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authors at Concordia University in the winter of 2008. We have tried our best to
present a faithful account of these lectures. Be warned that despite our efforts, many
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lectures. Any errors are most likely due to carelessness while typesetting, or the
authors’ misunderstanding of the material.
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suitable for your learning experience. Good luck!



CONTENTS



Chapter 1

Etale Coverings and Fundamental
Groups

Many classical geometric ideas have analogues in the theory of schemes. The ex-
treme coarseness of the Zariski topology often neccessitates one to reformulate the
definitions appropriately, despite the fact that schemes have an honest topological
space as their backbone. Two of the first such properties that most students en-
counter are the Hausdorff and compactness conditions for a topological space. These
have the analogues of being separated and proper, respectively, in scheme theory.
This chapter will give a useful scheme theoretic definition of a covering space. What
happens if one adopts the classical definition? Then one can show, for instance, that
Spec(Clz]) does not admit any nontrivial covering spaces. Thus, in order to describe
an interesting theory, we will need to alter our definition of a covering space of a
scheme.

1.1 Projective and separable algebras

In what follows, rings are always commutative with 1, and ring homomorphisms map
1+ 1. Algebras are also assumed to be commutative and unital. Let A be a ring.
In this section we introduce some of the algebraic tools that are necessary to define
étale morphisms.

Definition 1.1.1. An A-module P is said to be projective if it is a direct summand
of a free module. This means that there exists a complementary A-module M, such
that P @& M is free.
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Note that all free modules are projective. There are several equivalent ways to
formulate the property of being projective:

Lemma 1.1.2. Let P be an A-module. The following are equivalent:
i) P is projective.
ii) The functor M — Homu(P, M) is exact.

ii1) For every surjective morphism g : M — M’ of A-modules, and every morphism
f: P — M, there exists a morphism h : P — M such that f = g o h.

iv) Every exact sequence 0 — M’ — M — P — 0 splits. Recall that this means
M — P admits a right inverse, or equivalently that M' — M admits a left
inverse. In this case, M ~ M' & P.

Proof. (i) implies (ii): For all modules P, the functor M +— Homu (P, M) is left
exact. It thus suffices to show that it preserves surjections g : M — M’ when P
is projective. Let N be such that P @ N is free with basis {p; + n;}ic;. Note that
the p;’s generate P, albeit perhaps not freely. Let f : P — M’; we must produce a
morphism h : P — M with f = g o h. Choose m; € M such that g(m;) = f(p:).
Define amap b’ : P&@N — M@ N by putting h'(p;+n;) = m;+n;. The composition:

P—PaN“PaM-—M

is a morphism h : P — M such that h(p;) = m,. Since the p;’s generate P, we get
f=goh.

(ii) implies (iii): This follows immediately since M +— Homy (P, M) preserves
surjections.

(iii) implies (iv): Apply (iii) to the given M — P and f : P — P the identity
map.

(iv) implies (i): Since every module is a quotient of a free module, there is an exact
sequence 0 — M’ — M — P — 0 with M free. A splitting yields an isomorphism
M ~ M'® P, so that P is a direct summand of a free module. m

Corollary 1.1.3. If M s a finitely generated projective A-module, then M is a direct
summand of a finite free module.

Proof. Since M is finitely generated, it is a quotient of a finite free module N. If
N’ is the kernel of the quotient map, then we can apply property (iv) of the lemma
above to the exact sequence:

0— N —N-—M-—70
and obtain a decomposition N ~ M & N'. O
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Examples 1.1.4.

i) If A= K is a field, then all A-modules are free and hence projective.

ii) Let A = A; x A, for rings A; and Ay. Then A; and A, are projective A-
modules, but they are not free. Let P be an A-module. Multiplication by the
idempotents (1,0) and (0, 1) furnishes an isomorphism P ~ P, x P, where P, is
an A;-module. One can show that P is projective as an A-module if and only
if each P; is projective as an A;-module.

iii) Let A = K|[G] where G is a finite abelian group and K is a field such that
char(K) | |G|. Then A is semi-simple. Although not every A-module is free, it
follows from the previous example that they are all projective.

iv) If A is a principal ideal domain, then projective A-modules are free.

v) Let A be a Dedekind domain and let P be a finitely generated A-module. Then
P is projective if and only if P is torsion free. This is equivalent to having a
decomposition P ~ A" @ [ where [ C A is an ideal. Moreover, one can show
that two modules A" & I and A™ & J are isomorphic if and only if n = m and
I and J lie in the same ideal class of A.

vi) Let A be an integral domain and let K be the fraction field of A. Then an
A-submodule P C K is projective if and only if P is invertible.

vii) If A= Klxy,...,z,] for K a field, then every projective A-module is free.

viii) If A is a local ring, then every projective A-module is free. In the case of finitely
generated projective modules, this is a standard result that can be proven easily
via Nakayama’s lemma.

One can show that for finitely generated A-modules, projectivity is a local prop-
erty:

Theorem 1.1.5. Let P be an A-module. Then the following are equivalent:
i) P is projective and finite.

ii) P is of finite presentation and for every prime ideal p of A, P, is a free A,-
module.

ii1) P is of finite presentation and For every mazimal ideal m of A, Py is a free
Am-module.
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w) The coherent sheaf P on Spec(A) is locally free and locally finite.
Proof. m

We now proceed to define the rank and trace for finite and projective modules.

Definition 1.1.6. Let P be a finite, projective A-module. Define the rank function:
[P : A]: Spec(A) — Z, p+— 1ky,(P)

This function is locally constant, and hence continuous when Z is given the dis-
crete topology. This follows easily from the previous theorem. It follows that [P : A]
is constant on the connected components of X = Spec(A). In particular, if Spec(A)
is connected then [P : A] is constant. Recall that the connectedness of Spec(A) is
equivalent to the fact that A does not contain any nontrivial idempotents.

Definition 1.1.7. If P is a finite, projective A-module, we say that P is faithfully-
projective if [P : A](p) > 1 for all p € Spec(A).

The rank function characterises properties of the structure morphism of finite
projective A-algebras:

Proposition 1.1.8. Let B be a finite projective A-algebra, and let f: A — B be its
structure (ring) morphism. Then:

i) [ is injective <= [B: A] > 1;

ii) f is surjective <= [B: Al <1 <= B®4 B — B,x®y — xy is an
1somorphism; and

iii) [ is an isomorphism <= [B: A] = 1.

Proof. First note that (3) follows from (1) and (2). Also, recall that injectivity and
surjectivity can be determined on the stalks (that is, they are local properties).
(a),=
Suppose that 3p € Spec(A) such that [B: A](p) =0, that is B, = 0. Then A, # 0,
and hence f,: A, — B, is not injective.
(a),<
Let p € Spec(A). Consider f,: A, — By. Then, the rank of B, is nonzero, and so in

particular B, # 0.

Let T % ker fp- Then I - B, which is by definition f,(I) - By, is zero. As B, is

free, it is torsion-free in particular, and so I = 0. Hence f, is injective, as wanted.
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(b),[B: A] <1 = f is surjective.
We may assume that A is already local (after localizing at a prime p). So Spec(A) is
connected (because local rings do not have idempotents). Hence [B: A] is constant.
If [B: A] =0, then B =0, so f is surely surjective. So assume then that [B: A] = 1.
Then B is a free A-algebra of rank 1.

Consider now End 4(B), which is free of rank 1 over A, with basis Idg. The map
a: B — Endy(B), b+ [z — bz]is A-linear. It is also injective (because a/(b)(1) = b).
We can then take the compositum « o f, which sends a € A to the endomorphism
“multiplication by a”. So af(a) = aldg = «o f is an isomorphism, which implies
(as « is injective) that f is surjective.

(b),f surjective = B ®4 B — B is an isomorphism.

Let T % ker f. As we are assuming that f is surjective, we get that B ~ A/I. Then

we compute:

B®sB~B®s(A/I)~B/(IB)=B/(f(i)B)=B/0=1B
and this corresponds to the map z®y — xy, so this is an isomorphism. (b),B&s B —
Biso. = [B: A] < 1.

Just note that [B: A] = [B®4 B: A] = [B: A]? (the last equality follows from a
homework exercise), and from that we deduce [B: A] < 1. O

Next we define the trace. Let M and N be A-modules. Let MY = Homu (M, A)
denote the dual module of M. There is a natural bilinear map:

MY x N — Homu(M, N),
such that (¢,n) — (m +— ¢(m)n). This corresponds to a morphism:
MY QRa N — HOIHA(M, N)

If M and N are finite and free, it is not difficult to show that this is an isomorphism.
One can then use this fact to give a coordinate free definition of the trace of an
endomorphism of a finite free module. We will show that this isomorphism holds
if M and N are finitely generated and projective, and hence define the trace for
endomorphisms of finitely generated projective modules.

Lemma 1.1.9. Let M and N be projective modules. Then MY and M @4 N are
projective.

Proof. Let M', N’ be such that M @& M’ and N @ N’ are free. The dual of a free
module is free. Thus, (M @& M')Y ~ MY @ (M’)" verifies the first claim. The tensor
product of two free modules is free. Thus, (M & M) R4 (N®N') ~ (M @4 N)DBM"
verifies the second claim. O
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Proposition 1.1.10. Let M and N be finitely generated projective modules. Then
the map discussed above is an isomorphism:

MY ®4 N ~ Homu(M, N).
Proof. Let M' and N’ be such that M & M’ and N & N’ are finite free. Let:
¢: (M D M) @4 (N@®N')~Homu(M S M ,NdN')
be the isomorphism discussed above. There are canonical isomorphisms:
(MeM) @4 (NON') =~ (MY@4N)® (M) @4 N)D (MY @4 N)YD (M) & N')
and:
Homa(M@&M', N&N') ~ Hom, (M, N)®Hom(M', N)@Hom (M, N")@Hom 4 (M', N').

Via these isomorphisms, ¢ decomposes as ¢y B PP P3P d4. Since ¢ is an isomorphism,
each of the component morphisms is as well. In particular, ¢; is an isomorphism.
One checks that it is precisely the natural map MY ® 4 N — Homu (M, N). ]

Suppose that M, N and P are arbitrary modules. The universal property of the
tensor product allows one to show that tensoring and homing are adjoint functors:

Homy (M, Hom (N, P)) ~ Homy(M ®4 N, P).
Letting N = MY and P = A, this says:
Hom (M, MY") ~ Homa(M @4 MY, A).

Evaluation of functionals gives an injection M — MYY; let e € Homy(M ®4 MY, A)
be the corresponding element. Then if M is finitely generated and projective, the
proposition above yields an A-linear map:

Tr: Endg(M) — M @4 MY 5 A,

called the trace. It is not difficult to verify that this map is the usual trace when
M is finite and free. If M & M’ is finite and free, then Tr is the same as the natural
injection Enda(M) — Enda(M & M’) followed by the trace in the free case. The
advantage of our definition is that it is coordinate free.

Let B be an A-algebra. We say that B is finite if it is finitely generated as an
A-module. It is similarly said to be projective. For any b € B, let m,: B — B be
multiplication by b.
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Definition 1.1.11. Let B be a finite projective A-algebra. The trace from B to A
is the A-linear map:
Trp/a: B — A,

such that Trg/a(b) = Tr(my).
The trace can be used to define a bilinear pairing on B:
(b,b") = Trp4(00).

Definition 1.1.12. A finite projective A-algebra B is said to be separable if the
bilinear pairing above induces an isomorphism ¢: B — BY. We will sometimes drop
the adjective projective when describing a finite separable A-algebra.

Remark. In the definition of separability it is important that the dualising isomor-
phism is given by the trace map. We will see later that this map measures the
“ramification” of B/A. The map ¢ being an isomorphism implies that B/A be-
haves like an unramified covering. One can show that there exist finite projective
A-algebras B such that ¢ = 0 despite the fact that B ~ BY.

Examples 1.1.13.
Let A be aring and let B = A", where multiplication is defined componentwise.
Then B is an A-algebra via the homomorphism A — B given by:

a—(a,...,a).

It is clear that B is finite and free; it is also separable.

Indeed, let ¢; = (0,...,1,...,0) have a 1 in the i-th spot and zeros elsewhere.
The ¢;’s form a free A-basis for B. Let © = (x1,...,x,) € B. One uses this
basis to check that Tr(z) = ) x; (the matrix of m, in this basis is diagonal
with the z;’s as entries on the diagonal). The map «: BY — B given by:

a(f) = (fler),..., flen))
is an isomorphism. With ¢ as defined above we have:
(o @)(z) = (Tr(erx),. .., Tr(eyx)) = .
Since « is an isomorphism, this shows that ¢ is also an isomorphism.

ii) All finite separable Z-algebras are of the form Z".
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iii) If A = k is a field, then a k-algebra B is finite separable if and only if B is a
product of finite separable field extensions of k. If k is algebraically closed, we
again see that all finite separable k-algebras are of the form k™.

We will see later that pulling back an étale covering via a faithfully flat algebra
trivialises the covering. This motivates the following two results.

Lemma 1.1.14. Let A be a ring, B an A-algebra and C' an A-algebra which is
faithfully flat. Then B is finite projective if and only if B ®4 C is finite projective
as a C'-algebra.

Proof. If B is finite projective, then there is an A-module @) such that Q & P ~ A"
for some integer n. Tensoring this with C yields (Q ®4 C) ® (P ®4 C) ~ C™ as
C-modules.

Now assume that B ® 4 C' is finite projective. We show first that B is a finitely
generated A-module. Note that B® 4 C' is finitely generated over C', and there exists
a generating set of the type 1 ® 1,...,x, ® 1 with z; € B for all i. Now define a
map f: A" — B by mapping the standard generating idempotents to the x;. Since
C is faithfully flat, f is surjective if and only if the map obtained by tensoring with
C is surjective. The tensored map is surjective by construction, hence so is f. So B
is finitely generated as an A-module.

Now let () = ker f, so that we have an exact sequence:

0—Q— A" — B —0.
Tensor this with the flat A-module C' to obtain the exact sequence:
0 —Q,C—C"— B,C —0.

