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HOMOLOGICAL ALGEBRA

CHARLES REZK

1. INTRODUCTION

This is a brief exposition of the basic ideas of homological algebra, for the most part
without proofs (which can be easily supplied by the reader, or looked up in a standard
reference, such as Weibel’s An Introduction to Homological Algebra). It is geared towards

defining Tor groups.
We write Mod 4 for the category of right A-modules.

2. CHAIN COMPLEXES

Let A = Modg,.

A chain complex C in A is a sequence Cp, n > 0 of objects of A (by convention C,, = 0
for n < 0), together with maps d,: C, — C,_; for each n, such that dp_1d, = 0. For
the most part, we suppress the lower indexing on maps, and will just write d for d,, so the

condition becomes d? = 0.
A chain map f: C — D of chain complexes is a sequence of homomorphisms f =

fn: Cp — D, for each n such that df = fd. Chain complexes in A form a category,
denoted Cha. A chain homotopy between chain maps f,g: C — D is a sequence of maps
s=258,:Cp— Dpyqsuchthatds+sd=f —g.

The nth homology group H,C of a chain complex C is the quotient

H,C % (kerd: C, — Cp_1)/(imd: Cny1 — C).
Proposition 2.1. H, is a functor from Cha to A. Furthermore, if f,g: C — D are chain
homotopic, then H,f = H,g as homomorphisms H,C — H,D.

We say that a sequence C — D — E of chain maps is exact if each sequence C, — D, —
FE,, is exact.

f0-C L, D% E - 0is a short exact sequence of chain complexes, the connecting
map 6: H,E — H,_1C is defined and characterized by the following property: 6([2]) = [z]
for z € ker(E, — E,_1), = € ker(Cp—1 — Cpn_2) if and only if there exists y € D, such that

z=g(y) and f(z) = d(y).

Proposition 2.2. If0 — C ER D % E — 0 is a short ezact sequence of chain complezes,
there is an exact sequence
- — H,C - H,D — H,F — H, 1C — H,_ 1D — ---— HoD — HoE — 0,

where the maps in the sequence are Hyf, Hng, and 6.

Date: September 21, 2005.



2 CHARLES REZK

This proposition, and the definition of the connecting map, basically amount to the snake
lemma.

3. PROJECTIVE RESOLUTIONS

A resolution of a module M € A consists of a chain complex C in A, together with a
homomorphism ec: HoC — M, such that ec is an isomorphism, and H,,C ~ 0 for n > 0.
(One often expresses this by saying that the sequence

O3 Cy—C1 —Ch—-M—0

is exact.)
If f: M — N is a map of modules, and (C,ec) and (D,ep) are resolutions of M and

N respectively, we say that a chain map g: C — D covers f if (ep)(Hog) = fec as maps
HoC — N.

A module P is projective if it is a summand of a free module. Equivalently, P is
projective if it has the left lifting property with respect to surjections; that is, for every
surjection ¢: M — N and every map g: P — N, there is a map f: P — M such that
qaf = g.

A projective resolution is a resolution C of M such that each C,, is a projective module.
Likewise, a free resolution is one in which each C,, is a free module.

Proposition 3.1. Let M be a module. 'yKu L

(a) There ezists a free resolution, and hence a projective resolution, of M.

(b) Let C be a projective resolution of M, let D be a resolution of N, and let f: M — N °

be a map of modules. Then there exists a chain map g: C — D covering f.

(c) Let C be a projective resolution of M, let D be a resolution of N, let g,h: C — D
be two chain maps which both cover the map f: M — N. Then g and h are chain
homotopic.

In particular, for every two projective resolutions C and D of a module M, there ezists a
chain map f: C — D covering the identity map of M, and any two such chain maps are
chain homotopic.

4. LEFT DERIVED FUNCTORS

Let B = Modp be another category of modules.
An additive functor T': A — B is a functor such that T(f + g) = Tf + Tg for any
fi9: M — N in A. Additive functors carry chain complexes to chain complexes, chain maps

to chain maps, and chain homotopies to chain homotopies.
Given an additive functor T, we define the nth left derived functors L,T, for n > 0,

as follows. For each module M, choose a fixed projective resolution (C,ec) of M. Set
LT € m,17(0).
Proposition 4.1. Let T be an additive functor.
(a) The expression L,T(M) is well-defined, in that it does not depend on the choice of
resolution C, up to unique isomorphism. That is, if (D,ep) is another projective
resolution of M, then there is a canonical isomorphism L,T(M) = H,T(C) —
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H,T(D), defined to be the unique map obtained from any chain map C — D covering
the identity of M.
(b) L,T defines a functor A — B.

5. PROPERTIES OF LEFT DERIVED FUNCTORS

The following is a “relative” version of the existence of projective resolutions. The non-
relative version corresponds to the special case of M =0 and C'=0.

Proposition 5.1. Let f: M — N be a map of modules, and let (C,ec) be a resolution
of M. Then there exists a resolution (D,ep) of N, together with a chain map g: C — D
covering f, such that the groups of the complex D have the form D,, = C, @ P, the map
gn: Cp — Dy, is the inclusion of the first summand, and P, is projective.

