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—Proof: Texgider the identity /22" = (/2¥%) /2.
If \/2¥2 is irratieqal then we are finished. If not, then /2Y2-1s rational. Hence
(+/2Y%) /2 is irrational, and /2Y2* Y is the example in this case.
There is also a simple identi means of which-t can be proved that a rational
number raised to an irrational pow irrational. But perhaps the reader
would enjoy finding this one himself.
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[ve]
A SIMPLE PROOF OF THE FORMULA X, k™2 = 7%/6
k=1

IoaNNIs PapADIMITRIOU, Athens, Greece
Start with the inequality sinx < x <tanx for 0 < x < m/2, take reciprocals,
and square each member to obtain
cot?x < 1/x* < 1 + cot?x.

Now put x = kn/(2m + 1) where k and m are integers, 1 < k¥ £ m, and sum on
k to obtain

d kn em+1* 21 - kn
2 2
(1) kE:ICOt 2m+1 < T2 k=21 k2<m + k=2100t 2m+1
But since we have
< kn m(2m — 1)
2 —
2) ,El ot +1 3 ’

(a proof of (2) is given below) relation (1) gives us

m(2m — 1) < (2m -}; 1) 5 }3 < m+ m(2m 1)'
3 n k=1 3

Multiply this relation by n?/(4m?) and let m — oo to obtain
m 1 7t2
lim 2 — = —.
m—ow k=1 k2 6
Proof of (2). By equating imaginary parts in the formula

cosnB + isinnf = (cosd + isinfB)" = sin"@cotd + i)’
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: “ B\ n—k
= sin"0 X (k)l cot” "0,
k=0

we obtain the trigonometric identity

sinnd = sin"0 {(?)cot""& - (;)cot"'se + (;)cot"‘se -+ } .

Take n = 2m + 1 and write this in the form

3) sin(2m + 1) = sin®™*10P, (cot?6) with 0 < 0 < ’5‘

where P,, is the polynomial of degree m given by
P.(x) = (2m 1-+- l)x"‘ _ (2m + l)x,,,_l + (2m + 1) I g

3 5
Since sin 8 # 0 for 0 < 8 < /2, equation (3) shows that P,(cot?0) = 0 if and only
if 2m + 1)6 = kn for some integer k. Therefore P,(x) vanishes at the m distinct
points x, = cot?nk/(2m + 1) for k = 1,2,---,m. These are all the zeros of P,(x)

and their sum is

. k. 2m+1)/2m+1 _ m@m—1)
kzc"tz +1‘(3( 1 )T T3

which proves (2).

Note. This paper was translated from a Greek manuscript and communicated to the MONTHLY
on behalf of the author by Tom M. Apostol, California Institute of Technology. After this paper
was written it was learned that the same proof was discovered independently and published in
Norwegian by Finn Holme in Nordisk Matematisk Tidskrift, vol. 18 (1970), pp. 91-92. See also
A. M. Yaglom and I. M. Yaglom, Challenging mathematical problems with elementary solutions,

vol. II, Holden-Day, San Francisco, 1967, problem 145,

ANOTHER ELEMENTARY PROOF OF EULER’S FORMULA FOR {(

27)*"B

1 n-1 ( 2n

(1) T

which expresses {(2n) as a rati tiple of n2" was discovered by Euler [2]..

or valently, as the coeflicients in the power series expanst
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192 THEORY OF RIEMANN-STIELTJES INTEGRATION [pEF. 9-1
when « is not differentiable or even when « is discontinuous. In fact, it is
in déaling with discontinuous o that the importance of the Stieltjes integral
becomes apparent. By a suitable choice of a discontinuous «, any finite or
infinite sum can be expressed as a Stieltjes integral, and summation and
ordinary Riemann integration then become special cases of this more
general process. Problems in physics which involve mass distributions
that are partly discrete and partly continuous can also be treated by using
Stieltjes integrals. In the mathematical theory of probability this integral
is a very useful tool that makes possible the simultaneous treatment of

continuous and discrete random variables.