Since B ®4 C' is assumed to be finite projective, this sequence splits and C" =~
(BR4C) & (Q®aC). We deduce that Q ®4 C'is a finite projective C-module. But
now, the same proof as given above for B shows that () is finitely generated as an
A-module. We thus obtain an exact sequence:

A" — A" — B —0

of A-modules, which shows that B is of finite presentation. Now it is a standard
fact of commutative algebra that since B is of finite presentation and C'is flat as an
A-module, there is a natural C-module isomorphism:

Homu (B, M) ®4 C — Home(B®4 C, M ®4 C)
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for any A-module M.
We can now show that B is projective. Let:

M-1oN 0

be exact. We must show that the map f,: Homa (B, M) — Homy (B, N) induced by
composition is surjective. Tensoring this with C' and using the canoncial isomorphism
mentioned above yields a morphism of C-modules:

f* ®Idc: HOn’lc(B ®A C,M@A C) — HomC(B ®A C,N@A C)

Now since B® 4 C' is projective and f®Id¢ is surjective, this implies that the induced
composition map f, ® Id¢s is surjective. But now we apply the faithfull flatness of
C' to deduce that then f, must also be surjective. Thus, the functor Homa(B, —) is
exact and B is projective. O

Proposition 1.1.15. Let A be a ring, B an A-algebra and C' an A-algebra which
is faithfully flat. Then B is separable projective over A if and only if B ®4 C is
separable projective over C'.

Proof. If B is finite and projective, so is B ®4 C' by above. Assume that it is
furthermore separable, so that ¢: B — B" is an isomorphism. Then so is ¢ ® Id¢
since C' is flat. Since B is finite projective, it is of finite presentation. As C' is flat,
we have an isomorphism ¢: Homa (B ®4 C,C) — Homa(B, A) ® 4 C' of C-modules.
One can show that:

$B@ 4 C

B®AO HOH’lc(B(X)AC,C)

M/

Homa(B, A) @4 C

commutes and hence ¢pg ¢ is an isomorphism. Thus B®4 C' is separable projective
over C.

For the converse direction, finiteness and projectivity are again covered by the
previous lemma. For separability we still have ¢pg,c = ¥ o (¢p ® Id¢). This time
we are given that ¢pg,c is an isomorphism by separability. We still have 1 being
an isomorphism, as we have already argued that B is projective and hence of finite
presentation. So we deduce that ¢p ® Ide must be an isomorphism. But then, by
faithful flatness, ¢p is an isomorphism of A-algebras. O
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Our next results show that, thinking geometrically, separable projective algebras
behave like projections in a very strong sense.

Lemma 1.1.16. Let A be a ring and 0 — Py — P, — P, — 0 an exact sequence of
A-modules, such that Py and Py are finite projective. Let g € Ends(Py) be such that
g(Py) C Fy. Let h € Enda(Pz) be the induced map. Then Py is finite projective, and:

TTPI/A(g) = TrPo/A(g) + TTPQ/A(h)'

Proof. The proof is simple in the case that the P,’s are free modules. One shows
that the trace behaves well with respect to localisation, and then reduces to the free
case by localising. O

Lemma 1.1.17. Suppose that B is a separable projective A-algebra, and f: B — A
1s an A-algebra homomorphism. Then there is an A-algebra C and an A-algebra
isomorphism g: B ~ A x C such that:

B—LAxC
b
A A

commutes, where p is the natural projection map.

Proof. Since B is separable, ¢: B — BV is an isomorphism. Let ¢ € B be such that
¢(e) = f. We will show that e € B is an idempotent that gives the correct product
decomposition. By the definition of e:

Trp/a(ex) = f(z)

for all x € B. This implies, in particular, that Tr(e) = 1. Furthermore:

Trp/a(exy) = f(xy) = f(2)f(y) = f(2)Trpaley) = Trp/alef(x)y)

for all z,y € B. We deduce that ¢(ex) = ¢(ef(x)) for all x € B, and hence
ex = ef(x) for all z € B. Note that this shows that eker f = 0.

If we can show that f(e) = 1, then it follows by the computation above that e is
an idempotent. The identities above show that the diagram:

0 ker f B A 0

o| l f(e)J

0 ker f B A 0
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with exact rows is commutative. The vertical arrows indicate multiplication by the
respective elements. Applying the previous lemma to e shows that:

1 ="Trg/a(e) = Trasa(f(e)) + Trier r/4(0) = f(e).

So € = e. Note that 1 —e € ker f since f(e) = 1. One deduces that (1—e)B = ker f.
The exact sequence:

0—>kerf—>Bi>A—>0

splits by projectivity. This yields an isomorphism B ~ A X ker f which maps = +—
(f(x),x (mod eB)). A priori this is a map of A-modules, but one easily checks that
it is multiplicative as well. The last point is that C' = (1 —e)B is a ring with identity
(1—e), so that this is a decomposition as A-algebras which makes the stated diagram
commute. O

Remark. If B is separable projective over A, consider B ® 4 B as a B-algebra on the
second factor. Then B ® 4 B is separable projective over B and there is a canoncial
map f: B®, B — B mapping x ® y — xy. This map corresponds to the diagonal
embedding. By the lemma above, there exists a B-algebra C such that:

BosB-25BxC

1| |

B=———2DB
commutes. We will see the connection between C' and the differentials of B/A later.

Exercises 1. i) Let A be a ring and 0 — M’ — M — M" — 0 an exact
sequence of A-modules. We say that the exact sequence is split if there is an
A-linear isomorphism ¢ : M = M’ @ M"” such that the following diagram is
commutative:

0 M’ M > M 0

I

O—M —MeM'—— M'—0
Prove that the following three assertions are equivalent.

(a) The exact sequence 0 — M' — M — M" — 0 is split.

(b) There is an A-linear map M” — M such that the compositionM” —
M — M" is the identity of M”.
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(c) There is an A-linear map M — M’ such that the composition M' — M —
M’ is the identity of M’.

ii) Let A be a ring, M an A-module, {P;};c; a family of A-modules and P =
®ierP;. Prove that Hom (P, M) = [[,.; Hom4(F;, M) and PRsM = ®c; Pi®4
M.

iii) Let M, N be modules over a ring A with M finitely presented and let S C A
be a multiplicatively closed subset. Prove that the obvious map

S™! (Homa (M, N)) — Homg-14 (S™'M,S™'N)
is an isomorphism of S~ A-modules.

iv) Let A be a ring, (f;)ier a collection of elements of A such that > ._, fiA=A

and M an A-module.

el

(a) Suppose that My, =0 for all i € I. Prove that M = 0.
(b) Suppose that My, is a finitely generated Ay,-module for every i € I. Prove
that M is a finitely generated A-module.
v) Let A be a ring and P a finitely generated projective A-module.

(a) Suppose that P has constant rank n. Prove that Trp s(Idp) =n-14 € A.

(b) In the general case prove that Trp/a(Idp) is the image of rp/4 under
the natural map Hyp(A) — Ox(X) = A, where X = Spec(A), Ox is the
structure sheaf of the scheme X and Hy(A) denotes the ring of continuous
functions Spec(A) — Z.

vi) Let A be aring, B an A-algebra and P a finitely generated projective A-module.

Prove that the natural diagram

End(P) —2 End (P ®4 B)
J“P/A l“(P@B)/B

A B

1s commutative.
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vii) Let A be a ring, 0 — Py — P; — P> — 0 an exact sequence of A-modules in
which P;, P, are finitely generated projective. Let g : P, — P; be an A-linear
map such that g(Py) C Fy. Denote by h the induced map P, — P,. Prove that
Py is finitely generated projective and that Trp j4(g) = Trp,/a(g) + Trp,/a(h).

viii) Let P, @ be two finitely generated projective A-modules and f : P — @ and
g : Q@ — P two linear maps. Prove that Trg,a(f o g) = Trpja(g o f).

ix)

(a) Let P be a finitely generated projective A-module. Prove that the map 1 :
End,(P) — Ends(P?) defined by ¢(f)(g) = go f is an anti-isomorphism
of rings (not necessarily commutative) and that Trpv 4 (¢(f)) = Trp/a(f).

(b) Let f : P — P and g : @ — @ be endomorphisms of the finitely
generated projective A-modules P,Q. Prove that Trpgg/u(f ® g) =

Trp/a(f) - Trqa(g)-

x) Let A be a ring, B an A-algebra and P a projective A-module. Prove that
P® 4B is a projective B-module and that if P is finitely generated the following
diagram commutes:

Spec(B) — Spec(A)

7, =——————1
where the vertical maps are the ranks.
xi) Let P be a finitely generated A-module such that for each p € Spec(A) the

Ap-module P, is free of rank r(p), where r : Spec(A) — Z is a continuous
function. Prove that P is finitely generated projective.

xii) Let A be a ring and P a finitely generated A-module. Prove that the following
properties are equivalent:
(a) P is faithfully projective.
(b) The map A — Endz(P) giving the A-module structure of P is injective.

(c) P is faithful, i.e. if M is an A-module we have: M ®4 P = 0 if and only
if M =0.

(d) P is faithfully flat.
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xiii) Let P, be finitely generated projective A-modules and k > 0, k € Z. Prove
that P®Q, P24Q, Homy (P, Q), P?, A*P, P®* are finitely generated projective
A-modules and the ranks, r are given, as functions on Spec(A) by: r(P& Q) =
H(P) +1(Q), (P © Q) = r(P) - (@), r(Homa(P,Q)) = r(P) - (@), r(P") =
r(P), r(A¥ P)=combinations of r(P) choose k, r(P®¥) = r(P)*.

Xiv)

(a) Let A be a ring and I, J ideals of A such that I +J = A. Prove that
there is an isomorphism of A-modules I & J = (I - J) @ A.

(b) Prove that every ideal of a Dedekind domain A is projective and that an
A-module is projective if and only if it is a direct sum of ideals of A.

(c) Let M be a finitely generated module over a Dedekind domain A. Prove
that M is projective if and only if it is torsion free.

1.2 Finite étale coverings

This section generalises the property of being a separable projective algebra to arbi-
trary schemes. To this end we define étale morphisms, or coverings. A main theme
of these notes will be to examine how well these defintions replace the notion of a
topological covering in the category of schemes. We will also look at the connection
between separability and ramification.

Definition 1.2.1. Let X and Y be schemes, f: Y — X a morphism. We say that
f is affine if, for every open affine U C X, f~}(U) is an affine subset of Y.

Remark. A finite morphism is always affine (this is part of its definition!).

Definition 1.2.2. Let X and Y be schemes, f : Y — X a morphism. We say that
f is a finite, locally-free morphism of schemes if for every open affine subset
U ~ Spec(A) of X, f~1(U) ~ Spec(B) is affine in Y, and the A-algebra structure on
B induced by f makes B finite and projective.

Definition 1.2.3. Let X and Y be schemes, f : Y — X a morphism. We say that
f is a finite étale covering if for every open affine subset U ~ Spec(A) of X,
f~HU) ~ Spec(B) is affine in Y, and the A-algebra structure on B induced by f
makes B finite projective and separable.

Proposition 1.2.4. Let f : Y — X be a morphism of schemes. Then f is affine if
and only if there is a cover {U;} of X by affine opens, say U; ~ Spec(A;), such that
F~HU;) ~ Spec(B;) is affine for each i.
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Proof. O]

Proposition 1.2.5. Let f : Y — X be a morphism of schemes. Then f is a finite
and locally-free morphism if and only if there is a cover {U;} of X by affine opens, say
U; =~ Spec(A4;), such that f~1(U;) ~ Spec(B;) is affine for each i, and the A;-algebra

structure on B; induced by f makes B; finite and free.
Proof. O

Proposition 1.2.6. Let f : Y — X be a morphism of schemes. Then f is a
finite étale covering if and only if there is a cover {U;} of X by affine opens, say
U; ~ Spec(A;), such that f~1(U;) ~ Spec(B;) is affine for each i, and the A;-algebra

structure on B; induced by f makes B; finite projective and separable.

Proof. 1f f is a finite étale covering, then f is finite and locally-free. We can reduce
to the case of X = Spec(A) affine. In that case, as f is finite, Y = Spec(B) is
also affine. By hypothesis, B is a finite separable projective A-algebra. So write
A =" fiA, such that By, is a separable free Ay -algebra (because if B is separable
over A, then By, is separable over Ay,.

Conversely, let U = Spec(A) C X be any affine open subset of X. Then f~!(U)
is affine, f~1(U) = Spec(B), where B is a finite projective A-algebra.

Consider the morphism ¢p: B — Homy (B, A). We need to show that ¢p is an
isomorphism. Let fi,... f, € A be such that A =" f;A and By, is free over Ay,. In
that case,

¢Bfi - By, — HOH]Afi (Bfw Afi)

is an isomorphism for each ¢, and hence ¢ is a local isomorphism, which implies
that it is an isomorphism, as we wanted to show. O

Remark. When we take p € Spec(A) and consider By, note that this is not the stalk
of Spec(B) at any point, as p is not a prime ideal of B (B, = S™'B, where S = A\p).

Let now f:Y — X be a finite, locally-free morphism of schemes. Let U C X
be an affine open, U = Spec(A). Then we have seen that f~'(U) = Spec(B), and
B is projective over A. Hence we have the rank function defined, [B : A]: U =
Spec(A) — Z.

If VC U is another affine, V' = Spec(4’), then [B : A]jy = [B": A']: V — Z, and
so one can glue these functions and get the global rank function:

Y X X—-2Z

which is defined by [Y : X|jy = [B: A}, if U = Spec(A) and f~*(U) = Spec(B).
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Also, note that, if z € X,
[Y . X] (.Z‘) = l"koxyz (Oyf—l(@)
but note that the ring Oy s-1(,) is not a stalk, but a product of stalks.

Definition 1.2.7. A morphism f: Y — X is surjective if fi,,: |[Y| — |X]| is a
surjective map.

