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1 p-adic Modular Forms

1.1 Notation

Let p be a prime. Consider the field p-adic numbers Qp, with its non-archimedean valuation vp,
normalized such that vp(p) = 1. We say x ∈ Qp is p-integral if vp(x) ≥ 0.

If f =
∑

anq
n ∈ Qp[[q]] is a formal power series, we define vp(f)

def
= inf vp(an). If vp(f) ≥ m we

write as well f ≡ 0 (mod pm).
Let (fi) be a sequence of elements in Qp[[q]]. We say that fi → f if the coefficients of fi tend

uniformly to those of f (that is, if vp(f − fi)→ +∞.
For k ≥ 2 an even integer, we set:

Gk
def
= − bk

2k
+

∞∑
n=1

σk−1(n)qn

Ek
def
= −2k

bk

Gk = 1− 2k

bk

∞∑
n=1

σk−1(n)qn

where bk is the kth Bernoulli number, and σk−1(n) =
∑

d|n dk−1. Note that, for k ≥ 4, the series

Gk and Ek are modular forms of weight k (and level 1).
Write also:

P
def
= E2 = 1− 24

∑
σ1(n)qn

Q
def
= E2 = 1 + 240

∑
σ3(n)qn

R
def
= E2 = 1− 504

∑
σ5(n)qn

The algebra of modular forms on SL2(Z) is precisely C[Q, R].

Lemma 1.1.

• If k′ ≡ k 6≡ 0 (mod p− 1), then Gk ≡ Gk′ (mod p).

• If p− 1|k, then Ek ≡ 1 (mod p− 1). In fact, we have:

– If p 6= 2: Ek ≡ 1 (mod pm) if, and only if, k ≡ 0 (mod (p− 1)pm−1).

– If p = 2: Ek ≡ 1 (mod 2m) if, and only if, k ≡ 0 (mod 2m−2).

1.2 The Algebra of mod-p Modular Forms

For k ∈ Z, write Mk for the seet of modular forms of weight k, with coefficients in Z(p) = Q ∩ Zp.

One can reduce these forms modulo p, and we write M̃k ⊆ Fp[[q]] for the reduction of Mk. Write

as well M̃
def
=

∑
k∈Z M̃k.

Theorem 1.2 (p ≥ 5). Define, for α ∈ Z/(p− 1)Z:

M̃α def
= ∪k∈αM̃k

where one sends Mk to Mk+p−1 by multiplying by Ep−1. Then:

M̃ = ⊕αM̃α
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Theorem 1.3 (p = 2, 3). One then has:

M̃ = Fp[∆̃]

where ∆̃ is the mod-p reduction of the weight-12 cusp form ∆.

1.3 Congruences mod-pm between Modular Forms

Theorem 1.4. Let f and f ′ be two modular forms with rational coefficients, of respective weights
k and k′. Assume also that f 6= 0 and that:

vp(f − f ′) ≥ vp(f) + m for some integer m ≥ 0

Then:

k′ ≡ k (mod (p− 1)pm−1) if p ≥ 3

k′ ≡ k (mod 2m−2) if p = 2

1.4 p-adic Modular Forms

Definition 1.5. Let Xm be defined, for m ≥ 1, as:

Xm
def
=

{
Z/(p− 1)pm−1Z if p 6= 2

Z/2m−2Z if p = 2

The group of weights is defined as:

X
def
= lim←−

m

Xm =

{
Zp × Z/(p− 1)Z if p 6= 2

Z2 if p = 2

Note that Z can be viewed as a dense subgroup of X.

Definition 1.6. A p-adic modular form is a formal series with coefficients in Qp which is the
limit of classical modular forms of weights ki.

Theorem 1.7. Let f be a nonzero p-adic modular form. If (fi) is a sequence of rational modular
forms of weight ki tending to f , then the ki tend to an element k ∈ X, which is even.

Example. If p = 5 (or p = 2, 3), then Q ≡ 1 (mod p), so that:

1

Q
= lim

m→∞
Qpm−1

and hence 1
Q

is p-adic modular, as well as 1/j = ∆/Q3.
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1.5 First Properties of the p-adic Modular Forms

Theorem 1.8 (generalizes Theorem 1.4). Let f and f ′ be two p-adic modular forms, of re-
spective weights k and k′. Assume also that f 6= 0 and that:

vp(f − f ′) ≥ vp(f) + m for some integer m ≥ 0

Then k and k′ have the same image in Xm.

