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152 ) VI. Elliptic Curves over C

Now the periodicity of f implies that the integrals along the opposite sides n.:,
the parallelogram cancel, so the total integral around the boundary of D is
zero.

(b) The periodicity of f(z) implies that f'(z) is also periodic, so applying (a) to
the elliptic function f’(z)/f(2) gives

1 (2
=5=| F~dz=0
smMQ> ordu(f) 2mi Jap f(2) z
(c) We apply the residue theorem to the function zf'(2)/f(2)
H !
swm; ord,(f)w = 3— " of ' (2)/f (2)dz

H atw; atw,+wy atw;y a
_ I.A ; % + % ¥ % YZNE%N.
2mi a atw, atw,tw; atwy

Now in the second (respectively third) integral make the change of variable
z — z — w, (respectively z — w,). Then using the periodicity of f'/f yields

T ord,(f)w= —o2 % L@, o % L@,

we T/A 2ni J, 1) 2ni J, f(2)
But for any meromorphic function g(z), the integral
b
1@,
2ni |, g(2)

is the winding number around O of the path
[0,11—C, t—g((1 — t)a + tb);

and in particular, if g(a) = g(b), then the integral is an integer. Hence the
periodicity of f'{z)/f(z) implies that X ord,,(f)w has the desired form. ]

Definition. The order of an elliptic function is its number of poles (counted
with multiplicity) in any fundamental parallelogram. (Note that from (2.2b),
the order is also equal to the number of zeros.)

Corollary 2.3. A non-constant elliptic function has order at least 2.

Prookr. If f(z) has a single simple pole, then from (2.2a) the residue at that
pole is 0, so f is actually holomorphic. Now apply (2.1). ]

We now define the divisor group Div(C/A) to be the group of formal linear
combinations Z,, . ¢/a 1, (W) with n,,€ Z and n,, = 0 for all but finitely many w.
Then for D = Zn,,(w)e Div(C/A), we define

deg D = degree of D = Y n,, and Div®(C/A) = {DeDiv(C/A): deg D = 0}.

§3. Construction of Elliptic Functions 153

From (2.2b), for any fe C(A)* we can define a divisor div(f)e Div®(C/A) by
div(f)= ). ord,(f)(w).

weC/A
Clearly the map div: C(A)* — Div®(C/A) is a homomorphism, since each
ord,, is a valuation. Finally, we define a summation map
sum: Div*(C/A) » C/A  sum(}n,(w)) = ¥ n,w (mod A).

The following exact sequence encompasses our main results on C/A, as well
as one fact (3.4) to be proven in the next section.

Theorem 2.4. The sequence

div sum

1 C* - CA)*— UZOAQZIY C/A-0
is exact.

Proor. Exactness on .Ea left is clear, and on the right follows from

sum((w) — (0)) = w. Exactness at C(A)* is (2.1), and exactness at Div%(C/A)
is (2.2c) and (3.4). O

§3. Construction of Elliptic Functions

In order to show that the results of section 2 are not vacuous, we must
construct some non-constant elliptic functions. By (2.3), any such function

will have order at least 2. Following Weierstrass, we look for a function with
apole oforder2atz = 0.

Definition. Let A =.C be a lattice. The Weierstrass g-function (relative to A)is
defined by the series

1 1 1
sA) == —
%AN v NM -+ 8W>AN _ EVN eN
X#0

The Eisenstein series of weight 2k (for A) is the series
QNNA\/V = M elnw.

weA
w#0

(For notational convenience, we write g (z) and G,, if the lattice A has been
fixed.)