Proposition 1.2.8. Let f: Y — X be a finite, locally-free morphism of schemes.
Then:

i)Y =0 <= [Y:X]=0,
ii) f:Y — X is an isomorphism <= [Y : X| =1,

iii) f:Y — X is surjective <= [Y : X| > 1, <= for each U C X affine,
U = Spec(A), then f~Y(U) = Spec(B) with B faithfully-projective (this implies
that the structure morphism is injective).

Proof. We may assume without loss of generality that X is affine, X = Spec(A)
(because all properties are local on X). Then Y = Spec(B) is affine as well (since
f is finite, it is affine). So the hypothesis translates into B being a finite-projective
A-algebra. This makes (i) and (ii) trivial. We need to prove (iii).

The map ¢: A — B (corresponding to f: Spec(B) — Spec(A) makes B a finite-
projective A-algebra.

f surjective = [B: A] > 1 ( <= ¢ injective, by a previous prop.):
If g € Spec(B), then f(q) = ¢ '(q) € Spec(A). If f is surjective, let then q €
Spec(A). There exists then q € Spec(B) such that p=(q) = p. We want to prove
that [B : A](p) > 1, that is, By is nonzero. But 0 # By ~ (B,),, hence B, # 0, as
wanted.

¢: A — B injective = f: Spec(B) — Spec(A) surjective.
As B is finite over, A, it is a fortiory integral over A. By the going-up theorem,
f: Spec(B) — Spec(A) is surjective, as wanted. ]

Examples 1.2.9.

Let X = Spec(A). Then Y = X1II---I1.X is the geometric analogue of example
(i) above. It is the disjoint union of n copies of X, called the trivial finite étale
covering of X. Note that this construction works for any scheme X.
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ii) Let A be a Dedekind domain, let K be the fraction field of A, L a finite
unramified extension of K and let B be the integral closure of A in L. The
inclusion A — B corresponds to a map of schemes Spec(B) — Spec(A). The
assumption that L/K is unramified implies that, this map is a finite étale
covering. Since Q does not admit any unramified extensions, this gives an
indication of why finite étale coverings of Z are uninteresting.

Given a scheme X, let FEtx denote the category with objects all finite étale
coverings Y — X of X. For two coverings Y — X, 7 — X, a morphism of finite
étale coverings is a morphism of schemes Y — Z such that:

Y —— 7
X
commutes.

Definition 1.2.10. Two categories C and D are said to be equivalent (resp. anti-
equivalent) if there exist covariant (resp. contravariant) functors F: C — D,
G: D — C and invertible morphisms of functors ¢: FG — Id¢, ¥: GF — Idp.
In this case we will write C ~ D.

The goal of this chapter is to prove the following:

Theorem 1.2.11. Suppose that X is a connected scheme. Then there is a profinite
group m, uniquely determined up to isomorphism, such that there is an equivalence
of categories:

FEty ~ m-Sets.

(In what follows, the category of m-sets has finite sets S as objects, such that w acts
continuously on S when S is given the discrete topology and w the profinite topology.)

The profinite group 7 is called the fundamental group of X. The fundamen-
tal group of a path-connected topological space is only defined up to isomorphism.
Choosing different basepoints produces isomorphic groups. In the following section
we treat the case of the spectrum of a field K. In this case, fixing an algebraic closure
of K is the analogue of choosing a basepoint.
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1.3 Example: Fundamental group of a field

Our goal in this section is to prove Theorem 1.2.11 above in the case that X =
Spec(K), where K is a field. Note that X is connected since it is a single point.
Let f: Y — X be a finite étale covering. Since X is affine, we deduce that
Y must be affine as well, say Y = Spec(B). The morphism f corresponds to a
ring homomorphism f*: K — B that makes B into a K-algebra. Proposition 1.2.6
above (or the fact that X is a single point) implies that B is a finite separable K-
algebra (it is in fact free, not just projective, since K is a field). These remarks show
that classifying finite étale coverings of X is equivalent to classifying finite separable
K-algebras. More precisely, letting SAlg; denote the category of finite separable
K-algebras, then we have shown that there is a natural anti-equivalence:

FEty ~ SAlg.

It hence suffices to produce a profinite group 7 and an anti-equivalence SAlg, ~
T — sets.

Recall of Galois Theory.

Let K be a field and fix an algebraic closure K. We assume that the reader is familiar
with the definition of normal and separable algebraic extensions (even in the infinite
case). An algebraic extension L/K is said to be Galois if it is normal and separable.
Put:
In={E|KCECL, [E: K|<x, E/K is Galois}.
Note that:
L=|J) E~lmE.

Eel;, FEely,

Suppose that L/K is Galois and let:
Gal(L/K)={¢: L — K | ¢|x = Id}.

One can show that:
Gal(L/K) ~ lim Gal(E/K).
Eelp
In fact, taking all subgroups Gal(L/FE) for E € I}, as a basis of neighbourhoods of the
identity in Gal(L/K), and endowing the projective limit with the profinite topology,
then one can show that the isomorphism above is a topological isomorphism. Viewed
in this way, Galois groups are compact Hausdorff spaces (exercise).



1.3. EXAMPLE: FUNDAMENTAL GROUP OF A FIELD 25

Definition 1.3.1. Let K, C K denote the set of elements that are separable over
K. This is called the separable closure of K in K. One can show that it is a
Galois extension of K. The absolute Galois group of K is:

Gi: = Gal(K,/K).

Let E/K be Galois. Then every embedding £ — K in fact lands in K. It follows
that:
Gr ~ lim Gal(E/K).
Eelg
As above, this is a toplogical isomorphism. If K C L C K, then there is a natural
inclusion:

Gal(K,/L) — Gx.

Since Gal(K,/L) is compact and Gk is Hausdorff, we deduce that Gal(K /L) is a
closed subgroup of G . Note that the fundamental theorem of Galois theory extends
to the case that L/K is infinite Galois; however, the statement must be modified so
that intermediate fields correspond bijectively to the closed subgroups of Gal(L/K)
in the profinite topology.

To prove Theorem 1.2.11 in the case X = Spec(K), we will take 7 = Gg. In
light of the first remarks in this section, we will first prove some results concerning
finite separable K-algebras.

Lemma 1.3.2. Let B be a finite K-algebra. Then B ~ H§:1 B; where B; s a local
K-algebra with a nilpotent mazimal ideal.

Proof. The proof is broken up into two cases. First suppose that B is an integral
domain. For any nonzero b € B, the multiplication map m, is a K-algebra endo-
morphism of B. Since B is an integral domain, it is actually an isomorphism. This
implies that there exists a € B with ab = 1. We deduce that B is a field, hence a
finite extension of K.

Now let B be a general finite K-algebra. Let p € Spec(B). By the case just
treated, B/p is a field. Hence p is maximal. Let my,..., m; be distinct primes of B.
There is a natural map:

B — H(B/mi).

The Chinese remainder theorem implies that this map is surjective (since distinct
maximal ideals are relatively prime). We deduce that:

> dimg(B/m;) < dimg(B).

i=1



26 CHAPTER 1. ETALE COVERINGS AND FUNDAMENTAL GROUPS

This implies that B has a finite number of distinct maximal ideals, say my, ..., m,.
The kernel of

t

B — [[(B/m).

i=1

is the nilradical 91 of B. Note that B is Noetherian, and hence 91 is generated by a
finite number of elements. This implies that there exists a single integer N > 0 such
that 9V = 0. If i # j then (m;, m;) = B implies that also (m',m}) = B. So we
also have a natural surjective map:

t

B — H(B/miv)

i=1

The kernel of this is [],(m) = MY = 0. It is hence an isomorphism. Note that each
B/mY is a local ring with nilpotent maximal ideal. [

Theorem 1.3.3. Let B be a finite K-algebra, K an algebraic closure of K, B =
B ®y K. Then the following are equivalent:

i) B is separable as a K-algebra,
ii) B is separable as a K-algebra,
ii) B~ K" as K-algebras,
i) B~ H';:l B;, where the B; are finite separable field extensions of K.

Proof. 1) is equivalent to ii): If B is a separable A-algebra, then ¢ as defined above
via the trace is an isomorphism. Let {w;} be a free basis for B and let {f;} be the
corresponding dual basis for BY. The map : BY — B mapping f; — w; is an
isomorphism. Hence so is ¢ o ¢; let M be the matrix of this morphism in the basis of
w;’s. Then M is an invertible matrix. Since the determinant is a homomorphism, we
deduce that det(M) is invertible. One can easily show that the converse also holds.
This result will be applied to both B and B: one checks that the matrices obtained
for both algebras are equal. The equivalence follows.
ii) implies (iii): By the previous exercise we can write:

t
B~]]B
=1
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where B; is a local K-algebra with maximal ideal m; where m)¥ = 0 (the same N for

all 7). Then we have:
t
B~[[B
i=1

Each B; is a local free K-algebra with nilpotent maximal ideal; we will show that
each is a field. Fix an ¢ and let m be the maximal ideal. Let ¢ € m, so that for all
r € B; we have (cx)™ = 0. Then the multiplication by cx map m,, satisfies m?, = 0.
The minimal polynomial of this endomorphism is hence ™ for some m. We deduce
that Tr(me,) = Tr(cz) = é(c)(z) = 0 for all z € B;. But this means ¢(c) = 0 if
¢ € m. Since B is a separable K-algebra, ¢ is an isomorphism. Hence ¢ = 0. So
m = 0 and B, is a field. It is a finite extension of K and is hence isomorphic to K.

(iii) implies (ii) is obvious.

(iii) implies (iv): We still have a decomposition of B as above. By assumption,
the nilradical of B is zero. It is the product of the nilradical of each B; (which is
[T(m; ® K)). One deduces that m; ® K = 0 for each i, hence also m; = 0 for each i.
We deduce that each B; is a field. It remains to argue that they are separable.

Let b € B;, so that K[b] C B;. Note that K[b] ~ K|z]|/(f) where f is the minimal
polynomial for b over K. Then:

Kb ®x K C B;
since tensoring with K preserves injections. But:

Kb @k K ~ K[b] = K[a]/(f) = [ [ (K[2]/(z = b;)")

J

where the b; are the distinct roots of f. Since B; does not contain any nilpotent
elements, we must have r; = 1 for all j. This implies that f has distinct roots in
K and is hence separable over K. Since b € B; was arbitrary we deduce that B; is
separable.

(iv) implies (iii): It suffices to show that if B is a finite separable field extension
of K then B ~ K" for some n. By the primitive element theorem, there exists
a € B such that B = K[a]. Let f be the minimal polynomial of « over K, and let
ai,...,q, be the distinct roots of f. Then:

B~ Kl[z]/(f) ~ H (Kz]/(z — o)) = K"

i=1

as we wanted to prove. [
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Theorem 1.2.11 will follow from the following theorem and the first remark of
this section:

Theorem 1.3.4. Let K be a field; fix an algebraic closure K and separable closure
K. Let m = Gal(K/K) be the absolute group of K. Then there is a natural anti-
equivalence of categories:

SAlg, ~ m—Sets.

Proof. The desired functors F': SAlg, — m—Sets, G: 1—Sets — SAlg, will be
almost representable. The minor technicality is that the object that represents them,
K, is a limit of objects in the respective categories and not necessarily itself an object
in them. Let:

def
= Homealg(_7 Ks)

def

G(—) = Homg_gus(—, K).
We break the proof up into several steps.

F' is well-defined. Let B be a finite separable K-algebra. It is not clear that F'(B)
is a m-set. We must show that it is finite and that it is supplied with a m-action. The
m-action is easy; since 7 acts on K, 7 acts on F'(B) by composition on the left.

Write B = [[ B; where the B; are finite separable field extensions of K (by
Theorem 1.3.3). Note that each B; injects into K. Fix an embedding f;: B; — K

for each i. Put m; = Gal(K,/B;). Note that this is an open subgroup of 7 since
B;/K is finite. We have B; = K7¢ and

¢: m/m >~ Homp_q4(B;, K).
If [7] € w/m; then ¢([r]) = 7 o f;. Since m; is open, m/m; is finite, and hence so is
Hompg_q4(B;, Ks). We can let m act on 7/ via composition on the left, o - [7] —
[0 o 7]. This corresponds to the composition action on Hompg_q4(B;, K) via ¢: let
o €, [r] € m/m so that:
¢lo-lr]) =¢(looT]) =(goT)o fi=0o(rofi)=0-¢(]).
One checks that:
F(B) = Homg—ay ([] B 16,) = [ Homi g (B:, K.

Hence F(B) is a finite 7-set.
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Now let B, B’ be two finite separable K-algebras with ¢: B — B’ a map of
K-algebras. We must show that F'(¢) is a map of m-sets. Let ¢ € 7 and f € F(B).
Then:

F(@)o-f)=(0-flop=00fop=00(F(d)(f)) =0 (F()([f))

So F(¢) is a morphism of m-sets. The axioms for a functor hold since they are
satisfied quite generally by functors defined by forming Hom-sets.

G is well-defined. Let E be a finite m-set. Since K is a K-algebra, we can define
a K-algebra structure on G(E) = Hom,_ss(E, K;) pointwise. We must show that
G(F) is a finite separable K-algebra. Write E as a disjoint union of orbits:

E = Hﬂe = Hﬂ/stab,,(e)

Since E has the discrete topology and we have assumed the m-action on E to be
continuous, the stabiliser of each orbit representative e is an open subgroup of E. So
we have a decomposition:
E~ H 7/
i

with the m; open subgroups of 7. Then:

G<E) = Homﬂ'*setS(E7 KS) = H Homwfsets(ﬂ-/ﬂ-lﬁ Ks)

It suffices to show that each factor is a finite separable field extension of K.
We claim that there is a natural isomorphism a: Hom, g (7/m, K) ~ KT
Note that since 7; is open, K7 is a finite separable field extension of K. Let:

a(f) = f([Id]).
This certainly maps to K, and is a map of K-algebras. Furthermore, if ¢ € m; then
[o] = [Id] and:
f(1d]) = f(lo]) = f(o - [Id]) = o - f([Ld]).
So f([Id]) € KT.