Corollary 1.9. Let f = a0 + a1q + · · · + anq
n + · · · be a p-adic modular form of weight k ∈ X.

Let m ≥ 0 be an integer such that the image of k in Xm+1 is nonzero. Then:

vp(a0) + m ≥ inf
n≥1

vp(an)

(in particular, if the an are p-integral for all n ≥ 1, then the same holds for pma0 (interesting case:
p− 1 - k. Then m = 0).

Corollary 1.10. Let f (i) be a sequence of p-adic modular forms, of weights k(i), such that the
a

(i)
n tend uniformly to an ∈ Qp for all n ≥ 1, and k(i) tends (in X) to a limit k 6= 0. Then the

coefficients a
(i)
0 tend to some a0 ∈ Qp, and the limit series is a p-adic modular form of weight k.

1.6 An Example: p-adic Eisenstein series

Define, for k ∈ X and n ≥ 1:

σ∗k−1(n)
def
=

∑
dk−1 ∈ Zp

where the sum is for all d ≥ 1, d | n, such that p - d. Then the sequence Gki

def
= −bki

/2ki +∑
n≥1 σki−1(n)qn has a limit:

G∗
k = a0 +

∑
n≥1

σ∗k−1(n)qn

with a0 = 1
2
limi→∞ ζ(1− ki)

def
= 1

2
ζ∗(1− k).

The function ζ∗ is thus defined on the odd elements of X \ {1}, and by a Corollary 1.10 it is
continuous.

Theorem 1.11.

• For p 6= 2, and if (s, u) 6= 1 is an odd element of X = Zp × Z/(p− 1)Z, then:

ζ∗(s, u) = Lp(s; ω
1−u)

where Lp(s; χ) is the p-adic L-function of a character χ, and ω is the Teichmuller character.

• If p = 2 and if s 6= 1 is an odd element of X = Z2, then:

ζ∗(s, u) = L2(s; χ
0)

Note also that, if k ≥ 0 is an even integer, then we have:

G∗
k = Gk − pk−1Gk|V

Lastly, if k ≡ 0 (mod (p − 1)pm−1), then E∗
k ≡ 1 (mod pm), and so we set E∗

0
def
= 1, as this is the

limit of the E∗
k when k → 0.
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2 Hecke Operators

2.1 Action of Tl, U , V , θ on the p-adic Modular Forms

Let f =
∑∞

n=0 anq
n be a formal power series with coefficients in Qp. Define:

f |U def
=

∞∑
n=0

apnq
n and f |V def

=
∞∑

n=0

anq
pn

Also, if l 6= p is a prime and k ∈ X, define:

f |kTl
def
=

∞∑
n=0

alnq
n + lk−1

∞∑
n=0

anq
ln

θf
def
= q

df

dq
=

∞∑
n=0

nanq
n

For h ∈ X, define:

f |Rh
def
=

∑
(n,p)=1

nhanq
n

Theorem 2.1. The operators U , V and Tl preserve the p-adic modular forms of a given weight k.
The operator θ increases the weight by 2. The operator Rh increases the weight by 2h (for h ∈ X).

One can define then the Hecke operators for any m coprime to p, through the usual formulae:

TmTn = TnTm = Tmn if (m, n) = 1

TlTln = Tln+1 + lk−1Tln−1 if l is a prime and n ≥ 1.

Proposition 2.2. Here there are some formulae:

(θf)|U = pθ(f |U) f |Rh|U = 0

θ(f |V ) = p(θf)|V (θf)|k+2Tl = lθ(f |kTl)

f |V |Rh = 0 (f |Rh)|k+2hTl = lh(f |kTl)|Rh

2.2 A Contraction Property

Definition 2.3. Let p ≥ 5. The filtration of f ∈ M̃α is written w(f) and is the least k such that
f ∈ M̃k.

Lemma 2.4. Suppose that p ≥ 5. Then:

1. w(θf) ≤ w(f) + p + 1, with equality if, and only if, p - w(f).

2. For all i ≥ 1, one has w(f i) = iw(f).

3. w(f |U) ≤ p + w(f)−1
p

.