Theorem 3.1. Let A < C be a lattice.
(a) The Eisenstein series Gy, for A is absolutely convergent for all k > 1.
(b) The series defining the Weierstrass go-function converges absolutely and




“(2)/ Jo sajod 10 so10z 2y Jo Aue jo ired Arewrdew! oy} uey} Ja31e] USN®E) SI
Lomym [+ &~ =y 01 1 + § = { Wolj aul] [B1U0ZLI0Y € s1 5 JO doiayy,
“$ I "S14 Ul In0jJu0d oyl aq ) 19] ‘A[astoaid 210N “ UTBUIOD [elustiepuny
ay} Jo Arepunoq oYy} punore (z)f JO SANBALIOP druyireso] sy} Funeidajut
Aq g\ ut ssjod pue soxsz 9y} Junod o3 st yoord sy Jo B3PI Y[, "400¥d

(124 105 g4
£q peoedaa st 4 Ji 98ueyd jou sa0p (f)4a 1eyl Joayd 03 Asea st 3] "910N)

o 2d H\12d

(12D .wugs 4 +S§.M.+S$+S§

uay [ *(2)f fo uorsupdxa-b ay1 ur wiia;
Burystuvauou 1541/ a1 fo xapui ay3 arouap (f)%a 197 °d wiod ay1 1 (2)f fo
(310d fo 4api0 ay1 Snup 40) 04dZ [0 43p40 Y] 2}0UIP ([)da 1371 ‘g4 404
"1 4of 3 wybram fo uonounf ipjnpoud 043zuou v 3q @) f 127 ) <q/f|.

"$a$BD UTR}IS0 U JWES 3y} A[[eTioe d18
sAeM JUSISYJIP UI PAULOP SULIO] Ie[npow om} jey) Sutaold ur njosn aq os[e
[[14 31 pue ‘] IoJ 143om UAIS Jo swioj-dsno pue suroj remnpou jo (1)
pue ( 1)y seoeds oy BUIUIUIISIAP Ul 3[01 0ISE] © Kepd 1M 1nsa1 XU YT

-g uontsodoid Jo jooid ot 10§ Mmouo) Y111 ANy

(A 0 -
I T

; |

“H > 14

Sl (2)¥1§ 10§ surioy yenpoly 'z§

*(#0]2q 995) IS[0ISX3 UR SB 1J9] 3q |[Im (1]°7) pue
(Z1°7) Jo sous[eAInbs oY I, "JOSIAIP UOWWOD 18318313 3] $AI0OUSP (U ‘%) d19YM

T={u'w)
. U+ zw zouu -
@ro) A2 o

1(§'7) ut v ‘w sired swiLid A19AnR[1 19A0
ATUO wIms 03 ST $LI9S UIAISUISIY POZI[BUIIOU 94} SUIULISP JO ABM 9jRUId)E UY
T=u
Wb Lyt —1=@)""g
©
Y=u

‘ 16
LB o T olmmw +1=0"7

J=u
ChW)eo T poz — 1

i

@°'g

I=u
Lh@)to T osy + 1= (2%
1=u

M%EQMET;MSQ

I=u
bW L opr+1=02)"7

a1e g Mo )81y
oY L 's1uaiorjye00 uoisuedxa-b jpuoypvi aaey 01 SB 0§ pauysp st (2)%7 ‘snyjp

T=4y
(1o bt Ly = Ssswx - @

H(L°7) ur (o) yueIsuoo ay) 4q (2)*D SuIpIAIp £q paurelqo *,SILIS
UI2)SUSSIg PAZI[BULIOU,, 31} QUIJop 01 [nyasn st 31 ‘g uonisodoid Jo osnedog

o ‘J001d a3 sarejdwod sy B JO JUSIFIR00 oY) Se (9°7) Ul wns 9Y)
Ureiqo om ‘wins A[qnop isel ays ur b 1amod pax1y B Jo $1USIOJo00 SUN0S[[0D)

Il (Z)*7$ 1oy surtoy 1e[NPo Z§

et "y






=S v1 <y 4of puv ¥ = (D' ‘v =% 40 71> ¥ S 0= (D% ()
o fo samppa asoyz 10f "7 = (1) ‘spiom

A3YJ0 Ul 141 40 01 ‘8 ‘9 ‘Y = 1 fi ‘Y Aq pav.rauab puoisusunp-auo s1 (1w (9)

T =3 40 2aywbau 5124 fi 0 = (D)W (q)

3 = (D)% “a'1 ‘spupisuod aip J 10f () 1yb1am fo suriof appmpowt djuo ay g (e)