To see that « is an isomorphism, we will define the inverse K-algebra map
B: KTt — Homy_gers(m/7;, Ks). Given a € KT define f(a): m/m; — K by putting:

Ba)([o]) = 0 - a.
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This map is well-defined since a is fixed by m;. We must next check that ((a) is a
map of 7-sets:

fla)(o - [7]) = B(a)([o o 7]) = (g 07)(a) = 0 - (7(a)) = o - (B(a)([7]))-

We let the reader verify that 3 is a map of K-algebras, and that ao3 = Id, foa = Id.
We thus have:
G(E) = Hom, (B, K,) ~ [[ KT,

so it is a finite separable K-algebra. This verifies that G is well-defined on objects.
Now let £, E' be finite m-sets with ¢: E — E’ a morphism of m-sets. Since the
K-algebra structures on G(FE), G(E’) are defined pointwise, G(¢) is a K-algebra
map.
It remains to argue that there invertible natural transformations:

0 : ]dSAng—>GOF
L/ ]dw—sets — Fo G

Such natural transformations are called natural ismorphisms. We leave it as an
exercise to check that a natural transformation « is a natural isomorphism if and
only if o, is an isomorphism for each object z.
Definition of 6. Given a finite separable K-algebra B, we must define an isomor-
phism of K-algebras
0p: B — GF(B).

Note that:
GF(B) = G(Homg_q4(B, K;)) = Hom,_ s (Homg_q4(B, Ks), Ks) .

For b € B let 0p(b)(f) = f(b). There are several things to check. The first is that
0p(b) is a map of m-sets:

0(b)(0 - f) = (0 - f)(b) = (00 f)(b) =0 f(b) = 0 -Op(D)(f).

One must next verify that 65 is a K-algebra homomorphism. We leave this to the
reader. Thirdly, one must argue that 6z is an isomorphism. To do this we will show
that 0p is injective, and that the dimensions of B and GF(B) are the same.

Write B = [] B; where the B; are finite separable field extensions of K. Given
b = (b,...,b,) € B nonzero, there exists an index i so that b; € B; is nonzero.
Then any embedding of f: B, — K, corresponds to a K-algebra homomorphism
f: B — K, that does not vanish on b € B. Hence 05(b) # 0 and 6 is injective.
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Let m; = Gal(K,/f(B;)). Then KT* ~ B; and:
F(B;) ~ Hompg_q,(K]", K) ~ 7/7;.
Thus:
GF(B;) ~ G(m/m;) = Homg_sers(m/ 75, K) ~ KI* ~ B;.
We see that the dimension of GF(B;) is equal to the dimension of B; for each i. But
we have:

GF(B) ~ Hom,_sus (H Hom—oig( By, Ky, KS) ~ [[ GF(B,).

This shows that dimg(GF(B)) = dimg(B), hence 0p is an isomorphism of K-
algebras.

It remains to show that # is a natural transformation. If B, are K-algebras,
¢: B — (' a morphism of K-algebras, we must check that:

o e

GF(B) WGF(C)

commutes. The only tricky part is unravelling what GF(¢) does to 05(b) for b € B.
Quite generally, take f € GF(B) and g € Homg_44(C, K;). Then one checks that:

GE(@)(f)(g) = flgod).
If we take f = 0p(b) then:

GF(¢)(05(0))(g) = 05(b)(g 0 ¢) = g(d(b)) = bc(d(b))(9)-
This holds for every g € Homg_q,(C, K;) and b € B, so that GF(¢) o0 = fc 0 ¢.
Definition of n. We will simply define the natural isomorphism 7; the verification
that it is a natural isomorphism is similar to the work above. Given a finite m-set F
we define np: E — FG(F) by putting
ne(e)(h): = he).
This concludes the proof of our theorem. O

Note that by composing the this anti-equivalence with the anti-equivalence of
FEtyx and SAlg, yields Theorem 1.2.11 in the case that X = Spec(K):

Corollary 1.3.5. Let K be a field, X = Spec(K) and let m be the absolute Galois
group of K. Then there is a natural equivalence of categories:

FEty ~ m — Sets.
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1.4 Totally split morphisms

In order to prove theorem 1.2.11 in full generality, we will need to study properties
of étale morphisms more closely. This section will prove a variety of results that
will hopefully convince the reader that the notion of an étale morphism is a good
algebraic analogue for the topological notion of a covering space.

Definition 1.4.1. A morphism f:Y — X is called totally split if X =[] .o Xn,
such that f~1(X,,) ~ X,,[]--- ]I X, (n-copies), and such that the following diagram
commutes:

f_l(Xn>i>XnH"'HXn

g |

X=X,

Remarks. If f: Y — X is totally split, then f is finite and étale. This follows since
A" is a finite, separable A-algebra. If X is connected, then f: Y — X being totally
split means that Y ~ X", for some n > 0. In the analogy with covering spaces, the
totally split morphisms correspond to the trivial covers.

We will prove the following theorem:

Theorem 1.4.2. Let f: Y — X be a morphism of schemes. Then f is finite étale
if and only if there exists a finite, locally-free and surjective morphism g: W — X
such that Y xx W — W s totally split.

To aid us in proving theorem 1.4.2, we will first show that finite étale morphisms
behave very nicely with respect to certain base changes.

Proposition 1.4.3. Let f: Y — X be an affine morphism of schemes. Let g: W —
X be surjective finite and locally free. Then f is finite étale if and only if h: Y Xx
W — W is finite étale.

Proof. First suppose that f is finite étale. Let U C X be an affine open, say U =
Spec(A). Since f is affine, we can write f~'(U) = Spec(B). Finite morphisms are
affine as well, and we can hence write V = ¢g~!(U) = Spec(C). Note that C is a
finite A-algebra since ¢ is finite, and that such V’s cover W.

Now, h=1(V) is defined via the fibre product as Spec(B ®4 C). The induced map
h: Spec(B ®4 C') — Spec(C) corresponds to the ring homomorphism ¢ — 1 ® ¢ in
the opposite direction. Since B is finite projective over A (f is finite étale), B ®4 C
is certainly finite and projective over C. Moreover, one can show that the morphism
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¢p: B — BY induced by the trace behaves well with respect to tensoring with C'.
So since B/A is separable, so is B®4 C'/C'. Since the V’s cover W, we conclude that
h is finite étale.

For the other direction, let U, V, A, B and C' be as above. We must show that B/A
is finite projective and separable. We are assuming that B ®4 C' is finite projective
and separable over C'. The crucial point is that, by a previous proposition, the
surjectivity of ¢ implies that C' is faithfully projective over A. It is not hard to
show that a finitely generated faithfully projective module is faithfully flat. So C' is
faithfully flat over A. Why is B/A finite projective? For the separability of B/A,
note that ¢p ® ide differs from ¢pg,c by a natural isomophism, and is hence an
isomorphism. Then by faithfull flatness, so is ¢p and B/A is separable. O]

We now turn to the proof of theorem 1.4.2:

Proof. First suppose that g: W — X is a surjective finite and locally free morphism
such that Y xx W — W is totally split. Since totally split morphisms are clearly
finite étale, the previous proposition implies that f: Y — X is finite étale. The other
direction will require more work.

Let f: Y — X be finite étale. We will first treat the case that [Y: X] = n
is constant by induction on n. When n = 0, Y = () and the condition of being
totally split is vacuously satisfied. So suppose n > 1. Since [Y: X| > 1, a previous
proposition implies that f is surjective. Note that it is finite and locally free, since
f is finite étale.

Base change by f and consider the morphism p: Y x x Y — Y. This is finite étale
by the previous proposition. Moreover, one can show that the degree of the map is
still n. This essentially follows from the fact that tensoring a finite free A-module
with B gives a finite free B-module of the same rank. Let A: Y — Y xx Y be the
diagonal morphism, so that p o A = idy.

We claim that A is an open and closed immersion. This is a local question and,
since f is affine, we may as well suppose that X = Spec(A) and Y = Spec(B). In
this case Y Xx Y = Spec(B ®4 B) and A corresponds to the ring homomorphism
A*: B®y B — B given by  ® y — xy. Since B is a finite projective and separable
A-algebra, lemma 1.1.17 yields a commutative diagram:

B®sB—-Bx(C

Anj J

B=——————2B
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for some B-algebra C', where 7 is the natural projection. This diagram corresponds
to scheme maps:

Y xx Y —=Y[]Spec(C)

AT Tinc

Y =————=Y
We see that A identifies Y with a connected component of Y x x Y, and is hence
locally an open and closed immersion. To show that it is globally an open and

closed immersion, one covers X by affine opens and uses the affineness of f and the
argument above.

One can glue together all of the local decompositions and obtain a commutative
diagram:
Y xy V+—Y ][V’

]

Y =————=Y

for some scheme Y’. Since Y ® x Y — Y is finite étale of degree n, sois Y [[Y' — Y.
The induced map ¥ — Y [[Y’ — Y is the identity, and is hence of degree 1. We
claim that this implies Y — Y [[Y’ — Y is of degree n — 1. We may hence apply
the inductive hypothesis to obtain a g: W — Y which is surjective and locally free,
such that:

Y’ T We——wm " 1w
W=——————W

commutes.
Let h = fog: W — X. Since both of f and g are surjective finite and locally
free, so is h. It remains to show that Y x x W — W is totally split:

Y xxW ~ Y xx (Y xy W)
(YXXY>><yW
(YIIY') xy W

(Y XyW)H(Y/ XyW)
~ WIL(WIL'" 1IW),

12

12

12

This concludes the proof in the case that [Y: X] is constant.
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For the general case, write X =[], ., X, where:
Xp={ze X |[Y: X](z)=n}.

Note that each X, is an open and closed subset of X. Each is thus naturally an
open (and closed) subscheme of X. Let Y,, = f~!(X,) for each n. Then f: Y, — X,
is finite étale of constant degree equal to n. There hence exist surjective finite and
locally free morphisms W,, — X, for each n, such that Y,, xx, W,, — W,, is totally
split. Putting these g,,’s together yields the desired morphism:

W:HWneX:HXn.

n>0 n>0

It is surjective finite and locally free since each g, is. It has the desired splitting
property by construction. This concludes the proof of the theorem. O

One might ask how far our analogy between covering spaces and étale morphisms
can be pushed. Proceeding naively will lead one to disappointment. For instance, it
is not true in general that given a finite étale morphism f: Y — X, there exists a
covering {U;} such that f|y, is totally split for all . The solution to this dilemma is
to alter our notion of “open cover”, by introducing a Grothendieck topology on
X.

For instance, declare:

{f: W — X | f is surjective finite and locally free}

to be the open subsets of X. Then the theorem that we just proved says that, in this
Grothendieck topology, every finite étale morphism is “locally” totally split. Here
locally means that it is totally split after base-changing with one of the open sets
above. We will have more to say about Grothendieck topologies in chapter 2.

Proposition 1.4.4. Suppose that X,Y and Z are schemes, with finite étale mor-
phisms f:Y — X, g: Z —=Y. Then h=go f: Z — X 1is finite étale.

Proof. First assume that f is totally split, say of constant rank n:

Y — X[ 1] Xn

| |

X=X

Here each X; ~ X. Put Z; = g }(X;), so that Z ~ Z, IT1--- 11 Z,, and g is the union
of the n maps Z; — X;. Since ¢ is finite étale, so is each Z; — X; = X. But h is just
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the map obtained by “glueing” these n maps together, and is hence finite étale. If f
is totally split, but not of constant rank, then proceed as at the end of the previous
theorem.

For the general case, take a surjective finite locally free morphism a: W — X
such that Y xx W — W is totally split. Then Z xx W — Y xx W is finite étale
because it is a base-change, and Y xx W — W is totally split. So by the previous
step it follows that the composition Z xx W — W is finite étale. By Proposition
1.4.3, this implies that h: Z — X is finite étale (note that h is affine since it is a
composition of two affine morphisms). O

We need to be more systematic when working with totally-split morphism. More
concretely, we need a way to label the distinct components of a split cover in a
functorial way. For this purpose we introduce new terminology.

Definition 1.4.5. Given a scheme X, and a finite set £ = {ey,...,e,}, define X*
tobe XE ¥ X, II.-- 11X, , with X, ~ X.

Locally, if A is a ring and F is the given finite set, define AF o Hom(E, A), the
ring of functions from £ to A, with pointwise addition and multiplication. Note that
the map f +— (f(e1),..., f(en)) gives an isomorphism A¥ ~ A" if #FE = n.

Moreover, Spec(AF) = Spec(A)F ~ XII -7 11X, if X = Spec(A).

This assignment is functorial. That is, if D and E are finite sets, and ¢: D — E
is a map, then it induces a map ¢*: A¥ — AP sending f — ¢*f = f o ¢.

The natural map A — A¥, sending a € A to the constant function e +— aVe € E
induces a morphism X% — X.

Also, the map ¢* associated to ¢: D — E induces a map ¢,: X — XF.

In general, if X is any scheme and FE is a finite set, we write X = U;U;, with
U; = Spec(A4;) affines, and one can take the amalgamated union X B ey, UF, which
is the gluing of the UZE , with the intersections identified.

Remark. One can prove that X% ~ X Xgyecz) Spec(Z¥). If ¢: D — E is any map
of finite sets, then ¢,: XP — X¥ is finite-étale.

We want to prove an important themorem:

Theorem 1.4.6. Let f: Y — X, g: Z — X, h: Y — Z be morphisms of schemes,
such that f = goh. If f and g are finite étale, then so is h.

y —" 7

AP
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To prove this, we need a technical lemma:

Lemma 1.4.7. With notation as above, if f and g are totally split, then f,g and h
are locally trivial. That is, if x € X, there exists a neighborhood v € U C X and a
map of finite sets ¢: D — E such that f~*(U) ~U x D, g7 (U) ~ U x E, and the
following diagram commutes:

F7UU) - : - g (V)
f \ ) /

! UxD——UxEFE 9|
| o NU

Proof. Let x € X. We can find an affine open neighborhood V of x such that
Y : X]|v and [Z : X]|y are constant.