9-2 Notations. For brevity, we shall make certain stipulations concern-
ing notations and terminology to be used in this chapter. We shall be
working with a finite interval [a, b] and, unless otherwise stated, all func-
tions denoted by f, g, a, or 8 will be assurmed to be real-valued functions
defined and bounded on [a, b]. Complex-valued functions will be dealt with
in the latter part of the chapter. Extensions to unbounded functions and
infinite intervals will be discussed in Chapter 14.

As in Chapter 8, a partition P of [a, b] is a finite set of points, say P
{%o, T1, . .., Tn},suchthata = zg < 21 < +++ < Tp—y < T =b. The
norm of P is the largest of the n numbers Azy = 2 — Tg—1, and s denoted
by |P|. The partition P’ of [a, b] is finer than P (or a refinement of P) if
P C P’. Thus, P C P’ implies |[P’| < |P], but the converse does not hold,
The symbol Aay denotes the difference Aay = a(zr) — @(Tk—1), 0 that

® 1 bog = a(b) — a(a). Finally, the set of all possible partitions ow
[a, b] is denoted by ®[a, b]. .

9-3 The definition of the Riemann-Stieltjes integral.

9-1 DerFiNiTION. Let P = {Zo, %1, . . ., Tn} be a partition of [a, b]

and let
t, be a point in the subinterval [Tr—y; Tal. A sum of the form .

S(P,f,@) = 3 ) Aexy

k=1

is called a Riemann-Stieltjes sum of f with respect to o. We say f
Riemann-integrable with respect to « on [a, b], and we write °f e R(
on [a, b)” if there exists a number A having the following property:
every € > 0, there exists a partition P, of [a, b] such that for every pa
tion P finer than P. and for every choice of the points iy in [Cre—1,

we have |S(P, f, ) — 4] < e :

-3 THEOREM. If f ¢ R(a) and feR(B) ona,b
on [a, b] (for any two constants ¢y and ¢3) and

Ny

Given ¢ > 0, choose P! 5o that P!

THM. 9-
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When such a number 4 exists, it
by f¢ f de or by [ f(z) da(z).
integral [ f d exists. The functi

is uniquely determined and is denoted
We also say that the Riemann-Stieltjes

ons f and « are referred to as the integra

. : r nd

and the entegrator, respectively. In the special case when a(z) = M we
]

.5:6 m@w f) instead of S(P, f, a), and f & R instead of f ¢ R(a). The
integral is then called a Riemann integral and is denoted by Jb f &p.. orb
f(z) dz. The numerical value of S f(z) da(x) depends o:_w\ on f, o ew
EE. b, mwm does not depend on the symbol . The letter z is a :mc‘Bhs v
variable” and may be replaced by any other convenient symbol. Y

Nore. This is one of several accepted definitiors of the Riemann-

m Emm ﬂ _ €S 1n’ ﬁ@@m m\m. .>~.w m\ﬂ GOH Hu.mﬁw ve A—USR HHOG QDCH \ N._.Ozﬁ Qmmuz _H—Omw IS 8 GW&OQ
v

9-4 Hﬂm"\ﬁﬁ. properties. It is an easy matter to
owm”um.amm in a linear fashion on both the i
This is the content of the next two theorem

prove that the integral
ntegrand and the integrator.
S.

9-2 TuroreM. Iff € R(a) and ifg e Ra) on |

PSL@Q:
on [a, b] (for any two constants ¢1 and ¢3) and we have e e Rle)

b
S\ \&Q:an\,

a

b

rb
\s (e1f + cag) da g da.

Proof. Let b = ¢;f + ceg. Given a partition P of [a, b], we can write

S(P, h, a 3
(P, 1y ) 3 06 B

k=1

MU h(ty) Aoy, = Cq MU flty) Aay, + Co
k=1 k=1

I

18(P, f, &) + ¢38(P, g, ).