(@)¥IS = 1 “4aBamit usaa up 29 3 307 - WY
‘g uonsodoid Jo soouanbasuoo [NJasn AISA [BISAIS SALIOP MOU Bp

o ‘g uonyisodoid jo pue ‘ewrwa] 9y} Jo Jooid 2y} sa91durod sy

.?éu §< S\u
o % 1= =D RS

zpo
01 [enba ST (477°7) JO 9PIS 191 3} ‘sny L

P @f @S
wo 1Y = ey

:(ST'2) A9 (97°7) SPIAIP mOU dM

zp
9z (@frop + 29)24 + () fp + 20) = praad
ureiqgo am
5T @5(p + 29) = (0)f
SunenusIsJi( "YWIKA] SH1 40 J004J
e/ as
[4! z g
(gug? = Z 219Ym) 7= or " - 7 |1

0 < 2 se ey} oIndwod pue ‘g = (gD)§ ey atou ‘(8. ) =g = {198 om
215YM ‘BUIUS] 93 UrOK] A[orerpowrtal smof[oj (¢Z°7) Ayfenba pannbai ayy,

©lp) +2° @f > @f°
(ZArd)] i) + 2 ww A= =12p o7 |~ %g

uoy [ (2)f(p + 20) = (20)f
wyp asoddng [ o D unojuod v uo $aj0d 10 $049z OU YHM [ U0 uonounf
omydaowosous v 3q (2)f 191 pup ‘0% 2 ynm ‘13(¢ ) =4 127 ewmoy

"BULIS] [BIDUST d10W FUIMO[[0] 8Y) WO} MO[[0] [[IA (£7°7) B[OULIO]
PSIIsap 9y ], *IN0U09 9y} Suole (7 01 ) uroij s208 z se 1n03u0o oy} Suoe 7 03
A WOoI $908 2§ ©'9'1 ‘g 0} ‘A[estoord 910U 10 ‘T 01 (7D SOYE) Z/] — «-Z
UOIJBULIOJSUBI] 9] 181} 910U 9M ‘s[e1893U1 0Mm) 951) Jo tuns oy} syndumios o,
. @fF % mg (@f Pl

(€z'7) Y Pes )TN T

L1 (2)¥1s 103 sur1o] yempoly “z§

0 < 3 SB W] 9y} UT Jeyl MOYs 0) surewsl )i ‘g uonsodolg
aaoxd 03 ‘snyl “(zz'g) JO Spis Y9 oy Jo uopjoss Surureurar jey) o) [enbs
st (12°7) JO 9pis Yof a3 1w (gz'7) woyy puy am ‘suonE[Mo[es 2A0qE oY)
Suruiquio) 'y 01 7 woij pue 7 01 H WoIj [er8a)ul Y] ST SUTBUIST JRYAL
ONf)7a— = 9/(f)* a~
§9W033q H pue J usam1aq 11ed oy pue ‘z/( f)'a— sawooeq 7 03 quoiy(zz'D)
Jo 1xed oy}  « 2 se 1oyl puy am ‘Kem owss 3y} uf ("as1mo010 $208 Hg d1e
oY} 9snedaq st udls snunw oY1) '9/(f)"a— = (g/ur(f )Pa)5E — ureiqo am
0s pue ‘¢/u soyoeosdde s[ue ay [, -0 « g Sunyey ) pue g usamisq (zz'g) jo
uonoas a3 03 sty A[dde ap, (17 = g usym synsal gnuLIO] ONPISAI [Ensn )
61w ssyoeordde [e18ayul SIY) () « 3 Se USY) ‘2 SNIPEI [[EWS YA D 1B PIIdIU0
g 218Ue Jo ore renoIo B punole SSIMND02I2IUN00 (2) f/(2), £ a1eadayur am Jf
2 18 omdiowoloy (2)6 yim ()6 + 252 = (2)//(2).f uoyy ‘g # %o qum v
183U - - - + (0 — 2)*> uoisuedxs JueIneT sey (2)/J1 "B[ULIOJ SNPISAI 3Y3 JO
UOTBALISD 31 [[BI31 ‘. PUB ‘F (T ‘Hg SOIe 9} 1040 Tei8orur oY) 9JeneAS O],
(f)a— £q ueaw am Jeym st sty pue
‘0 1e (B)/ Jo 5j0d 10 019z JO 19pIO Y} snurw S1 [e132)U1 SIY) 1BY) SMO[[O] 11
‘p 01 [ woyj 5203 z se UONORIIP ISIMYO0]D © UT PISISABIY SI A[OIID 3Y) 90UIG
boljp ) 1
- OI9Z 18 PaIIUsd ;,; 2 SHIPEBI JO S[OXID Y} J9AO [RI32)uT SUIMO[[O] oY)
03 [enba s1 (zz°7) ur [e18o)ur 943 JO uOTIORS s1q3 yeyl puy om “Z2(B)S 2 =2/
soulg ‘uoisuedxs-b oy oq B'vg = (2)f = (B)f W7 ;2 = b s3|qelIRA JO
93uBYD 3Y) SYBW oM SIY) OP O] "FH 19A0 [eI353UT o) 31BNIEAS M ‘IXON]
"suondaip sysoddo ut oF soury oy pue ‘() = (] + z)fasned3q ‘I 01 H woyy
[ex8our ay3 s[eoueo (pr[q ‘814 995) g 03 p woly [eIgaiur oyl [Ie Jo Isig
“uondIs AQ wondss (7z'z) Wi [eiSelul ayy slen[eAd oM ‘pury 12410 3y} UQ)