4. If w(f) = p− 1, then w(f |U) = p− 1.
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Theorem 2.5.

1. If k > p + 1, then U(M̃k) ⊆ M̃k′ for some k′ < k.

2. For k = p− 1, the operator U induces a bijection on M̃p−1.

Corollary 2.6. Let p ≥ 5, and let α ∈ Z/(p− 1)Z be even. Then:

1. The space M̃α can be uniquely decomposed as M̃α = S̃α ⊕ Ñα, such that U is bijective on
S̃α, and locally nilpotent on Ñα. Also, S̃α ⊆ M̃j, where j ∈ α is such that 4 ≤ j ≤ p + 1. In
particular, S̃α is finite-dimensional.

2. For α = 0, one has j = p− 1, and S̃0 = M̃p−1.

If p = 2 or p = 3, then one can also decompose M̃ = S̃ ⊕ Ñ , with S̃ = M̃0 = Fp, and Ñ = ∆̃M̃ .
Then U is the identity on S̃, and it is locally nilpotent on Ñ .

2.3 Application: Computing the Constant Term of a p-adic Modular
Form

Theorem 2.7. Let f be a p-adic modular form of weight k ∈ X. Let p be a prime such that p ≤ 7
or such that p ≥ 11 and k ≡ 4, 6, 8, 10, 14 (mod p− 1). Then:

a0(f) =
1

2
ζ∗(1− k) lim

n→∞
apn(f)

Theorem 2.8 (case p− 1 | k). There exists a polynomial H ∈ Z[U, Tl : l prime] such that, for all
k ∈ X divisible by p− 1, one has:

1. E∗
k |H = c(k)E∗

k, wich c(k) ∈ Z×
p .

2. limn→∞ f |Hn = 0 for any cuspidal p-adic modular form of weight k.

(note that H doesn’t depend on k, but its action on f actually does).

Corollary 2.9. If f is a p-adic modular form of weight 0 6= k ≡ 0 (mod p− 1) one has:

a0(f) =
1

2
ζ∗(1− k) lim

n→∞
c(k)−na1 (f |Hn)

Note that this allows to compute a0(f) in terms of the am(f)’s, as a1(f |Hn) is a Zp-linear
combination of the am(f), for m ≥ 1.

Examples.

• For p ≤ 11, take H = U and c(k) = 1.

• For p = 13, take H = U(U + 5) and c(k) = 6, or H = U(T2 − 2) and c(k) = 2k−1 − 1.

• For p = 17, take H = U(T2 + 5) and c(k) = 2k−1 + 6.

Theorem 2.10 (case p − 1 - k). Let k ∈ X be such that p − 1 - k. Then there is a sequence
(λm,n)m,n≥1 of elements in Zp such that:

1. For each n, then λm,n = 0 for all m sufficiently large.

2. a0(f) = limn→∞ un(f), where un(f) =
∑

m≥1 λm,nam(f), for each p-adic modular form of
weight k.

(note that the coefficients λm,n DO depend on the weight k.
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3 Modular forms on Γ0(p)

3.1 Review of Classical Definitions

Given f a holomorphic function on H, and γ =

(
a b
c d

)
∈ GL2(R)+, one defines f |kγ, also

holomorphic on H, as:

f |kγ(z)
def
= det(γ)k/2(cz + d)−kf

(
az + b

cz + d

)
Consider also Γ0(p), a subgroup of index p + 1 in SL2(Z). Define also the Fricke involution W to

be the matrix W
def
=

(
0 −1
p 0

)
.

Definition 3.1. Given f ∈Mk(Γ0(p)), the trace of f is defined to be:

Tr(f)
def
=

p+1∑
j=1

f |kγj

where {γj}j=1...p+1 is a set of coset reps of Γ0(p)\SL2(Z).

Lemma 3.2. If f =
∑

anq
n and f |kW =

∑
bnq

n, then:

Tr(f) =
∑

anq
n + p1−k/2

∑
bpnq

n = f + p1−k/2(f |kW )|U

Remark. If f is a modular form on SL2(Z), then:

Tr(f |kW ) = p1−k/2f |kTp

and so the trace and the Hecke operator are related.

3.2 Passing from Γ0(p) to SL2(Z)

Theorem 3.3. Let f =
∑

anq
n be a modular form of weight k on Γ0(p), with rational coeffi-

cients. Then f is a p-adic modular form of weight k. In fact, one needs only to require that f is
meromorphic at the cusp 0 to get the same result.

Proof. Define, for a ≥ 4 an even integer such that p− 1 | a:

g
def
= Ea − pa/2Ea|aW = Ea − paEa|V

which is a modular form of weight a on Γ0(p).

