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110 M. F. ATIYAH AND C. T. C. WALL
Proof. Suppose for example that h(4) is defined. From the exact
sequences
0-Ker(f)» A= f(4)-0
0 — f(4) - B— Coker(f)—0

it follows from Prop. 10 and 11 that A(f(4)) is defined and equal to h(A),
then that h(B) is defined and equal to A(f(4)).

PROPOSITION 12. Let E be a finite-dimensional real representation space
of G, and let L, L' be two lattices of E which span E and are invariant under G.
Then if either of h(L), h(L') is defined, so is the other, and they are equal.

For the proof of Prop. 12 we need the following lemma:

Q[Gl-modules such that Mg = M ®q R and Mg = M " ®q R are isomorphic
as R[G]-modules. Then M, M’ are isomorphic as QI[G)-modules.

Levma. Let G be a finite group and let M, M' be two finite-dimensional \

g. 14

I Proof. Let K be any field, L any extension field of X, 4 a K-algebra. If

V is any K-vector space let ¥, denote the L-vector space V ® L. Let M, M’
be A-modules which are finite-dimensional as K-vector spaces. An A-homo-
morphism ¢: M — M’ induces an 4 ;-homomorphism ¢ ® 1: M, — M,
and ¢ — @ ® 1 gives rise to an isomorphism (of vector spaces over L)

(Hom 4 (M, M")), = Hom, (M, My). (8.3)
In the case in point, take K = Q, L = R, 4 = Q[G], so that 4; = R[G].
The hypotheses of the lemma imply that M and M’ have the same dimension
over Q, hence by choosing bases of M and M’ we can speak of the determinant
of an element of Homge; (M, M"), or of Homgg (Mg, Myg). (It will of
course depend on the bases chosen.)

From (8.3) it follows that if &; are a Q-basis of Homgg; (M, M"), they
are also an R-basis of Homgg (Mg, My). Since My, My are R[G]-isomorphic,
there exist a; € R such that det (3 a;¢;) # 0. Hence the polynomial

F(t) = det(z tiéi) € Q[tb' o tm],
where f; are independent indeterminates over Q, is not identically zero,
since F(a) # 0. Since Q is infinite, there exist ;€ Q such that F(b) # 0.
and then Y’ b,¢, is a Q[Gl-isomorphism of M onto M".

For the proof of Prop. 12, let M =L®Q, M'=L"® Q. Then A,
and My are both R[G]-isomorphic to E. Hence by the lemma there is «
Q[Gl-isomorphism ¢: L® Q- L' ® Q. Lis mapped injectively by ¢ to
a lattice contained in (1/N)L’ for some positive integer N. Hence /= N.¢
maps L injectively into L'; since L, L' are both free abelian groups of the
same (finite) rank, Coker (f) is finite. The result now follows from the
Corollary to Prop. 11.
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