o 9Ed I3 d Amv\ 2 g

@ e X a2

SABY 9 “UISI02Y) SNPISAI 3y} 01 SUIpI000Yy

(0§ oste sousy pue) Lrepunoq oy jo jred S[2110 J1un 91y} uo ¢ urod
ouo pue ‘(aury susoddo ayy uo jurod jusjeambe- | 3Y) os[e 20Uy pue) ul|
ATepunogq [eonsa ayy uo 4 jutod suo ‘(wg Os[B 20U3Y pue) @ ‘7 JO ISISUOD
4 jo A1epunoq sy) uo ssjod pue 015z oY} USYM 958D 9U3 Pa1RIISN[I 9ARY 9M
111 314 u] *sojod 10 s010z a1e Aoy J1 H Jo ap1sino 3doy s1e (@ — = wg pue)
® pue 1 yey) 1dooxs ) spisur souUo Anoexe s[od 10 019z Jo sse[o adUSRAINDY
-J A12A2 apnpour 0y se Kem e yons ur suOp St ST "2 SNIPBI [[RWS JO sOIB
Te[noxro Fuoe Arepunoq ay3 uo sjod 10 019z Lur punouie sImoisp i1 1eys 1dooxs
‘4 Jo Arepunoq ay; punore smof[oj JNOIUOD Y] JO ISaI oYL ("0 = b punose
as1p & U b Jo uonouny osrgdroworsuw v ojur (2)f soxew ,,,,2 = b so[qeLIea Jo
98ueyd 2y} 1By} 108) 9Y) WOy smoj[o] Jred Areurdeunr o3rey AjLresnqre yum
so10z J0 ssjod aaey jou s0p (2)f 1Yl “a71 ‘QUOP 2q uwd SIY) JBYL ‘3I0N)

SWI0] Jenpoy ‘I 911






o [ 10} [erurouk[od PalIsIP AU} ULy o Wik .
uondumssg uononpHl oy Aq '/ 0 L) guikiddy ( e o T [meum

| . oy STLL
W\Awml nmviﬁﬁg

+ogtgo =Y+ iata =/

w0} oY) Ul £ LM Ued oM
< uonsodoid Jo (p) 1red Ad (DS 2%%9° — [ yeyy yons 332 puLj UBD M

s “(3)6 uomsodoid Jo Jooid 9y ut se yuowngre sures a3 £q ‘(1)'W 2 [ UaAID)
(I 3 %7 9SE0 yorym Ut Y = /9 + 1y Je YOS [ pue 1 puyy 03 ojqissod
£reso st pl <y 10 TT =% Wl asoddns moN 1)y ueds jsnw ‘96
womisodoig Aq ‘os pue ‘( 1)y Jo Juswdle ue st ‘Aroanoadsal 07 77 Ogvaly
<97 Y7 1) 910U M P ‘01 ‘8 ‘9 ‘b= y 04 "y U0 uonoNpuUl 35N A "H00¥d4