Lemma 3.4. We have g ≡ 1 (mod p) and g|aW ≡ 0 (mod p1+a/2).

We have that both f and f |kW have rational coefficients. For each m ≥ 0, we have fgpm

is a modular form on Γ0(p), of weight km = k + apm, with rational coefficients as well. Let

fm
def
= Tr(fgpm

). We then note that km → k, and that fm → f (as m→∞).

Remark. Consider the following function:

j
def
= Q3/∆ = q−1 +

∞∑
n=0

c(n)qn

The previous Theorem can be applied to the function f
def
= j|U =

∑
c(pn)qn, which has a pole of

order p at the cusp 0.
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3.3 Reduction (mod-p) of weight-2 forms on Γ0(p)

Theorem 3.5. Let p ≥ 3. Let f be a modular form of weight 2 on Γ0(p), with p-integral rational
coefficients. Then:

1. f |2W = −f |U , which is a modular form with p-integral coefficients as well.

2. The reduction f̃ = f (mod p) belongs to M̃p+1.

3. Conversely, any element of M̃p+1 is the mod-p reduction of some weight-2 modular form on
Γ0(p) with p-integral coefficients.

In other words:
M2(Γ0(p); Z(p)) ≡Mp+1(SL2(Z); Z(p)) (mod p)

Corollary 3.6. The eigenvalues of U acting on M̃p+1 are ±1.

3.4 Forms on Γ0(p) with Nebentypus

Suppose that p ≥ 3. Let ε be a character mod p. Let r = φ(p − 1), and write p = p1 · · · · · pr

the decomposition of p in Q(µp−1). Fix one of these prime ideals, which defines an embedding
σ : Q(µp−1) ↪→ Qp. This in turn induces an isomorphism µp−1 ' (Z/pZ)× (and all isomorphism
are obtained in this way). Then σ ◦ ε is of the form x 7→ xα with some α ∈ Z/(p− 1)Z. Then:

Theorem 3.7. Let f =
∑

anq
n be a modular form of type (k, ε) on Γ0(p) such that an ∈ Q(µp−1)

for all n. Then the resulting series fσ def
=

∑
aσ

nq
n, with coefficients in Qp is a p-adic modular form

of weight k + α (where α is identified with (0, α) ∈ X = Zp × Z/(p− 1)Z, and k + α = (k, k + α).

Proof. For ε = 1 the result has been proven before. So assume ε 6= 1.

Lemma 3.8. Let k ≥ 1, and assume that ε(−1) = (−1)k. Then the series:

Gk(ε)
def
=

1

2
L(1− k, ε) +

∞∑
n=1

∑
d|n

ε(d)dk−1

 qn

is a modular form of type (k, ε) on Γ0(p), with coefficients on Q(µp−1), and one has:

Gk(ε)
σ = G∗

h

with h = k + α.

Remark. One can show that, with the hypotheses of the previous Theorem, f |kW is of type (k, ε−1),
and that f |kW 2 = ε(−1)f .
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4 Analytic Families of p-adic Modular Forms

4.1 The Iwasawa Algebra (for p 6= 2)

4.1.1 Notation

For n ≥ 1, define Un
def
= {u ∈ Z×

p | u ≡ 1 (mod pn)}, as a subgroup of Z×
p . Note that:

U1 ' lim←−(U1/Un) ' Zp

For u = 1 + pt ∈ U1 and s ∈ Zp, one can define us ∈ Z×
p as:

us = (1 + pt)s =
∑
n≥0

(
s

n

)
tnpn

Definition 4.1. Let F be the Zp-algebra of functions Zp → Zp, and let L ⊆ F be the subalgebra

generated by all the fu
def
= s 7→ us (u ∈ U1). By independence of characters, the fu form a basis

for L.

Lemma 4.2. The algebra L is isomorphic to Zp[U1]. So any f ∈ L can be uniquely written as
s 7→ f(s) =

∑
u∈U1

λuu
s with λu ∈ Zp, and almost all of them being 0.

4.1.2 The algebra L

Definition 4.3. Let L be the adherence of L in F , with respect to the topology given by uniform
convergence.

Remark. The elements of L are equicontinuous:

s ≡ s′ (mod pn) =⇒ f(s) ≡ f(s′) (mod pn+1)

So the same property holds for L. Note also that L is compact.