As f and g are totally-split, f~1(V) ~ VP for a finite set D, and similarly with
g g Y(V) = VE (#D and #FE are the degrees of Y above X and of Z above X,
respectively).

Writing V' = Spec(A), x € V' corresponds to a prime ideal p C A. Then V x D =
Spec(AP), and V x E = Spec(AF). We get a map h: V x D — V x E, which
corresponds to a ring homomorphism : A¥ — AP,

By localizing at x, we get 1,: (AF), = (A,)F — (A,)P = (AP),. As A, is local,
it does not contain any nontrivial idempotents, so we claim that 1, = ¢* for some
¢o: D — FE.

So consider the morphisms ¢,,h: V x D — V x E. We know that their localiza-
tions are equal: 1, = ¢*. Think of ¢ and ¢* as elements of Hom(A¥, AP) (where
we think of them as A-modules, forgetting their ring structure). Localizing at p, and
because A¥ is finitely-presented, we get (Hom,(A¥, AP ))p ~ Homy, (A}, AD), and
the images of 1) and phi* are equal in there, so that they are equal in a neighborhood
UCV of x. O

We now proceed to the proof of the theorem we stated:

Proof (of theorem 1.4.6). First, note that if f and g are both totally split, then the
lemma implies that h is étale, and we are done.

In the general case, by Theorem 1.4.2 there exists surjective finite and locally free
morphisms W; — X and Wy — X such that Y xx W7, — W; and Z xx Wy — W,
are totally-split.
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Define then W = Wy x x Wy — X. This is still surjective, finite and locally-free.
Moreover, the maps Y xx W — W and Z xx W — W are totally split, and so
by the lemma we deduce that:

hxIdy: Y xxW —-ZxxW

is finite-étale. We can rewrite: Y xx W = (Y xz Z) xx W =Y x4z (Z xx W), and
the following diagram commutes:

Y xx W—=Y Xz (Z xx W)

hXIdWJ thIdeXW

ZXxW=—=27Z Xz (Zxx W)

From this, one deduces that h is étale by noting that Z x x W — W is surjective,
finite and locally-free, and invoking Proposition 1.4.3. O

Exercises 2. In the problems below be very careful about how you reduce proofs to
the “affine case”.

i) Let Y; — X be morphisms of schemes for 1 <i <nandlet Y =17",Y; - X
be the induced morphism. Prove that Y — X is finite and locally free if and
only if each Y; — X is finite and locally free. Prove that [Y : X] =" [Y; : X].

ii) Let {X;}ier be a collection of schemes and Y; — X; a finite and locally free
morphism for each i € I. Prove that the induced morphism Y :=11,Y; — X =
I1;X; is finite and locally free. Prove that [Y : X]||x, = [Y; : X, for all i € I.

iii) Let Y — X be a finite and locally free morphism of schemes and W — X be
any morphism of schemes.

(a) Prove that Y xx W — W is finite and locally free.

(b) Prove that the diagram

(W] —|X]

l[YxXW] l[y:)q

Z Z

1s commutative.
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(c) Suppose that Y — X is surjective. Prove that Y xx W — W is also
surjective.

iv) Suppose that Z — Y and Y — X are finite and locally free morphisms. Prove
that the composition Z — X is finite and locally free.

v) Let Y — X and Z — X be finite and locally free morphisms of schemes.

(a) Prove that Y xx Z — X is finite and locally free.
(b) Prove that [Y xx Z: X] =[Y : X][Z : X].
(c¢) If both Y — X and Z — X are surjective then Z — X is surjective.

vi) Do exercises (1)-(5) above with everywhere “finite locally free” replaced by
“finite étale”.

vii) Prove that a morphism f :Y — X is surjective, finite and locally free if and
only if for each affine open U = Spec(A) of X, the open subscheme of Y,
f7HU) is affine f~1(U) = Spec(B) where B is a (finite) faithfully projective
A-algebra.

viii) If £ is a finite set and A a ring we write A for the ring of functions £ — A,
with pointwise addition and multiplication.

(a) For ascheme X and a finite set E prove that X x E = X Xgpec(z)Spec(ZF),
where X x E was defined in class.

(b) Let X,Y be schemes and FE a finite set. Prove that there is a bijection,
natural in X, Y, F, from the set of morphisms of schemes Hom(X x E,Y)
to the set of maps £ — Hom(X,Y).

(c) Suppose that A is a ring that has no non-trivial idempotents, and let
E, D be finite sets. Prove that any A-algebra homomorphism A* — AP
is induced by a map D — E.

ix) Let Y — Z and Z — X be morphisms of schemes such that: Z — X and the
composed morphism Y — X are affine. Prove that Y — Z is affine.

x) Prove that an open immersion is a monomorphism in the category of schemes.
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1.5 Galois categories

This section follows almost verbatim the exposition given in ([4], exposé V, section
4).

In order to prove Theorem 1.2.11 in complete generality, we will give a list of
categorical axioms and prove an analogue of Theorem 1.2.11 for any category satis-
fying them. It will then be shown, in the following section, that if X is a connected
scheme, FEtx satisfies the given axioms.

Definition 1.5.1. Let C be a category. A terminal object in C is an object X of C
such that every other object Y of C has a unique morphism Y — X in C. An initial
object is the dual notion to a terminal object. Let f be a morphism of C. Then f
is a monomorphism if whenever f o g = f o h for morphisms ¢, h of C, then g = h.
Dually, f is an epimorphism if it can be canceled on the right.

1.5.1 Quotients under group actions

Let Y be an object of C and G C Aute(Y) a finite group of automorphisms of Y.
The quotient of Y by G is an object Y/G along with a morphism p: Y — Y/G
satisfying po = p for all 0 € G and the obvious universal property: if Z is an object
of Cand f: Y — Z satisfies fo = f for all 0 € GG, then there is a unique morphism
g: Y/G — Z such that f = gop.

Example 1.5.2. If C = f-Sets, then for Y an object of C, the group G C Aute(Y)
acts on Y, and one can check that Y/G is the set of G-orbits of Y.

1.5.2 Galois categories

Definition 1.5.3. A Galois category is a category C along with a covariant functor
F: C — FinSets satisfying the following list of axioms:

(G1) There is a terminal object in C. Fibered products (over arbitary objects)
exist in C.

(Gs) Finite coproducts exist in C. In particular, an initial object O¢ exists in C.
Quotients by finite groups of automorphisms exist in C.

(G3) Any morphism X % Y in C factors as

X i/} Y/ ’U,_/; Y//

where ¢’ is a strict epimorphism and «” is a monomorphism inducing an isomorphism
of Y’ with a direct summand of Y.
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(G4) The functor F' is left-exact. That is, it preserves right-units and fibered
products. (Gs) F' preserves with finite direct sums, tranforms strict epimorphisms
in epimorphisms, and preserves quotients by finite groups of automorphisms.

(Gg) If w is a morphism in C such that F(u) is an isomorphism, then u is an
isomorphism.

Examples 1.5.4.
i) C = FinSets and F is the identity functor.
ii) Let m be a profinite group, C = m — Sets and let F' be the forgetful functor.
iii) Let K be a field, C = SAlgy and F'(—) = Homg_q(—, Ks).

If (C,F) is a Galois category such that C is essentially small !, then we will
define a profinite group 7 such that C is equivalent to the category of m — Sets.
Consider the group Aut(F') of automorphisms of the functor F'. Elements of Aut(F')
are natural isomorphisms of F' with itself. Given an object X € C, F(X) is a finite
set. Let Sp(x) denote the permutation group of F'(X). Then there is a natural
injection:

Aut(F) — H SF(X)
XeC
given by ¢ — (ox)x. Give each Sp(x) the discrete topology and endow the product

above with the product topology. It is then a compact Hausdorff space.
Given any ¢: F(Y) — F(Z), define a subset:

Fo={(sx)x € HSF(X) | sz0¢=¢osy}.

XeC

Since only two coordinates have been restricted above, and the sets Sp(z), Sy have
the discrete topology, F, is a closed subset. But then:

Aut(F) = m Fr(g)

g: X—=Y
shows that Aut(F) is closed and hence compact. One can in fact show the following:

Lemma 1.5.5. The group Aut(F) is profinite.

LA category is said to be small if all objects and Hom sets are sets in a given universe. It is
essentially small if it is equivalent to a small category.
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Let m = Aut(F'). There is a natural action of 7 on F(X) for every object X € C.
If o € mand u € F(X) then let:

o-u=ox(u).

Lemma 1.5.6. If F(X) is given the discrete topology and m the profinite topology,
then m acts continuously on F(X).

Proof. ]

Each F(X) is now a m-set. Given a morphism f: X — Y in C, F(f) is compatible
with the m-action:

F(f)(o-u) = F(f)(ox(w) = (F(f) o ox)(u) = (ay o F(f))(u) = o - (F(f)(u)).

We may thus regard F' as a functor F’': C — m — Sets. In this view, we have the
following fundamental:

Theorem 1.5.7. Let (C,F) be a a Galois category. Then the functor F': C —
m — Sets is an equivalence of categories:

C ~ 1 — Sets
where m = Aut(F).

Proof. We proceed in several steps.

Lemma 1.5.8. Let X 5 Y. Then u is a monomorphism if, and only if, F(u) is a
monomorphism.

Proof. The fact that u is a monomorphism is equivalent to the first projection X Xy
X — X being an isomorphism (uses G1,Gy,Gg). ]

Lemma 1.5.9. Every object X of C is artinian.

Proof. Let X' — X" — X be monomorphisms, such that F(X’) and F(X"” have
the same image in F(X). Then, by the previous lemma, F(X') — F(X”) is an
isomorphism, and we get X’ — X is an isomorphism, too (by Gg). O

Lemma 1.5.10. The functor F is strictly pro-representable.

Proof. This follows formally from the previous lemma together with Gy. O
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We can thus find an ordered projective system I which filters P as P = (P;); € 1,
thought of as a pro-object in C, together with a functorial isomorphism:

F(X) = HomPro-C(P7 X)(d:ef hi>n HomC(Pi’ X>)

)

We say that an object X in C is connected if it can’t be put as X = X; U Xy, with
neither of X; ~ Oc¢.

Lemma 1.5.11. The objects P; are connected and nontrivial (% Oc).

Lemma 1.5.12. Any X =Y with X & O¢, and Y connected is an epimorphism.
If X is connected, then End(X) is a division ring.

Lemma 1.5.13. The following statements are equivalent:
i) The natural injection Hom(P;, P;) — Hom(P, P;) ~ F(P;) is also surjective.
ii) The group Aut(P;) acts transitively on F(P;).
iii) The group Aut(P;) acts simply transitively on F(P;).

If these are true, we say that P; is Galots object.

Lemma 1.5.14. For each object X in C, thre is a Galois object P; such that, for
each morphism P 2 X, u factors as u = u' o @;, where @; is the canonical map
PE P,

We conclude then that those P;’s which are Galois form a cofinal system the
system of all P;’s.

Lemma 1.5.15. We have the following chain of equalities:

Hom(P, P) = Aut(P) = lim F'(F;) = lim Aut(F)

3 K3

where the projective limit is taken over the Galois P;’s.

From the previous lemma, we see that Aut(P) is the projetive limit of a projective
system of finite groups, with surjective transition morphisms. It can be endowed with
the limit topology, giving the discrete topology to each of the terms. Let then m,
the fundamental group (of the pair (C, F')), be defined as the opposite group to
Aut(P). Note that it acts on the right on P, and it’s the projective limite of finite
groups m; which also act on the right on the Galois P;’s (m; is the opposite group to
Aut(P,).
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Now, thanks to the functorial isomorphism F(X) = Hom(P, X) and from the
definition of 7, we get an action of m on F'(X). This action is continuous, thanks to
lemma 1.5.14, because the action factors through 7;. Note now that, given a mor-
phism u: X — Y in C, the resulting morphism F(u): F(X) — F(Y) is compatible
with the actions of 7, and in this way we obtain a covariant functor:

F.: C— m— Sets
Now, we define an inverse functor:
G:m—Sets — C

which sends an object E of C to P x, E, and where this is, by definition, the solution
to the universal problem:

Home (P %, E, X) ~ Hom, (E, Hom(P, X))

We need to prove that P X, F actually exists.

Lemma 1.5.16. Let Q be an object in C, with a right action by a finite group G.
Let E be a finite set with a left G-action. Then Q) Xg E exists, and the canoncial
map F(Q) xg B — F(Q X¢ E) is an isomorphism.

Proof. O

Lemma 1.5.17. Let E be an object of m — Sets, and let P; be a Galois object,
such that m acts on E through m;. Then P; x,, E exists, and there is a canonical
isomorphism

E = F(P; x,, E)

If 7 > i is such that P; is also Galois, then the canonical isomorphism P; X, E —
P, X, E is an isomorphism.

Proof. O

Lemma 1.5.18. Under the same hypothesis as in the previous lemma, the object
P x. E exists and is canonically isomorphic to P; X, E.

Finally, there is a functorial homomorphism «: Id,;_gets — F'G, sending E +—
F(P x, E). It is easy to check that this is an isomorphism, as thus concluding the
proof of the theorem. O
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1.6 Fundamental group of a connected scheme

In order to prove Theorem 1.2.11, it now suffices to show that FEtyx is a Galois
category whenever X is a connected scheme. We must thus describe the fibre functor
for this category, and verify the axioms (G}).

We begin by characterising the epi and monomorphisms in FEt x.

Proposition 1.6.1. Let X be a connected scheme, and h:Y — Z a morphism in
FEtyx. Then h is an epimorphism if and only if h is surjective as a morphism of
schemes.