A=[9 +1¥

Lz (2@ X =@
widof ay1 Ul UdLILAM 3G UDO (DY af uy 01 wonysodory

‘(308 sy} Jo Jooid JUIYIP € 10] 91§ 10 § Weqoid 298)
97 “vg uy JerwouA(od ® st 10§ W10} re[npow Aue ey} 2A0Id MOU I

m (1) 30 — f “ot *Auyur 1e soYstuEA
(1) 270 — f Bunynsa 3y ey} 08 % jo ednnu S[qeINS ©® 10BNqNS
skempe ued am (1)'W3/f uaAIS ‘ANUIUL JB YSIUBA JOU SI0P 1 ouis (9)
“(p) 1red ul suonIOsSE ) JO [ ST $9AI13 S1Y L,
(DI 2 V/f ©9'1 ‘WLIo) TRMpou B Ajemioe st y/f uonouny Ie[npout o4
()% 2/ Aue pue ¥ Aue 10J ‘20uel] "AMULUL 1€ St (Z)V JO 0192 Auo a4}
1o seydunt ([7°7) ‘V =/ Ppue 7] = ¥ UuM Jer) S01ON "2AnESsUUOU e
(17°7) W 1191 2y} U0 StLxd} 1930 e pue ‘0 < (/ y®a aney om (1)'s 2/ 104 (P)
‘(o) 11ed soA18 (2)'7 = @)Y
guisooy)) ‘[euonodord 18 ¢/ pue '/ ‘(&) 1ed Ag "wio) Igupoul ®
Apremoe st (2)4/(2)f uonouny Ie[npot o010z 1yTrom 9] ‘s01ez dures 3y}
aaey (2)%f pue (2)'f soulg (I)'W Jo siusuId[e 0I3ZUOU 9q @)Y @Y w1
10 = (f)da 1omo [e 1 = (J)a T = (f) e aney isnuiam ‘p1 = 10}
<0 = (f)a yoyo [re 1 = (f)'a = (J)7 aney Isuu am ‘01 = % 10}
(0= ()daeqioe ‘c= (f)"a oney 1snW oM ‘g = ¥ 10]
‘0= (f)4a 1eylo je ‘| = (f)'a aaey ISTUI 2M ‘9 = 5f 10}
‘0= (f)daeyio el = (f)®a aney] 150U 24 ‘p = I 10}
:sploy (17°7) Yeus os (f)4a oy Bursooyo jo
Lea aqqissod auo AfUo ST 919Y) jey) 330U M P 30 ‘01 ‘§ 9 ‘v = UWUM ()
71/ renba pinod (17°7) ut 3391 3w
U0 swiIa) aanjEdeuuou Jo wns Y3 ey Kem ou st a1y) ‘7 =100 > A JI @
‘uonouny
ooz oy st 2 — (2)/ J1 ueddey A[uo ued sy} ‘Q st IS JySu ay) doulg
-aansod K[3ous st (17°7) Ut 1J3] 2Y) UO SULIS] A} JO SUO ©2'1 ‘019Z ®© SBY
(Do 29 — (2 UL (2)f £q uaxe) anjea Aue aq 2 19[ PUE (e af e (e)

aarjedauuou
are (17'7) Ui 1J9[ 9y} uo SsuLr) B widof 1RMpow € J0J 18y} 910N 1004 J

7 < y40f73® (1S ='W ()
((2)v uwonounf ay1 4 71 — 1yBram fo swiiof ipjrpout
Burqdimu £q pauipiqo a4v 2f 1ybram Jo susiof dsnd a1 “an) (DFTIWY






Math 595 notes. 9/1/06. Proofs of two results stated in class

Proposition 7 (Prop 1.2.4 in DS). Suppose that T is a congruence subgroup, and that f is holomor-

phic on H and weight k invariant under T'. Suppose that the coefficients in the Fourier ezpansion
o0

1= alm)k
n=0
satisfy |a(n)| < n" for some constant r. Then the function flojy is holomorphic at oo for every
a € SLy(Z) (in other words, all of the cusp conditions are satisfied).