4.1.3 The algebra Λ

Definition 4.4. The Iwasawa algebra is Λ
def
= Zp[[U1]] = lim←−Zp[U1/Un].

Claim. The algebra Λ ' Zp[[T ]], through sending fu 7→ 1+T , if u = 1+π is a topological generator
of U1 with vp(π) = 1.

4.1.4 L = Λ

Note that L = Zp[U1] is contained in both L and Λ.

Lemma 4.5. There is a unique isomorphism of topological algebras:

ε : Λ→ L

such that it is the identity on Zp[U1]. The isomorphism ε maps f =
∑

anT
n to:

ε(f) : s 7→ f(us − 1) =
∑

an(us − 1)n

(note that us − 1 ≡ 0 (mod p)).
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Remark. In this way, we will go from a power series in T to a function of s, using the “change of
variables”:

T = us − 1 = vs + · · ·+ vnsn/n! + · · · where v = log(u)

4.1.5 Zeros of an element of Λ

Lemma 4.6. Let f 6= 0 be an element of Λ = Zp[[T ]]. Then f can be uniquely written (Weierstrass
decomposition) as:

f = pµ(T λ + a1T
λ−1 + · · ·+ aλ)u(T )

with λ, µ ≥ 0, vp(ai) ≥ 1 and u ∈ Λ×.
In particular, f(s) has a finite number (≤ λ) of zeros.

Corollary 4.7. Let f1, . . . , fn, . . . be a sequence in Λ, converging pointwise for all s ∈ S, where
S ⊆ Zp is infinite. Then the sequence fn converges uniformly on Zp, to a function f ∈ Λ.

4.2 The Iwasawa Algebra (for p = 2)

Basically everything extends, with minor changes. Define Un in the same way as before. Then:

Z×
p = U1 = {±1} × U2

and U2 ' Z2. For u ∈ U1, let ω(u) denote his sign (the component in {±1}, and let < u > his
component in U2. We will define L and Λ using U2 instead of U1.

Let then L the algebra generated by the functions fu, with u ∈ U2. Then again:

L ' Λ
def
= Z2[[U2]] = lim←−Z2[U2/Un] ' Z2[[T ]]

The remaining is the same.

4.3 Char’n of elements in Λ by their expansions

Define the integers cin, for 1 ≤ i ≤ n, through the identity:

n∑
i=1

cinY
i = Y (Y − 1)(Y − 2) · · · (Y − n + 1) = n!

(
Y

n

)
Theorem 4.8. A function f ∈ F belongs to Λ if, and only if, there exists a sequence of p-adic
integers (bn)n≥0 such that:

1. f(s) =
∑

n≥0 bnp
nsn/n! for all s ∈ Zp.

2. vp(
∑n

i=1 cinbi) ≥ vp(n!) for all n ≥ 1.

(if p = 2, one has to replace pn by 4n).

Corollary 4.9. Let f ∈ Λ, and let bn the corresponding coefficients. Then, for all n ≥ 1:

bn ≡ bn+p−1 (mod p)
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4.4 Char’n of elements in Λ by interpolation properties

Let s0, s1 ∈ Zp, and let f ∈ F (that is, a function Zp → Zp). Define the coefficients an = an(f) =
f(s0 + ns1), and let δ0, δ1, . . . be the successive differences of the sequence (an) (starting with
δ0 = a0). Let also:

h
def
=

{
1 + vp(s1) p 6= 2

2 + v2(s1) p = 2

We have:

Theorem 4.10. If f ∈ Λ, then:

1. δn ≡ 0 (mod pnh) for all n ≥ 0.

2. vp

(∑n
i=1 cinδip

−ih
)
≥ vp(n!) for all n ≥ 1.

Corollary 4.11. Let en
def
= δnp

−nh. Then en ≡ en+p−1 (mod p) for all n ≥ 1.

In fact, there is a converse to the previous theorem. Let s0 = 0 and s1 = 1, so that an = f(n).
One can then write (Mahler criterion) for all s ∈ Zp:

f(s) =
∑
n≥0

δn

(
s

n

)

Theorem 4.12. Let f : Zp → Qp be a continuous function, and let δn
def
=

∑
(−1)i

(
n
i

)
f(n − i) be

its interpolation coefficients. Then f ∈ Λ if, and only if:

1. δn ≡ 0 (mod pn) for all n ≥ 0.