Proof. Suppose that h is an epimorphism. Since h is finite étale, the degree [Y: Z]
is well-defined. Let Z; be the open and closed subscheme of Z consisting of the
points of degree 0. Then the complement Z; is also an open and closed subscheme.
Proposition 1.2.8 implies that A~'(Zs) = 0. Thus, h in fact induces a finite étale
morphism:

h:Y — 73

and [Y': Z;] > 1. This implies that h surjects onto Z;, again by 1.2.8. We must now
show that Zy = 0.

Let T'= Zy 11 Zy 11 Z;. Note that since Z — X is a finite étale, this map induces
finite étale morphisms Z; — X and Z; — X. So T € FEty. We would like to
define morphisms a,b: Z — T which map Z; to the first and second copy of Z; in
T, respectively. To be precise, the map will be defined locally.

Suppose X = Spec(A) is affine. Then both of Z; and Z; are affine, say Z; =
Spec(C;). In this case Z = Spec(Cy x C1) and T = Spec(Cy x Cy x Cy). Y is also
affine if X is, say Y = Spec(B). We showed above that the morphism induced by h:

hICO><Cl—>B

factors through Cf:
h: CI — B.

Define maps a: Cyx CyxC; — CyxCy by (z,y,¢) — (x,¢) and b: CyxCyxC; —
Co x Cy by (z,y,c¢) — (y,c). These induce scheme maps:
Yy Lz

where the maps Z — T are a and b, respectively. One checks that a o h = b o h.
Then since h is an epimorphism, a = b. The only way that this can be true is if C
is the zero ring. So Zy, =0, Z = Z; and h surjects. For the general case, cover X by
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affines and show that each part of Zj is zero by the argument above, hence Z; = 0
in the general case as well.

Suppose instead that h is surjective. Let p,q: Z — W be finite étale maps over
X such that po h = goh. Let {U;} be an affine open cover of X. Then the inverse
images {g'(U;)} under g: Z — X give an affine open cover of Z. It suffices to show
that p = q over each ¢g71(U;). We may as well suppose that X, and hence all schemes
appearing, are affine.

In the affine case, surjectivity of the map of schemes h implies that the corre-
sponding map of rings is injective. The relation poh = goh becomes hop = hogq in the
category of rings, and then the injectivity of h implies p = g. So the corresponding
maps of schemes must also be equal. This concludes the proof. O

Proposition 1.6.2. Let h: Y — Z be a morphism in FEty. Then h is a monomor-
phism if and only if h is both an open and closed immersion.

Proof. One can show quite generally in the category of schemes that an open im-
mersion is a monomorphism. We leave this as a simple exercise. So suppose that h
is a monomorphism in FEty. Note that Y x;Y — Z and Y xz Y — X are finite
étale since Y — X and Z — X are both finite étale. So Y xzY — Z is a morphism
in FEty. Let u,v be the two projections Y xz Y — Y. Then the commutativity
of the pullback square of the fibre product shows that how = howv. But h is a
monomorphism, so u = v. We claim it follows that « is an isomorphism.

As above, proving this is a local property. We may hence assume that X =
Spec(A) is affine. Then so are Y = Spec(B) and Z = Spec(C). The scheme maps
u, v correspond to maps:

B — B KR B

given by b +— b® 1 and b +— 1 ® b, respectively. So since u = v, we have b1 =1®b
for all b € B. One easily checks that the tensored map:

[d®h: B&:C — B®c B

is an isomorphism, since b® 1 =1 ® b. But B ®- C ~ B, and one checks that the
map above is just v under this identification. So w is an isomorphism, B ~ B ®¢ B.
We hence have on the one hand:

[B: C] =[B®c B: (]
due to this isomorphism. On the other hand, one can show generally that:

[B®c B: O] =[B: O
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We deduce that [B: C] < 1. This extends globally, so that we can write:
Z - ZO H Z1

with notation as in the previous proposition. Again we have h™'(Z) = 0, so that h
induces a morphism h: Y — Z;. Since the degree is 1 above Z;, proposition 1.2.8
implies that A identifies Y with a component of Z, h: Y ~ Z;. Hence, h is an open
and closed immersion. O

Recall that Galois categories come equipped with a fibre functor, and that the
group of automorphisms of the functor plays the role of the fundamental group. We
turn now to the topic of defining a fibre functor for FEtyx. Let X be a nonempty
connected scheme. A geometric point of X is a morphism:

x: Spec() — X
where () is an algebraically closed field. We usually identify the morphism z with
its image in X. If a € X is any point, let €2 be an algebraic closure of k(a). Then

performing a base-change yields a geometric point corresponding to a. This shows
that nonempty schemes have plenty of geometric points.

Definition 1.6.3. Let X be a nonempty connected scheme. Fix a geometric point
x € X over an algebraically closed field 2. Base-changing yields a functor:

Hxi FEtX — FEtSpec(Q)-

We have already seen that FEtg,cq) ~ Gal(€2) — sets. Composing with the forget-
ful functor Gal(§2) — sets — FinSets yields:

F,: FEt, — FinSets.
This is the fibre functor of X over z.
Our next goal is to show that quotients by finite groups of automorphisms exist
in FEtx. To do so, we will first study the category of schemes that are affine over

X. This category properly contains FEtx, so at the end we will have to show that
the construction restricts well.
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1.6.1 Characterisation of Affy

This section does most of exercise I1.5.17, in [7].

Let X be a scheme, M a sheaf of Ox-modules on X.

Given a ring A and an A-module M, one defines a sheaf of Ox-modules on
X = Spec(A), as follows:

Definition 1.6.4. The sheaf associated to M, written M, is the sheaf character-
ized by M(X;) = My = M ®4 Ay, for any f € A.

Definition 1.6.5. A sheaf of Ox-modules M is quasicoherent if there exists an
open covering {U; }icr of X by affines, such that My, = M(U;), as Oy,-modules, for
all i € I. If moreover M(U;) is finitely-generated for all ¢ € I, then M is said to be
coherent.

Lemma 1.6.6. Let f: Y — X be an affine morphism of schemes. Then f.Oy is a
sheaf of Ox-algebras which, as a sheaf of Ox-modules, is quasicoherent.

Remark. The converse is also true, but we won’t need it for now.

Proof. Consider the corresponding morphism of sheaves f#: Ox — f.Oy, which
gives to f,Oy the structure of a Ox-algebra.

Because the property of being quasicoherent is local on X, we may assume that
X = Spec(A) is affine. In this case, f'(X) =Y = Spec(B), and f¥: A — Bis a
ring homomorphism. Let a € A. Then X, = Spec(4,) C X is an open affine in X
and:

(f.0y)(Xa) = Oy (f1(Xa)) = Oy (f'(Spec(4a))) = Ba
and hence f,Oy = B , as wanted. O

Fix a scheme X, and consider the category QCoh,, , whose objects are sheaves
A of Ox-algebras on X, such that they are quasicoherent as Ox-modules.
Define a contravariant functor

[': Affy — QCoh,, (f:Y — X)— f.Oy
Lemma 1.6.7. The functor I' is an anti-equivalence of categories.

Proof. We will describe the inverse functor Spec: QCoh,, — Affy. So let A
be a quasicoherent sheaf of Ox-algebras on X. We want to construct Spec(A) =
(f: Y — X), an affine morphism to X.

Let {U; }icr be an open affine covering of X, U; = Spec(A4;). Let Y; = Spec(A(U;)).
So we get a ring homomorphism Ox(U;) = A; — A(U;), which induces morphisms
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of schemes f;: Y; — U;. We will glue this local data together, along the intersections.
So let U;; def U; N U;, which can be seen as inside U; and U;. Let Y;; def fi_l(Uij).
Note then that Yj; is a subscheme of Y;, and then Yj; is a subscheme of ;. We want
to identify these pairs, but they are not affines, so they have to be covered by affines
and be identified through them.

Let V = Spec(S) C U; be an open affine. By quasicoherence, f;'(V) =
Spec(A(V)) C Yy, and at the same time, f;'(V) = Spec(A(V)) C Yj;, and so
(V) ~ fj_l(V). Varying V' along an affine covering of U,;, to get an isomorphism
pij: Yij = Yii.

By the glueing lemma, one obtains then Y = Spec(A), together with a map
f:Y — X, and it is an easy check to verify that f: Y — X is affine.

One should then check that the two constructions are inverse to each other, but
we omit this detail. O

1.6.2 Quotients under group actions in Affy

Fix a scheme X, and let f: Y — X be an affine morphism.

Let G C Autag, (f: Y — X) = Autx(Y) be a finite subgroup of the group of
automorphisms of Y that fix X.

Via the equivalence given by the previous lemmas, Y corresponds to a quasico-
herent sheaf of Ox-algebras, say A, and G corresponds to a subgroup of Aute, (A),
which will be called G by abuse of notation. This really acts on A, fixing Ox (e.g.
if X = Spec(A), then A = B is an A-algebra, and G acts on B over A, like in the
setting of Galois theory).

Define then A as a sheaf on X, given by (if U C X is an open):

ACU) Y AU ={ae AU) | oa =a,Vo € G}
Note now that the map Ox (U) — A(U) factors through A(U)¢ — A(U). More-

over, if U CV C X are two opens, then the following diagram is commutative:

AV) L2 A(U)
AV)E —— A(V)C
because o € G gives a morphism of sheaves.

This makes A% into a presheaf, and it is easy to verify that it is actually a sheaf.
The last thing to do is to verify that it is quasicoherent.
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Note now that, for each U C X, we have a map

oy AU) H@A(U)

ceG

defined by a — (0a — a)seq, which is Ox(U)-linear. The key point is to note that
ker(¢p) = A%(U).

One checks that the {¢y} give a morphism of Ox-modules, p: A — A#“ and
AY = ker(p).

As both A and A#C are quasicoherent, then it follos that ker(¢) = A is quasi-
coherent as well (see [7], chapter II, proposition 5.7, or Serre’s FAC).

Again under the correspondence described before, we get Y/G, together with
an affine morphism «a: Y/G — X, which corresponds to the embedding A% — A.
Remark that Y/G = Spec(AY).

Claim. The map a: Y/G — X satisfies the universal property.

Proof. The inclusion AY — A gives the morphism Y — Y/G, and the universal
property of Y/G follows from the corresponging universal property of A in the
category QCoh,,, . O

1.6.3 Quotients under group actions in FEty

Let f: YtoX be a finite étale morphism, and G C Autx(Y’) a finite group of auto-
morphisms. Then Y/G — X exists as an affine scheme. We will now show that in
fact Y/G € FEty.

Proposition 1.6.8. Let f: Y — X be an affine morphism, G C Autx(Y') a finite
group and g: W — X a finite locally free morphism. Then there is a canonical
1somorphism:

(Y xx W)/G ~(Y/G) xx W.

Proof. Aftine morphisms are stable under basechange, so that ¥ xx W — W is
affine. For every o € GG, f oo = f, and hence:

Y XxW———>W

| I

Y —5—Y X
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commutes. The universal property of the fibre product thence yields a unique endo-
morphism, which we also call o, of Y xx W — W such that:

YXXW?YXXW w

J |l

YV ——X

commutes. Applying this to o~! allows one to show that ¢ € Auty (Y xx W).
Similarly, one verifies that since G acts on Y — X, the definition above gives a
canonical action of G on Y x x W — W. We henceforth regard G C Auty (Y x x W)
in this canonical fashion.

Let h: Y — Y/G be a morphism in Affy that is invariant under G. Then:

thdWYxXW—>(Y/G) ><XW

is a morphism over W. Moreover, it follows from the definition of the action of G
on Y X x W that this map is invariant under G since h is. The universal property of
quotients thus supplies a unique morphism:

Q§I (Y XXw>/G—> (Y/G) xXW

over W. We must argue that this is an isomorphism, and such a property can be
checked locally on the base.

Assume X = Spec(A), so that then also Y = Spec(C') and W = Spec(B) (f
and ¢ are affine morphisms over X). Let f: A — C and g: A — B denote the
corresponding ring homomorphisms. We have seen that:

Y xx W = Spec(B®aC),
Y/G = Spec(CY),

(Y/G) xx W = Spec(C® @4 B),

(Y xx W)/G = Spec((C ®4 B)°).

The map (Y xx W)/G — (Y/G) xx W is induced by the inclusion of rings:
C¢®,4 B — (C®4B)°.

We would like to show that this map is actually a ring isomorphism, so that the
associated morphism if schemes is as well. Consider the following exact sequence of
A-modules:

0—Cc?—C—@&c

ceG
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where the last map sends ¢ — (0¢ — ¢),eq. Since Y — X is finite and locally free,
B is finite and projective over A, and hence flat. Tensoring the sequence above over
A with B thus gives an exact sequence:

0— C%@4B— C®4B— @(C®4B),
oeG

where the last map sends ¢ ® b — ((0c — ¢) ® b)yeq. The kernel of this map is
(C ®4 B)% by definition of the action of G on this ring, and thus:

CY®4 B~ (C®4B)°.
O

Proposition 1.6.9. Let f: Y — X be a finite étale morphism. Let G C Autx(Y')
be a finite subgroup. Then Y/G exists in FEty.

We have seen that there is an affine morphism Y/G — X. Suppose we can show
that if Y — X is finite étale, then so is Y/G — X. Then it will follow that Y/G — Y
is finite étale by a previous result, since we have a commutative diagram:

Y/ G ——Y
N

So it suffices to prove that Y/G — X is finite étale under the hypotheses above. We
prepare the proof of this proposition with a lemma that generalises a previous result:

Lemma 1.6.10. Let X,Y, Z be schemes with f: Y — X and g: Z — X both totally
split. Let oy,...,0,: Y — Z be morphisms such that f = g o o; for all i. Then
for each x € X, there exists an affine open neighbourhood U C X of x such that

each o; s trivial over U. By this we mean that there exist two finite sets D, E with
fTHU) = U x D and g (U) =~ U x E, and maps ¢, ..., ¢n: D — E such that:

=) . g~ (U)

UxD—>U><E

/ ~.

commutes for each 1.



1.6. FUNDAMENTAL GROUP OF A CONNECTED SCHEME 53

In the case of a single o;, this lemma was proved in the section on totally split
morphisms. This generalisation is proved by applying the single case to each o; and
then intersection the U;’s obtained. An affine open contained in this intersection
yields the desired U C X.

