a = 7™u for some unit u of R. We define
vr(a) :==m (by convention v,(0) := 0).
If f(z) =a,z™+ -+ a1z + ap € K|[z] then define
U (f) := min{v,(a;)}.



One checks that
Un(fg) = va(f) + va(g).
We call f primitive if v,(f) = 0. This is equivalent to saying that f € R[z] and not all
coefficients are divisible by .

Theorem 7.13. (Hensel’s Lemma). Suppose that R is a complete DVR. Suppose that f(z) €
R[z] is primitive and that

J(@) =g(2)h(z) (mod 7)
where § and h are relatively prime modulo w. Then we have
f(z) = g(z)h(z),
where g, h € R[z], deg(g) = deg(g), and
g=9 (modw), h=h (mod ).
Proof. Let d = deg(f) and m = deg(g). Then deg(h) < d — m. Let go, ho € R[z] be
polynomials such that
go=g (modw), hg=h (modr), deg(go)=m, deg(ho) <d—m.
Since (g,h) = 1 there are polynomials a(z), b(z) € R[z] with ago + bho = 1 (mod m).
Therefore we have
(7.1) f — goho € Plz], ago+bho—1€ Plz] (where P=nR.)

Among all of the coefficients of these two polynomials, we pick a coefficient 7 such that v, ()
is minimal. Note that v,(7) > 1. We work (mod 7) for the rest of the proof.
We will construct the polynomials g and h in the following form:

(7.2) g=go+pmT+pemi+ ...,
(73) h=ho+qlT+QQ7’2+...,

where p;, ¢; € R[z], and
deg(p;) <m, deg(g) <d—m.

To do this, we construct a sequence of polynomials

(7.4) Grn1=go+ DT+ P2+ + Py T,
(7.5) hn1=ho+@m+ @+ + guor ™™,
such that for all n we have

(7.6) [ = gn-1hn—1 (mod 7).

Passing to the limit, we will then obtain f = gh.
When n = 1, we have f = goho (mod 7) by the choice of 7. Suppose then that we have
successfully constructed g,_1, hn—1 for some n > 1. We write

n = gn—1 +pn7—n7 hn - hn—l + ann>
and attempt to determine p,, g,. Substituting, we see that (7.6) reduces to the condition
(77) f - gn—lh'n—l = Tn(gn—l%z + hn—lpn) (IIlOd Tn+1)-

Set
fn = T—n(f - gn—lhn—l) € R[CU]
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Dividing (7.7) by ™, our condition reduces to
(7.8) Jo = gn-18n + ho-1Pn = gogn + hop,  (mod 7).
By the definition of 7, we have
goa+hob=1 (mod 7).

Therefore

fn = goafn + hobf, (mod 7).
We would like to set

Gn = 0fn, Pn="bfn,

but the degrees may be too large. To address this, we set

b(z)fn(z) = q()g0(z) + Pn(z),

where deg(p,) < deg(go) = m. Note that, since go =g (mod 7) and since deg(go) = deg(7),
it must be the case that the leading coefficient of go is a unit. Therefore we have ¢(z) € R|z],
and we get the congruence

f'n. = gO(a’fn + hOQ) + hopn (mOd T)'

We now omit from the polynomial af, + hoq all of those terms whose coefficients are divisible
by 7. This gives a polynomial ¢, such that

fn = gogn + hopn (mOd T)'

Since deg f,, < d, deg(go) = m, and deg(hop,) < (d—m)+m = d, we see that deg(g,) < d—m,
as desired. O

Lemma 7.14. Suppose K complete with respect to discrete non-archimedian valuation |- |.
Suppose that
f(@)=an 2"+ - -+ a1z +ag € K|z

s trreductble, and that a,ag # 0. Then we have
Ur(f) = min{vr(an), vr(ao)}-
In particular, if f is monic and ap € R then we must have f(z) € R|z].

Proof. After multiplying by a power of 7, we may assume without loss of generality that
f(z) € R[z]. Let r be the smallest index with v,(a,) = 0. Then

f=2"(az™ "+ -+ a1z +a,) (mod 7).
If vr(ao) > 0 or vx(a,) > 0 then f would be reducible by Hensel’s lemms. O
The following lemmas were not presented in class, but are still handy.
Lemma 7.15. (Eisenstein criterion) Suppose that R a complete DVR and that
f(z) = apz™ +-- -+ a1z + ap € R[z].

Suppose that vr(a,) = 0, that vr(ag) = 1, and that ve(a;) > 1 fori=1,...,n— 1. Then f
1s irreducible over K.

Note: To prove this, copy the usual proof in the case when f € Z[z].
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Lemma 7.16. (Non-archimedian Newton’s method). Suppose that R a complete DVR and
that f(z) € R[z]. Suppose that ap € R has

|f(a0)l < |f'(ao) .

Then f has a unique root a € R such that
fao)
2

f'(ao)
Proof. This is essentially Newton’s method. Set

f(an)

a/n+1 = a’TL - f’(a, )‘
n

Follow the proof of the weak Hensel’s lemma, but be more careful, and show that

1) |f(an41)| < |f(an)| (this shows f(an) — 0).
2) 1f'(an)| = | f'(ao)] for all n.
3) {an} is a Cauchy sequence. O

[a—aol S

Theorem 7.17 (Ostrowski’s Theorem). If K is complete with respect to an archimedian
valuation | - | then K is isomorphic to R or C and the valuation on K is equivalent to the

usual absolute value.

Theorem 7.18. If K is complete with respect to a non-archimedian valuation v and L 1s
an algebraic extension then there is a unique extension w of v to L. If L/K is finite then L
is complete with respect to w, and we have

el = ([Np/x(@)],) "

Suppose that L/K is a finite separable extension and that v is a valuation on K. Then v
extends uniquely to a valuation @ of K,. Suppose that

r: LK,
is an embedding which fixes K. Then we define a valuation w on L by
wW=7TOT;
ie.
x| = |7(z)|]z for z € L.
Note that 7 is continuous with respect to w, and therefore extends uniquely to an embedding
i L,—F,

If o is a an automorphism of K, fixing K, then 7/ := o o 7 gives another K-embedding of
L into K,. We call 7 and 7’ conjugate over K. We then have the

Theorem 7.19 (Extension Theorem). With notation as above,

(1) Every extension w of v to L arises as w =voT for some K-embedding 7 : L — K,.
(2) Two such extensions are equal if and only if the corresponding embeddings are con-
jugate over K.




Concretely, suppose that L = K(«) and that f(z) € K[z] is the minimal polynomial of
a. Suppose that the factorization of f(z) in K,[z] is given by

f@) = filz). .. fo(z).

Choosing for each i a root o; of f;(x) gives a K-embedding

7, + L— K,
defined by 7;(c) = o;. Note that a different choice of o; gives a conjugate embedding, and
hence the same valuation. This gives r extensions wy, ..., w, of v to L given by w; =T o 7;.

Note that each 7; extends to an isomorphism
T - Lwi — Kv(()li)