Proof. Using the triangle inequality, with z = = + 4y, we get that

o0 o0

1£(2)] < la0)] + > nre ™V < 14+ g(n),
n=1 n=1

where g(t) := t"e~2™4/N_ The function g(t) has an absolute maximum at ¢ = 7N, /2my. Therefore

the sum can be overestimated by the corresponding integral, along with the area of a rectangle of

width 2 and height g(t). The area of this rectangle is 2g(rN/27y) < 1/y", and the integral is

/ t"+1e"27ryt/N— _ —T_T_’f/ tr+le~—27rt/N__ & 1/yr+1
A t vt o t

since the last integral converges. Putting this together we find that
(1) |7(z)| € 1+ 1/y™ forall z € H.

Note: this is only interesting for values of y near zero; otherwise it just says that f(z) is bounded
for values of z away from the real axis, which we already know to be true since f is periodic and

holomorphic at co. Therefore the term y"*! dominates (note that if y > 1 then 1 /y" is less than

1, so it can be ignored anyway). Now take a = a b € SLy(Z). Since f is weight k invariant
c d

on a congruence subgroup, we have an expansion flaly = > b(n)q} for some coeflicients b(n).
Therefore it will suffice to show that gy f[a]k(z) — 0 as z — oco. By periodicity we may suppose
that 0 < z < N. Therefore it will suffice to show the following:

(2) fla)x(z) has polynomial growth as y — oo.
To show this first note that y < |cz +d| < y for large y. We have Im(az) = {C—z'_%d—lg, so 1/y <
| Im(az)| < 1/y for large y.
Together with (1), this shows that
3 Flole(@)] = (ez + ) fla)| €y ™1 +y) <y asy = oo

This proves (2). 0O
Proposition 9. Suppose that A = Zw; ® Zwy and A' = Zw) ® Zwy, are lattices with wy fwa, W] /wy €
H. Then A = A’ if and only if

(4) v (Z;) = <5:;> for some v € SLa(Z).

Proof. If (4) holds then since « is invertible, the members of each pair can be written as integral
linear combinations of the other pair, so the lattices are equal. If the lattices are equal, then
reversing this argument shows that we have (4) for some invertible matrix with integer entries. Note

that wy /we = %. The determinant must be equal to 1 (and not —1) since by hypothesis both
Im(2)

quotients of the periods lie in H|, and in general a computation shows that Im(yz) = det(’)’)k;z_m‘?'
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680 — Série A C. R. Acad. Sc. Paris, t. 279 (21 octobre 1974

divisent pas D et qui sont tels que la classe de conjugaison de la substitution de
Frobenius F, € G appartienne & H. On sait que P(H) a une densité dans P égale 4 A/,
olt h = Card (H), g = Card (G). Notons E, I’ensemble des entiers n 2 1 tels qu’il
existe p e P(H) avec n = 0 (mod p) et n # 0 (mod p?).

THEOREME 2. — On suppose H = G. Il existe alors une constante C > 0 telle que
x—Ey(x) ~ Cxflog" x, ou o =hlg.

(En particulier, E, a pour densité 1 si H # F, résultat facile & prouver directement en
utilisant le fait que Y 1/p =+00.)
peP(H)

Démonstration. — Le cas H = ¢ est trivial (on prend C = 1). Supposons donc H # .
Considérons la série de Dirichlet suivante, qui converge pour Z (s) > 1 :

1)

[ a+p®+p7*+..) I U+p~*+p7%+..)
peP(H) p ¢ P(H)

= Y ns

n¢ EH

«©
Si ’on écrit cette série sous la forme Y b, 7%, tout revient i prouver que
n=1

Y. b, ~ Cx/log* x.

ngx

Pour cela, d’aprés (), il suffit de montrer que f(s) est de la forme ¢ (s)j(s—1)'7% ou
c(s) est holomorphe dans le demi-plan #(s) = | et non nulle en s = 1.