This lemma will be applied when YV = Z, f = ¢ and {oy,...,0,} = G C
Autx(Y'). Specialised to this situation, the lemma says that each = € X has an affine
open neighbourhood U such that there exists a finite G-set D such that f~1(U) ~
U x D and the action of G on Y keeps U stable. Moreover, the action above U is
induced by the action of G on D. We return now to the proof of the proposition:

Proof. We proceed in three stages. First suppose that Y = X x D where D is a
finite G-set. We have:

Y/G = (X x D)/G = (X Xspec(z) Spec(ZP)) /G = X Xspec(z) Spec((Z")).

Now, ZP is the ring of functions from D — Z. The G-invariant functions are uniquely
determined by their values on orbits representatives of D/G. One observes that thus
(ZP)¢ ~ 7P/ and hence:

Y/G = X Xgpeez) Spec((ZP)) =~ X Xspec(z) Spec(ZP/%) = X x (D/Q).

Moreover, this isomorphism is a morphism over X. Hence, Y/G is totally split over
X. We deduce that Y/G — X is finite étale.

Next suppose that Y — X is totally split. The previous lemma yields an affine
open cover {U; }se; of X such that f~1(U;) ~ U; x D; for some finite G-set D;, and G
acts trivially above U;. It follows by the case just treated that s: Y/G — X is finite
étale over each U;, and hence itself finite étale.

In the general case, we use our old trick of reducing to the totally split case by
making a surjective and locally-free base change. Since Y — X is finite étale, we
have seen that there exists a surjective, finite and locally free morphism W — X so
that Y x x W — W is totally split. We showed above how to define an action of G on
Y x x W. The totally split case just treated hence implies that (Y xx W)/G — W is
finite étale. However, the first proposition of this section showed that (Y x x W) /G ~
(Y/G) xx W. We deduce that (Y/G) xx W — W is finite étale. Since W — X is
surjective, finite and locally free, it follows by a previous result that Y/G — X is
finite étale as well. O

This result can be used to weaken the hypotheses of the first proposition proved
in this section:
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Proposition 1.6.11. Let f: Y — X be an affine morphism, G C Autx(Y) a fi-
nite group and g: Z — X any morphism of schemes. Then there is a canonical
1somorphism:

(Y X x Z)/Gﬁ (Y/G) Xx Z.

Proof. As above, the universal property of the quotient yields a morphism over Z:
Y xx 2)/G — (Y/G) xx Z.

We will show that this is an isomorphism in three steps.
First assume that Y = X x D, where D is a finite G-set, and G acts on Y via D.
In this case there is nothing to prove since:

Y Xx Z = X Xgpee(z) SPec(Z”) xx Z = (X X x Z) Xspec(z) Spec(Z”) = Z x D.
Moreover GG acts on the fiber product via D in this decomposition, so that:
(Y xx Z2))G ~Z x (D/G).

Similarly Y/G ~ X x(D/G) since G acts via D, and one also computes (Y/G) X x Z ~
Z x (D/G). This concludes the proof in this case.

Next assume that f: Y — X is totally split. Then X can be covered by affines
U; such that Y; = f~Y(U;) — Uj is trivial, and the action of G is trivial (permutes
the slices of U; x D;). By the previous case we obtain isomorphisms for each i:

(Vi xx 2)/G = (Y/G) xx 2).

Glueing these togethers gives the desired isomorphism (Y xx Z)/G ~ (Y/G) xx Z.
Now for the general (and most interesting) case. Choose a surjective, finite and
locally free morphism W — X such that Y xx W — W is totally split. Given a
fibre product U xy W we introduce the notation Uy, for the scheme U xy W — W
over W. So in this notation, Yy — W is totally split. By the case just treated:

But note that:
YW XWzW:(Y ><XW) Xw (Z XWw):(Y sz) ><2WZ,

and Wy — Z is surjective, finite and locally free since it is the base change of
W — X. Thus, the first proposition of this section (the one we are generalising)
implies that:

(Y xx Z)xzW2)]G >~ ((Y xx 2)]G) Xz Wj.
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Also by that proposition:
Yiv /G = (Y xx W)/G = (Y/G) xx W = (Y/G)u.
Hence:
Yw/G) xw Zw = (Y/G)w xw Zw = (Y/G) xx Z) xz Wj.
We thus have an isomorphism:
(Y xx Z2)/G) xz Wz =~ ((Y/G) xx Z) Xz W.

We claim that the isomorphism above is the base change to W of the map
(Y xx Z)/G — (Y/G) x x Z. Hence, the map under consideration is an isomorphism
after base-changing via a surjective, finite and locally free morphism. It follows by
previous work that (Y xx Z)/G — (Y/G) xx Z is already an isomorphism. O

We turn now to the long awaited:

Theorem 1.6.12. Let X be a connected scheme and let x be a geometric point of
X. Then (FEtx, F,) is a Galois category.

Proof. We have been studying FEt x for some time, and have alreay shown many of
the relevant details. We will prove two more details, and leave the remaining ones
to the reader.

Let h: Y — Z be a morphism in FEty. We will show that h = f o g factors as
an epimorphism ¢g and a monomorphism f. For this, we write Z = Zy 11 Z; as above,
where Z; is the subscheme of points of Z of degree 0, and Z; is the subscheme of
points of degree > 1. We have seen that h=1(Z,) = ), so that h factors: Y — Z; — Z.
Since [Y': Z1] > 1,Y — Z; is surjective. By earlier work it is hence an epimorphism.
Similarly, Z, — Z is a monomorphism.

We next show that if h: Y — Z in FEty is such that F,(h) is an isomorphism,
then in fact h is an isomorphism. Note first that since X is connected, [Y: X] is
constant. In fact, one sees that [Y: X] = |F,(Y)|.As above, write Z = Z, II Z;.
Apply the fibre functor to the diagram:

Y - 71— 27

to obtain:
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By assumption the composition is an isomorphism. The only way that this can
happen is if F,(Zy) = (). But then [Zy: X] = 0 and hence Z, = (). Hence Z = Z;, h
is surjective and [Z: X] = [Y: X] (since |Fx(Z)| = |Fx(Y)|). We argue that h must
be an isomorphism.

Suppose first that Y = X x D and Z = X x E and h is induced by a map ¢: D —
E. Surjectivity of h implies that ¢ is surjective. Also |D| =[Y: X] =[Z: X]| = |E|.
It follows that ¢ is actually a bijection between sets, and hence h is an isomorphism.

Next assume that Y and Z are both totally split. One can check locally that h
is an isomorphism, and it thence follows from the previous case just treated.

In the general case, we can find a surjective finite and locally free morphism
W — X so that both Y xx W — W and Z xx W — W are totally split. By the
previous case, the induced map h x Idy is an isomorphism. Then previous work
shows that since W — X is surjective, fintie and locally free, the original map A is
also an isomorphism. O

1.7 Etale Morphisms

In this section we introduce étale morphisms, and relate them with what we have
studied on finite étale morphisms.
Let f: Y — X be a morphism of schemes.

Definition 1.7.1. We say that f is flat if, for every y € Y, letting = = f(y), the
natural map Ox , — Oy, makes Oy, into a flat Ox ,-module (algebra).

Remark. This is a definition which is local on Y, not on X.

Definition 1.7.2. We say that f is unramified if, for every y € Y, letting = = f(y),
the ring Oy, /mx Oy, is a finite, separable, field extension of Ox ,/mx ;.

Equivalently, we require that mx Oy, = my, and that x(y) is a finite separable
extension of k(z).

Definition 1.7.3. We say that f is étale if it is both flat and unramified.

Note that we need to work a little bit to relate this new definition to the definition
of a morphism f being finite-étale. For this we make an ad-hoc and nonstandard
definition:

Definition 1.7.4. The morphism f: Y — X issaid to be of finite presentation as
modules (fpm) if there exists an open affine covering {U;};c; of X, U; = Spec(4,),
such that for all V' = Spec(B) C f~(U;), one has that B is an A;-module of finite
presentation.
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With this definition, we can relate the different notions of étale maps:

Proposition 1.7.5. Let f: Y — X be a morphism of schemes. Then f is étale and
fpm if, and only if, it is finite-étale (as defined before).

Corollary 1.7.6. If X is a locally noetherian scheme (that is, X can be covered by
the spectra of noetherian rings), and f:Y — X is a morphism, then f is finite and
étale if, and only if, f is finite-étale.

To be able to prove Proposition 1.7.5, we need some more preparation.

Proposition 1.7.7. Let A, B be rings, and let f: A — B be a ring homomorphism.
Then the following statements are equivalent:

i) f is flat (that is, B is a flat A-algebra).

i) For each q € Spec(B), let p = f~1(q), and then fy: Ay — By is flat.
iii) The induced morphism of schemes Spec(B) — Spec(A) is flat.
w) For each q € Spec(B), let p = f~(q), and then fq: Ay — By is flat.

Proof. (1) = (ii):
Let q € Spec(B), p = f~'(q) € Spec(A). Let S = A\ p. As localization is exact, the
resulting homomorphism A, — S™!B = B, is flat. Moreover, the map S™'B — B,
is also flat, as it is a further localisation. Hence, the composition of the two is flat
as well (flatness is preserved under composition).

(77) = (i7i) is just by definition, and (¢ii) = (iv) is trivial because, in fact, (i¢) is
equivalent to (7i7) (and (iv) is a weakening of (i7)).

() = (4):
Let M and N be A-modules, and ¢: M — N an injective A-linear map. We want
to show that ¢ ®Idg: M ®4 B — N ®4 B is still injective. So let K &f ker(p ®1dg).

Let m be a maximal ideal of B, and n = f~!(m) € Spec(A). As localisation is
exact, p®Ids, : M @4 Ay — N ®4 A, is injective. Moreover, by hypothesis A, — By,
is flat, so we can apply ®4, Bm to the previous injection, to get an injective map
(M ®4 B) @ By ~ M ®4 By — N Q4 By, ~ (N ®4 B) ®p By,. This implies that
K ®p By = 0 for all m maximal ideals of B. As the property of being 0 is local on
the maximals, we conclude that K = 0, as we wanted. [

We now we restate the geometric version of the previous proposition:

Proposition 1.7.8. Let f: Y — X be a morphism of schemes. Then the following
statements are equivalent:
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i) f is flat.
ii) For any pair U = Spec(A) C X, V = Spec(B) CY such that f(V) C U, the
induced map A — B is flat.

iii) There is an open affine covering {V;}icr of Y such that for every i € I and
every open affine U = Spec(A) C X such that f(V;) C U, the induced map
A — B; s flat.

iv) For every closed point y € Y, x = f(y) € X, the induced morphism Ox, —
Oy, is flat.

The following easy result will help us in the proof of the next lemma:

Lemma 1.7.9. Let A be a ring. Let M be a finitely-presented A-module, and let
N be a flat A-module. Then the map ¢: MY @4 N — Homu(M,N) which maps
f@n— [m— f(m)n] is an isomorphism.

Proof. 1t is clear if M is free (we actually have proven it for M projective). Start
then with a presentation A™ — A" — M — 0, and apply the functors Hom(—, N)
and Hom(—, A), to get the following diagram, where the second row is the result of
applying also the ®4 /N functor, which is exact because N is flat:

0 ——— Homy(M, N) ———— Hom (A", N) ———— Hom 4 (A™, N)
d | |
0—— HOIDA<M, A) X4 N —— HOHlA(An, A) Xa N —— HOIHA(AmA) X4 N
By diagram chasing, it follows that ¢ is also an isomorphism. O
We continue with a lemma which relates the notions of flatness and projectiveness:

Lemma 1.7.10. Let A be a ring, and let P be an A-module. Then P is finitely-
generated and projective if, and only if, P is finitely-presented and flat.

Proof. We know already that projective modules are always flat, and that finitely-
generated projectives are finitely-presented.

Conversely, suppose that P is finitely-presented and flat. We want to prove that
P is projective. Apply the previous lemma to M = N = P, to get an isomorphism:

¢p:Pv®AP—>HomA(P,P)
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Consider the element Idp € Homyu (P, P). Then, consider elements f; € PV,
pi € P, such that ¢p (> fi @ p;) = Idp.

This says that, for any = € P, Y fi(z)p; = z, so we have a map f: P — A"
sending z to the tuple (fi(x),..., fu(x)), and also amap g: A" — P sending e; — p;.
Then go f = Idp, and so g is surjective. Moreover, f provides a splitting, and hence
P is a direct summand of A", hence it is projective. O

The following is the geometric version of the previous lemma:

Proposition 1.7.11. Let f: Y — X be a morphism of schemes. Then f is finite
and locally free if, and only if, f is fpm and flat.

We now restate and prove Proposition 1.7.5:

Proposition. Let f: Y — X be a morphism of schemes. Then f is étale and fpm
if, and only if, it is finite-étale (as defined before).

Proof. After the previous proposition, the only remaining fact to prove is that f is
separable if, and only if f is unramified.

So let U = Spec(A) € X be an open affine, V' = Spec(B) C Y be such that
f(V) C U. By taking U small enough, we may assume that the ring homomorphism
f: A — B is finite and free (not just projective).

This allows one to reduce to the case of A being a field K.

In this case, B = [[;_, B;, with B; a local K-algebra, and m; C B; nilpotent. [J

Let now X be a normal and integral scheme. For instance, if £ is an algebraically-
closed field and X — Spec(k) is smooth and connected, then X is always normal
and integral —and for curves, the converse is true-).

Let n € X be its generic point. Let K = K(X) be the function field of X, that
is K = Ox,. Then one has that, for any open U C X, Ox(U) C K.

We want to relate the Galois theory of K with the étale covers of X.

Let L be a finite separable field extension of K, and denote by ¥ — X the

normalisation of X in L. This is done by defining the sheaf A by, for each U C X,
def

A(U) = integral closure of Ox(U) in L, and then A turns out to be a quasicoherent
sheaf. One then defines ¥ & Spec(A).