2. vp (
∑n

i=1 cinδip
−i) ≥ vp(n!) for all n ≥ 1.

(if p = 2, one needs to replace pn by 4n, and p−i by 4−i).

4.5 Example: Coefficients of the p-adic Eisenstein Series

Write k = (s, u) ∈ Zp × Z/(p− 1)Z = X, for k even and nonzero.

Claim. The form G∗
k = G∗

s,u has coefficients:

a0(G
∗
s,u) =

1

2
ζ∗(1− s, 1− u)

an(G∗
s,u) =

∑
d−1ω(d)u < d >s

Theorem 4.13. Consider the function (s, u) 7→ G∗
k. Fix u and n, and consider the function

s 7→ an(G∗
s,u). Then:

1. For n ≥ 1, this belongs to L (and hence to Λ = L).

2. For n = 0 and u 6= 0 even, this function belongs to Λ.

3. For n = 0 and u = 0, this function is of the form T−1g(T ), with g(T ) invertible in Λ.
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4.6 Families of p-adic Modular Forms (weight not divisible by p− 1)

Let fs be a p-adic modular form, depending on a parameter s ∈ Zp, of weight k(s) ∈ 2X. Assume
that k(s) = (rs, u) with r ∈ Z, u ∈ Z/(p− 1)Z independents of s. Suppose further that u 6= 0.

Theorem 4.14. Suppose that, for all n ≥ 1, the function s 7→ an(fs) belongs to the Iwasawa
algebra Λ. Then so does the function s 7→ a0(fs).

4.7 Families of p-adic Modular Forms (weight divisible by p− 1)

Let fs be a p-adic modular form, depending on a parameter s ∈ Zp, of weight k(s) ∈ 2X. Assume
that k(s) = (rs, 0) with r ∈ Z \ {0}. Say that a function on Zp \ {0} (resp. on 2Z2 \ {0}) belongs
to Λ if it the restriction of a function of Λ.

Theorem 4.15. Suppose that, for all n ≥ 1, the function s 7→ an(fs) belongs to the Iwasawa
algebra Λ. Then so does the function

s 7→ 2ζ∗(1− rs, 1)−1a0(fs)

Corollary 4.16. The function s 7→ a0(fs) belongs to the fraction field of Λ. Moreover, it can be
written as c(T )/((1 + T )r − 1), with c ∈ Λ.

5 p-adic zeta-functions

5.1 Notation

Write K for a totally real number field of degree r. Its ring of integers is written OK , and its
different ideal by d. We will write d = disc(K) for its discriminant (so that d = Nd) (we write
N for both the absolute norm on ideals and on elements). The trace of an element x is written
Tr(x) ∈ Q. We say that an element x ∈ K is totally positive if σ(x) > 0 for each embedding
σ : K ↪→ R. We write then x� 0. Note that in this case, Tr(x) > 0.

Definition 5.1. The zeta function associtated to K is:

ζK(s)
def
=

∑
Na−s =

∏
(1−Np−s)−1, <(s) > 1

where a runs on the set of nonzero ideals of OK , and p runs on the set of nonzero prime ideals of
OK .

This can be meromorphically extended to all C, with a single simple pole at s = 1.

Claim. The function

ds/2π−rs/2Γ(
s

2
)rζK(s)

is invariant under s 7→ 1−s (functional equation). This implies some vanishing (or non-vanishing)
at points of the form 1 − n, for n ≥ 1, which in any case are rational nombers (Hecke-Siegel’s
theorem).
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5.2 Modular Forms attached to K

Define, for k ≥ 2 an even integer,

gk
def
=

∑
n≥0

an(gk)q
n

where:

a0(gk)
def
= 2−rζK(1− k)

an(gk)
def
=

∑
x ∈ d−1

Tr(x) = n
x� 0

∑
a|xd

(Na)k−1

Theorem 5.2 (Hecke-Siegel). Except for (r = 1, k = 2), the series gk is a modular form on
SL2(Z) of weight rk.

Corollary 5.3.