Proposition 5.2. Let 0 — M’ — M — M" — 0 be a short ezact sequence of modules.
Then this sequence is covered by a short ezact sequence 0 — C' - C — C" — 0 of projective
resolutions.

Proposition 5.3. Let T: A — B be an additive functor, and let 0 — M -M->M' -0
be a short ezact sequence in A. Then there is an eract sequence

cee - LnT(M/) — LnT(M) — LnT(M”) — Ln_lT(MI) — e LO(M”) — 0.

An additive functor T is right exact if M’ — M — M"” — 0 exact implies TM' —
TM — TM" — 0 is exact. An additive functor T is exact if it is right exact and if it
preserves injections; equivalently, T is exact if it takes exact sequences to exact sequences.

Proposition 5.4. Let T: A — B be an additive functor.

(a) The Oth derived functor LoT: A — B is right ezact.

(b) There is a natural transformation of functors 1: LoT — T. If P is a projective

module, then np: LoT(P) — T(P) is an isomorphism.

(c) The functor T is right ezact if and only if n is an isomorphism on all objects.
Proposition 5.5. Let T: A — B be a right ezact additive functor. The following are
equivalent.

(a) T is an ezact functor.

(b) L,T =0 for alln > 0.

(C) LlT = 0.

A module M is called T-acyclic if L,T(M) = 0 for all n > 0. A T-acyclic resolution
of M is a resolution C such that every C, is T-acyclic.

Proposition 5.6. If (C,ec) is a T-acyclic resolution of M, then H,T(C) =~ L,T(M) for
all n.

Proof. Let K,, = im(d: C, — Cp_1) with Ko = M, and consider the long exact sequence of
derived functors associated to the short exact sequences 0 — K41 — Cp — Kn — 0. O
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6. Tor

Fix a left A-module IV, and let Ty: A — B be the functor defined by T(M) = Y Mol
(If A is a commutative ring, we can take B = A; however, if A is not commutative, we can
only take B to be the center of A.) The functor TN is right exact

We define the Tor groups to be the left derived functors of Ty. That is, we set
Tor (M, N) ¥ L, Tw ().
Proposition 6.1. We have
(a) Tor%(M,N)~ M ®4 N.
(b) N is flat as a left A-module, iff Tor’y(M,N) = 0 for all right modules M and all
n > 0, iff Tory (M, N) = 0 for all right modules M.

(¢) If0 = M' - M — M"” — 0 is a short eract sequence of right modules, there is a
long exact sequence

- — Tory (M', N

) — Tory (M, N) — Tor% (M”, N) — Tory (M’
ending in

N)—
— Torl (M",N) > M@, N - M@y N - M'"®@4N —0
(d) If (C,ec) is a resolution of M by flat right A-modules, then we have Tor’ (M, N)
Hn(C ®a N)

7. BALANCING Tor
Let A’ denote the category of left A-modules.

Fix a right A-module M, and let Up: A’ — B be the functor defined by Upy(N) = W
M ®4 N. The functor Uy is right exact.

We define the Tor’ groups to be the left derived functors of Uys. That is, we set
Tor’A(M, N) & LUy (N).

A double complex K is a collection of modules K, 4 for p,gq > 0, together with maps
d: Kpq— Kp_142and d’: Kp, — K41 such that d2 =0, d"2 =0, and d'd" = d"d'.

Let K be a double complex For each p, we obtain a chain complex K,, whose groups
are K, , (with fixed p) and differentials are the d”. Likewise, for each g, we obtain a chain
complex K, , whose groups are K, , (with fixed ¢q) and differentials are the d’

The total complex of a double complex K is the complex AK defined by
def
(AK)n = €D Kpg
ptg=n
Proposition 7.1. Let K be a double complez.

de =dz+ (-1)Pd'z ifz € K,,.

(a) Let C be the chain complex defined by C, = Ho(Kp.), with chain map induced by
d'; there is an evident map of complezes AK — C. If for each p > 0 we have
Hy(Kpo) = 0 for all ¢ > 0, then this map of complezes induces an isomorphism
H,(AK) — H,(C) for all n.
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(b) Let D be the chain complex defined by Dg = Ho(Keq), with chain map induced by
d"; there is an evident map of complezes AK — D. If for each ¢ > 0 we have
Hy(K.q) = 0 for all p > 0, then this map of complexes induces an isomorphism
H,(AK) — H,(D) for all n.

Proof. Let L be the double complex with L, g = K, ; for ¢ > 0, Ly = im(d”: K, 1 — Kp))-
Then there is a short exact sequence 0 — AL — AK — C — 0 of chain complexes, and
thus we have reduced to a special case: if Hy(Kpe) = 0 for all p and ¢, then H,AK = 0 for
all n. O

Proposition 7.2. Let M be a left A-module, and C a projective resolution of M by left

modules. Let N be a right A-module, and D a projective resolution by right modules. Let K
def

be the double complex defined by Kp 4 = Cp ®4 Dg. Then
Tor/A(M, N) = Hn,(AK) =~ Tor/X(M, N).

. DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN, URBANA, IL
E-mail address: rezk@math.uiuc.edu
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