On va comparer f(s) & un produit de puissances des séries L (s, 1) d’Artin attachées aux

différents caractéres irréductibles y du groupe G. Si ¢ désigne la fonction caractéristique
de G-H, ona

¢ = M:xx“ ol u, =
X
On a
logL(s, 1) = L x(F)p™° (mod &),
14

oll #,,, désigne I’ensemble des fonctions holomorphes dans le demi-plan # (s) > 1/2.
Si 'on pose
g(s) = Y u,logL(s, %),
X
on a donc
mAmvaanuvva = M p~° (mod &,3),

P p# P(H)
d’olt aussitdt

g(s) =log f(s) (mod #,;,).

On en monoEﬁ que f(s) = €5 ki (s5), olt % (5) est holomorphe et # 0 pour % (s) > 1/2
et en particulier pour £ (s) = 1. D’autre part, la fonction ¢* est une détermination de la
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fonction [T L (s, x)**; vu les propriétés connues des fonctions L, elle se prolonge en une
fonction holomorphe non nulle en tout point # 1 de la droite £ (s) = 1. Au point 1,
chacune des L (s, x), % # 1, est holomorphe non nulle, et L (s, 1) = ¢ (s) a un pdle simple;
comme l’exposant u; de L (s, 1) dans e est 1—(h/g) = 1 —a, on en déduit bien que
£(s) est de la forme c(s)/(s — 1) 7, ou ¢ (s) est holomorphe pour A(s)= 1 etc(l)#0.

Remarques. — 1° Au lieu d'utiliser le théoréme taubérien de Wintner (*), il est pro-
bable que ’on peut appliquer la méthode de Landau (®); c’est ce qu’a fait Watson M
dans le cas ol M est abélien sur Q, i. e. o P(H) peut étre défini par des congruences.

2° On peut généraliser le théoréme 2 de la maniére suivante : donnons-nous, pour
tout p € P, un ensemble A, d’entiers 2 0, tel que O ¢ A, pour tout p, et que le A, siet
seulement si p ¢ H. Soit S,y 'ensemble des entiers n = [ p*P tels que a{ p)e A, pour
tout p. On a alors, si H # G,

Sa,u(x) ~ C  xflog"x, avec C,; #0.

La démonstration est la méme : on remplace simplement f(s) par la somme des n™*
pour n€ S,y

3. DEMONSTRATION DU THEOREME 1. — On se rameéne par des réductions standard [efs (O
au cas ol f est une forme modulaire de type (k, €) sur un groupe I'y (N), et ou fest fonction
propre des opérateurs de Hecke T, , p ¥' N, avec pour valeurs propres a, € Og.

LEMME. — Il existe une extension galoisienne finie M de Q, non ramifiée en dehors de Nm,
et une partie H de G = Gal (M/Q), stable par conjugaison, distincte de &5 et de G, telle que,
avec les notations du n® 2, on aita, = 0 (mod m).pour tout p € P(H).

En effet, d’aprés Deligne (%), on peut trouver une extension M comme ci-dessus, et un
plongement p : G — GL, (Og/m DOy) tel que, pour tout p X Nm, on ait

Tr(p(F,)) = a, (mod m).

On prend alors pour H le sous-ensemble de G formé des éiéments s tels que Tr (s) = 0.
On a H # &, car H contient 'image p (c) de la conjugaison coruplexe ¢; on a H+#G
sim 2 3 (ce qu’il est loisible de supposer, quitte & remplacer m par un multiple). Toutes
tes conditions du lemme sont bien satisfaites.

Le théoréme | est maintenant immédiat. En effet, si # est divisible par p et pas par ph
le fait que \_ T, = a, f entraine

Cn = hm n..\n ’

d’otic, = 0(mod m) sip e P(H). Avec les notations du n°2, on a donc ¢, = 0(mod m)
pour tout n € B, , et on conclut en appliquant le théoréme 2.

4. EXEMPLE : LA FONCTION T DE RAMANUJAN. — Dans le cas ol m est premier, on peut
améliorer le théoréme 1 :

THEOREME 3. — Sil est premier, et x 2 1, notons S (x) le nombre des entiers n £ x
tels que t (n) ¥ 0 (mod {). On a

S, (x) ~ Wx:N et S,(x)~exflogPx si 123,

191
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