1. If rk 6≡ 0 (mod p− 1), then ζK(1− k) is p-integral.

2. If rk ≡ 0 (mod p− 1), then:

vp(ζK(1− k)) ≥ −1− vp(rk) (p 6= 2)

vp(ζK(1− k)) ≥ r − 2− vp(rk) (p = 2)

Define, for k ≥ 2 an even integer,

g′k
def
=

∑
n≥0

an(g′k)q
n

where:

a0(g
′
k)

def
= 2−rζK,S(1− k) = 2−rζK(1− k)

∏
p∈S

(1−Npk−1)

an(g′k)
def
=

∑
x,a

(Na)k−1 for n ≥ 1

Theorem 5.4. The series g′k is a modular form on Γ0(p) of weight rk.

5.3 The p-adic Zeta Function of the Field K

One defines the p-adic series g∗k, of weight rk 6= 0 (for k and element of X):

a0(g
∗
k) = 2−rζ∗K(1− k) = 2−r lim

i→∞
ζK(1− ki)

an(g∗k) =
∑

Tr(x) = n
x ∈ d−1

x� 0

∑
a|xd

(a, p) = 1

(Na)k−1

The function ζ∗K is called the p-adic zeta function of K, and takes values on Qp.
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Theorem 5.5. Let k ≥ 2 be an even integer. Then:

ζ∗K(1− k) = ζK,S(1− k) = ζK(1− k)
∏
p∈S

(1−Npk−1)

where S is the set of primes p lying over p.

Note that the theorem implies (because ζ∗K is continuous) the uniqueness of ζ∗K , and character-
izes it. In fact, ζ∗K is actually analytic: write k = (s, u) ∈ X, so that the condition rk 6= 0 means
s 6= 0 or ru 6= 0. Write ζ∗K(1− k) = ζ∗K(1− s, 1− u).

Theorem 5.6. Let u ∈ Z/(p− 1)Z be even. Then:

• If p 6= 2:

1. If ru 6= 0, then the function s 7→ ζ∗K(1 − s, 1 − u) belongs to the Iwasawa algebra
Λ = Zp[[T ]].

2. If ru = 0, then the function s 7→ ζ∗K(1 − s, 1 − u) is of the form h(T )/((1 + T )r − 1)
with h ∈ Λ.

• If p = 2:
The function s 7→ ζ∗K(1− s) is of the form 2rh(T )/((1 + T )r − 1), with h ∈ Λ.

Corollary 5.7. If ru 6= 0 and p 6= 2, the function s 7→ ζ∗K(1 − s, 1 − u) is holomorphic in a disk
strictly larger than the unit disk.

Corollary 5.8. If ru = 0, the function s 7→ ζ∗K(1 − s, 1 − u) is meromorphic in a disk strictly
containing the unit disk, and it’s holomorphic except for possibly a simple pole at s = 0.

Corollary 5.9. Let a, b > 0 be positive integers. Suppose that a ≥ 2 is even, ra 6≡ 0 (mod p− 1)

and b ≡ 0 (mod p− 1). Then the successive differences δn of the sequence an
def
= ζK,S(1− a− nb)

satisfy the congruences:

δn ≡ 0 (mod pn) and
n∑

i=1

cinδip
−i ≡ 0 (mod n!Zp)

5.4 Computing ζ∗K(1− k, 1− u) for k ≥ 1 integer

Assume here that u is even and that p 6= 2. Note that, if k ≡ u (mod p − 1), then Theorem 5.5
gives us ζ∗K(1− k, 1− u) = ζK,S(1− k). We want an analogous result for the general case.

Let ε : (Z/pZ)× → C× be a character such that ε(−1) = (−1)k. For a any ideal coprime to p,

let εK(a)
def
= ε(Na), which gives a character on K, which ramifies on a set Sε ⊆ S.

Definition 5.10. Define the twisted L-function supported outside S as:

LS(s, εK)
def
=

∏
p/∈S

(1− εK(p)Np−s)−1 = L(s, εK)
∏

p∈S\Sε

(1− εK(p)Np−s)

Fix an embedding σ : Q(µp−1) ↪→ Qp, so that ε becomes x 7→ xα, for some α ∈ Z/(p− 1)Z. We
have then:

Theorem 5.11.
ζ∗K(1− k, 1− u) = LS(1− k, εK)σ
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5.5 A periodicity property of ζ∗K

Suppose here that p 6= 2. Consider K(µp), the extension of K obtained by adjoining the pth roots

of unity, and let b
def
= [K(µp) : K]. As K is real, we have that b is even and b | p− 1.

Theorem 5.12. If u′ ≡ u (mod b), then:

ζ∗K(1− s, 1− u) = ζ∗K(1− s, 1− u′)
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