C Pimplies |S(P, f,a) — f*fda| < ¢
C P implies [S(P, g, @) — [t gda] < ¢. If we
; then, for P finer than P,, we have

b
-‘WANV»\FQV..IGH\ .%&QION\

a

nd choose P!’ so that P!’
ake P. = P!y P!

b
g do

M _OH_m + _nm_mv

nd this proves the theorem.

I, then f & R(cia + ¢,8)

we have

b b 3
\a fd(cia + ¢28) = S\ fde 4 nm\‘ fds.
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196 THEORY OF RIEMANN-STIELTJES INTEGRATION

'

[ram. 9-7
Subtracting the last two displayed equations, we find

4= 8P af) =3 fwnlatm) — ofts)]

k=1

+ M \Aaal.bmaﬁwv — a(Tp—1)].

F==1 .

The two sums on the right can be combined into a single sum of the form
S(P', f, @), where P’ is that partition of [a, b] obtained by taking the points
z; and ¢y, together. Then P’ is finer than P and hence finer than P.. There-
fore the inequality (2) is valid and this means that we have

< €

b
m.lrw.ﬁvuﬁu.\.v I.\Mu fdo

whenever P is finer than P,. But this is exactly the statement that f° « df
exists and equals A — [?f da.

9-6 Change of variable in a Riemann-Stieltjes integral.

9-7 THEOREM. Let f ¢ R(a) on [a, b] and let g be a strictly monotonic con~
tinuous function defined on an interval S having endpoints ¢ and d.
Assume that @ = g(c), b = g(d). Leth and 8 be the compostte function
defined as follows:

h(z) = flg@@)], Bx) = ofg(x)];
Then h & R(8) on S and we have

b d
\ fda H\. hdg.

Proof. For definiteness, assume that g is strictly increasing on 8. (This
implies ¢ < d.) Then g is one-to-one and has a strictly increasing, co
tinuous inverse g~ defined on [a, b]. Therefore, for every partition
P = {yo,...,¥s} of [c, d], there corresponds one and only one partiti
P’ = {zg,..., 2.} of [a,b] with z; = g(ys). In fact, we can wri
P’" = g(P) and P == g~ 1(P). Furthermore, a refinement of P produc
corresponding refinement of P/, and the converse also holds.

If ¢ > 0is given, there is a partition P! of [a, b] such that P’ finer t
P, implies |S(P’, f,a) —f®fda| < e. Let P, = g~ (P!) be the corn

ifzedS.

" THM. "9-8] REDUCTION TO A RIEMANN INTEGRAL 197
sponding partition of [c, d], and let P = {y, iti

. +++yYn} be a partition of

" [¢, d] finer than P.. Form g Nmogmg-ma&&mm,ng, ! ‘\ P

n
»WAW» \ss Rv = M.J\ N«Aa&nv DQ?
ka1
where uy, € [y, y;] and A8, =

and zy = g(y;), then P! = {zo,
P,. Moreover, we then have

BYx) — B(yr—1). If we put ¢, =

. . g(ug)
.« ., Zn} is a partition of [a, b] finer

than

S,k B) = 37 flg(ur){alg(ys)] — g (yre—1)]}

s

2 ft{alzs) — a(ma_y)} = S(P', f, @),

k=1

smee ¢, € T.Snlm.

. zx].  Therefore, |S(P, b, §) —f2
-18 proved. a

fda| < eand the theorem

: Zﬁeu. This theorem applies, in particular, to Riemann Emmmu&E
that is, when a(z) = z. Another theorem of this type, in which ¢ is not

quired to be monotonic, will later be proved for Rie i
pee Theorem 9-33.) ’ menn integrals

9-7 Reduction to a Riemann integral. The next theorem tells us that

¢ are permitted to replace the symbol da(z) by o(z) dz in the integral
f(z) da(x) whenever o has a continuous derivative o',

8 THEOREM. Letf e R(a) on [a, b]
© derivative o on [a, b].
and we have

and assume that o has a continuous
Then the Riemann integral [ f(x)o!(x) dx exists

b b
[ 160 due) = | @) as

Proof. Let g(z) = f(z)e!(z) and consider g Riemann sum

> ft)el () s,

wHH

S(P,o) = 3 glte) Az, —
b=

S(P,f,0) = 3° 1) Aay.

k=1
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Consider the following example: way that not both f end « are discontinuous from the right or from the
a@) = 03 5 = 0, al0) = —1, left at each zy. Then ,\.w.x da exists and we have

@) =1, f—1<z<+l, \ ’ f) dae) = > fwn)a.
In this case Theorem 9-9 implies f wH f da: = 0. But if we re-define f so that A =

f(0) = 2 and f(z) = 1 if x 5% 0, we can easily see that J1, f da will not
exist. In fact, when P is a partition which includes 0 as a point of sub-
division, we find .

Proof. By Theorem 94, f? f da can be written as a sum of integrals of
the type considered in Theorem 9-9,

8P, f, @) = fte)la@e) — a(0)] + f(te—1)[(0) — a(zr_s)]
= fltr) — ftr—1),

One of the simplest step functions is the greatest-integer function. Its
value at z is the greatest integer which is less than or equal to x and is
-denoted by [x]. Thus, [z] is the unique integer satisfying the inequalities

. . Bl<z<[a]4+1.
where zx_2 < 1y < 0 < # < 2z The value of this sum is 0,1, or —1,

depending on the choice of ¢, and tr—1. Hence, [T 1 J da does not exist in
this case. However, in a Riemann integral J? f(z) dz, the values of f can
be changed at a finite number of points without affecting either the exist~
ence or the value of the integral. To prove this, it suffices to consider
the case where f(z) = 0 for all 2 in [a, b] except for one point, say z = ¢.’
But for such a function it is obvious that |S(P, NI £ 1f(©)]|P]. Since |P]
can be made arbitrarily small, it follows that S f(z) dz = 0.

9-12 TarorEM. Every finite sum can be written as o Riemann-Stieltjes
integral. In fact, given a «:S.M”wua ax, define f on [0, n] as follows:

@) =aifk—1<s<k @&=12...n), f(0) = 0.
Then

> e = 3 10 =" o) d
: 0

k=1 k=1

The integrator  in Theorem 9-9 is a special case of an important class of where [x] is the greatest integer < z.
functions known as step functions. These ave-functions which are constant

. . . . AN Proof. The greatest-i ion i . .
throughout an interval except for a finite number of jump discontinuities. f greatest-integer function is a step funetion, continuous from

the right and having jump 1 at each integer. The function f is continuous
9-10 DerinrroN (Step function). Let o be defined on [a, b] in such a wa om the left at 1, 2, ..., n. Now apply Theorem 9-11.

that o s discontinuous at a finite number of potnts cy, where

a<c;<ep < v <e <0

We shall illustrate the use of Riemann-Stieltjes integrals by deriving a
remarkable formula known as Euler's summation formula, which relates
e integral of a function over an interval [a, b] with the sum of the func-
n values at the integers in [a, b]. It can sometimes be used to approximate

tegrals by sums or, conversely, to estimate the values of certain sums by
ns of integrals.

If « isconstant in each open subinterval (ck—1, ci), then « is called:
step function and the number a(cy+) — alcr—) is called the Jump
¢k If ¢y = a, the jump at ¢y is a(crt) — a(ey), and if ¢, = b,
Jump at ¢, s a(e,) — alc,—). .

Step functions provide the connecting link between Riemann-Stieltje

. . 13 THEOREM (Buler's summation Jormula). If f has a continuous deriva-
integrals and finite sums: R

" tive f' on [a, b), then we have
9-11 TurEOREM (Reduction of a Riemann-Stieltjes integral to a finite sut
Let a be a step function defined on [a, b] with Jump oy at Ty, W

. b b o
2 < g e deined on o b wilh funp o d o, > o) =] swras+[ F@(@) da+ fla) (@) -~ SN,

e<n<gd

v
)
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