Definition 1.7.12. We say that L/K is unramified if Y — X is unramified.
Theorem 1.7.13.

i) If L/K 1is finite, separable and unramified, then Y — X is finite étale.
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it) Every connected, finite étale covering of X is obtained as in (1).

iii) Let K be a fived algebraic closure of K. Let M be the compositum of all the
finite, separable, unramified extensions of K in K. Then:

m (X) ~ Gal(M/K)

Exercises 3. In all the problems A is a ring and B, C' are A-algebras with structure
morphisms f: A— Bandg: A — C.
Properties U and FE.

composition Suppose we have a ring homomorphism h : B — (' such that g = hof.

i) If B has property U over A and C' has property U over B then C has
property U over A.

ii) If B has property E over A and C' has property E over B then C has
property F over A.

base-change

i) If B has property U over A then B¢ := B ®4 C has property U over C.
ii) If B has property E over A then Be := B ®4 C has property E over C.

tensor product

i) If B has property U over A and C' has property U over A then B ®,4 C
has property U over A.

ii) If B has property E over A and C' has property E over A then B ®,4 C
has property E over A.

faithfully flat descent Suppose that C' is a faithfully flat A-algebra.

i) If Bo := B®4 C has property U over C' then B has property U over A.
i) If Bo := B®4 C has property E over C' then B has property E over A.

localization Suppose that f € B is an element.

i) If B has property U over A then By has property U over A.
ii) If B has property E over A then By has property E over A.
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properties U,E are local on Spec(B) Suppose that for all g € Spec(B) there ex-
ists f € B\ q such that

i) By has property U over A. Then B has property U over A.
ii) By has property E over A. Then B has property E over A.

examples

i) If I C A is an ideal then B = A/I has property U over A.

ii) Let f,g € A[X] such that f is a monic polynomial and denote by f' €
A[X] the formal derivative of f. Let B := (A[X]/fA[X])g. Show that if

f" € B* then B has property F over A. For example one can take g = f’.

Remark. An algebra B as in the above problem is called an E-standard
A-algebra.

Properties of derivations and differentials

localization Let S C B be a multiplicatively closed set. Let M be an Bg := S~ B-
module and j : B — Bg the canonical morphism. We may regard M also as a
B module via j and denote it M;.

i) Show that the composition with j given an isomorphism

Der 4(Bs, M) = Der4(B, M;).

ii) Deduce that we have a canonical isomorphism of Bg-modules Qp /A OB
BS = QBS/A-

base-change Let us denote as before Bo := B® 4 C and think of it as a C-algebra.
Prove that we have a natural isomorphism of Bc-algebras Qg /¢ = Q04 ®4C.

first fundamental exact sequence Let A LB Cbea sequence of rings and
ring homorphisms. Let M be a C-module which we regard as a B-module via
h.

i) Prove that the natural sequence of B-modules is exact

0 — Derg(C, M) — Ders(C, M) — Dera(B, M).
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ii) Prove that the following sequence of C-modules is exact
Qp/a @ C — Qcja — Q¢ — 0.

second fundamental exact sequence Suppose that J C B is an ideal and denote
C = B/J. Let M be a C-module which we may also view as a B-module via
the natural projection B — C.

i) Prove that the natural sequence of B-modules is exact
0 — Dery(C, M) — Dera(B, M) — Homg(J/J?, M).
ii) Deduce that the sequence of C-modules below is exact
J)J? — Qpa @ C — Qc/a — 0.
explicit calculations

i) Let B = A[X4, ..., X4] be the polynomial algebra. Prove that Qp/4 is the
free B module with basis d(X3), ..., d(X4).
11) If ¢ = B/J = A[Xl, "'7Xd]/(f17 ceey fm), with f1> ceey fm € A[Xl, ...,Xd]
prove that
Qoya =2 (S,0d(X5)) / (d(fr), - d(fim) -
iii) Let A= K be a field and B = K[X,Y]/(Y? — X3 +1). Calculate Qp/x
and prove that it is a projective B-module of rank 1.

1.8 Differentials

Let f: Y — X be a morphism of schemes.

Definition 1.8.1. We say that f is locally of finite type (resp. locally of finite
presentation) if for every point y € Y, x = f(y) € X, there exist open affine
neighbourhoods V' = Spec(B) and U = Spec(A) of y and x, respectively, such that
f(V)C U and B ~ Alxq,...,x4]/1 for some ideal I (resp. some finitely generated
ideal I).

Note that if Y is locally Noetherian, then these two definitions are equilvalent.

Definition 1.8.2. Let ¢: Ty — T be a closed immersion corresponding to a quasi-
coherent sheaf of ideals Z on T. We say that ¢ is a first order thickening (or that
T is a first order thickening of Tj) if Z? = 0.
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If T = Spec(C) is affine, then first order thickenings correspond to ideals I C C
such that I? = 0. For instance, take C' = k[z]/(z?*) for some field k. Consider
the ideal I = (z) generated by the image of z in C. Then C/I ~ k, and the ring
homomorphism C' — k corresponds to a first order thickening Spec(k) < Spec(C)
of Spec(k).

Definition 1.8.3. Let f: Y — X be locally of finite presentation. We say that:
a) f is smooth
b) f has property U
c) f has property E
if for every commutative diagram:

o

TgﬁT%X

where ¢ is a first order thickening,

a) locally on T, there exist morphisms ¢g: T — Y “lifting go” (N.B. these mor-
phisms need not glue together to give a global morphism).

b) there exists at most one global morphism g: ' — Y “lifting go”.

c) there exists exactly one global morphism ¢g: T'— Y “lifting go”.

Remark. The terminology of properties U and E is nonstandard. We will see
presently that they correspond to the morphism being unramified and étale, re-
spectively. Also, the maps ¢ are really extensions of gy to the first order thickening.
This terminology comes from the ring theoretic side, where the extensions become
liftings after reversing arrows.

The following theorem is an important characterisation of the properties above.
It motivates our coming study of differentials; we postpone the proof until after we
have covered that material.

Theorem 1.8.4. Let f: Y — X be locally of finite presentation. Then:

a) f has property U if and only if Q%,/X =0, if and only if f is unramified.

b) f has property E if and only if f has property U and is flat, if and only if f
15 €tale.

Our discussion of differentials will begin by considering the affine case. Before
delving into this topic, we will hence describe the ring theoretic versions of some the
definitions above (as well as a new definition):
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Definition 1.8.5. Let Y = Spec(B) and X = Spec(A4), f: A — B. We say that:
a) f is smooth (or B is smooth over A)
b) f has property U (or B has property U over A)
c¢) f has property E (or B has property E over A)

if for every A-algebra C, and ideal J C C with J? = 0 such that:

a,

C—C

commutes, where C' = C'/.J, then:
a) there exists an A-algebra homomorphism « making the diagram commute.
b) there exists at most one v making the diagram commute.
c) there exists exactly one u making the diagram commute.

These conditions can be phrased a different way. There is a natural map:
¢: Homy_qy(B,C) — HomA,alg(B,U)

where u — T = u o p (p is the quotient map C' — C'). With this notation:
a) is equivalent to ¢ being surjective,
b) is equivalent to ¢ being injective,
¢) is equivalent to ¢ being an isomorphism.

Definition 1.8.6. Let A be a ring, B an A-algebra and M a B-module. Then
0: B — M is called an A-derivation if it is A-linear and satisfies the Leibniz rule

for products:
aY') = ba(t') + b'0(b)

for all b,b’ € B. Let:
Dery(B,M)={0: B— M | 0 is an A-derivation}.

Note that since 1% = 1, the Leibniz property implies that d(15) = 0, and hence
that d(alg) = 0 for all a € A. One can thus think of the elements in A as “scalars”
annihilated by differentiation. Since M is a B-module, Der4(B, M) carries a natural
B-module structure. The operations are defined pointwise.

Suppose that f: M — N is a map of B-modules, and 0: B — M is an A-
derivation. Then one easily checks that fod: B — N is also an A-derivation. It
follows that Ders (B, —) is a covariant functor on the category of B-modules.



1.8. DIFFERENTIALS 65

Lemma 1.8.7. The functor Ders(B, —) is representable. We denote the representing
object (which is only determined up to unique isomorphism) Qpa. There is hence
an isomorphism of functors:

Dera(B,—) ~ Homp(Qp/a, —).
We must show that for every B-module M, there are canonical isomorphisms:
Dery (B, M) ~ Homp(Qp/4, M)

which are functorial in M. If we apply this to the B-modular {2p,4, then we obtain
an isomorphism:
DerA(B, QB/A) ~ HOIDB(QB/A, QB/A)'

There hence exists a natural derivation d: B — (14, which corresponds to the
identity map of Qp,4. With these observations, one can show that the lemma above
is equivalent to proving the more usual characterisation of {2p/4:

There exists a B-module Q2g/4 and a derivation d: B — g 4, such that the fol-
lowing universal property is satisfied: for every B-module M and derivation 0: B —
M, there exists a unique B-linear map f: Qpja — M such that 0 = f od.

It is this formulation of the lemma that we will prove.

Proof. The proof boils down to a simple and obvious construction. Let F' denote the
free B-module on formal symbols db for b € B. Let G denote the B-submodule of F
generated by all elements of the form:

a) d(ab + a’b’) - adb - a’db’,

b) d(bb’) - bd(b’) - b’db
for all a,a’ € Aand b,V € B. Let Qg4 = F/G and define d: B — (1p,4 by mapping
b to the image of db in the quotient. We will often abuse notation and write the
image simply as db. This should cause no confusion.

Suppose that 9: B — M is a derivation. Define a map a: F' — M by putting
a(db) = 0(b). Then one checks that a(G) = 0, and hence that « factors through
(/4. One easily deduces that {2p,/4 satisfies the desired universal property. O

We will give a second construction of the module of differentials (2p,4. This is
particularly nice for scheme theory, as it lends itself to a simple definition of sheaves
of differentials on a scheme X. For the time being, however, we continue to focus on
the affine case.

Given a ring homomorphism A — B, then there is a corresponding surjective
map m: B ®4 B — B given by multiplication, b ® b’ + bb’. This map corresponds
to the diagonal embedding of schemes. If we let 71,75 be the canonical maps B —
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B ®4 B, then one has moi; = moiy = Idg. Let I = ker(m). Note that I/I? is
naturally a (B ®4 B/I)-module, since I acts trivially on I/I?. Since m is surjective,
B®aB/I ~ B. We will describe explicitely the B-module structure on I/I? obtained
under these identifications.
Let z € I/I? and b € B. Let 3 € B ®4 B be such that m(3) = b. Then we
define:
bxr = P,

where the action of 3 is induced by the fact that I C B® 4 B is an ideal. Note that,
in particular, we can take f =1® b or b ® 1. So if we regard i, iy as defining a B-
module structure on B® 4 B, then the induced structure on /1 is the corresponding
B-module structure.

Now consider the map j =i, —is: B — B ®4 B, which is a map of A-modules
(not B-algebras!). Since m oi; = m o iy, we have m o j = 0. This implies that the
image of j is contained in I, so that we can really consider j as mapping into I. If
we compose this with the natural projection map 7: I — I/I?, then we obtain:

d: B—I/I*
Claim. d is an A-derivation.

Proof. The A-linearity is clear. One simply verifies the Leibniz property directly:

dbt) = i (bb') —iy(bb') (mod I?)
= W ®1-1®b (mod I?)
= WR1-bV +b@b —1®@b0 (mod I?)
= b))l el-10V)+(1aV)(b®1—-1®b) (mod I?)
= bd(t') +b'd(b)

]

Now, the universal property of Qp,4 supplies a B-linear map f: Qg — I/I%.
We will prove the following:

Theorem 1.8.8. f: Qp/a — I/I? is a B-linear isomorphism.

This theorem will be proved by showing that I/I? represents Der 4(B, —). Before
we can attack this theorem, we will first provide some more background material to
help explain connections between {2p,4 and other geometric notions introduced in
this course.
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Relationships between liftings of maps and differentials

Suppose that B,C are A-algebras, with J C C an ideal such that J? = 0. Put
C = C/J, let p: C — C be the quotient map, and fix an A-algebra morphism
u: B— C. Putu=pou: B— C. Since J? =0, it follows that J is a C-module. It
is also a B-module via the map w. We denote this B-module by J;. Note that this
B-module structure only depends on w; any other lifting of @ to a map u': B — C
will induce the same B-module structure on J.

Lemma 1.8.9. Let 0 € Dera(B,Jz). Thenv = u+ 0: B — C is an A-algebra
homomorphism lifting w to C'. Moreover, the map:

Dera(B, Jz) — {v: B— C | v lifts u}
gwen by 0 — u + 0, is a bijection.

Remark. The map u is itself a lifting of w. It corresponds to the zero derivation
under this association.

Proof. We first show that the map v is a map of A-algebras. The A-linearity is clear.
We need only verify the multiplicativity. This is a simple calculation. Note that
since J? =0, 9(b)0(t/) = 0 for all b, ¥ € B.

v(bb') = wu(bb)+ I(bY)

= u(b)u(b) +bo(b") + b'd(b) + A(b)O(b")
(O)u(b') +u(b)O(b') + u(b)A(b) + I(b)O(b)

= (u(b) +9(b))(u(V') + (V)

(b)o(v)

Now we will verify that v lifts w. But this is simple:

<

-1

pov:po(u+a>:pou—l—poazﬂ—i—ozﬂ.

Note that p o d = 0 since J = ker(p).

For the second claim of this lemma, we will construct the inverse map. Suppose
that v: B — C lifts u. We will show that 0 = v — u is a derivation into Jz. A priori
it is an A-module map from B — C'. Note that:

pod=pov—pou=u—u=0,
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since v lifts u. We deduce that the image of 0 is in fact contained in J = ker(p). It
remains to verify the Leibniz property:

aby') = wv(bb') — u(bd)
()o(b) — u(b)u(b)
(B)o(b') = v(b)u(b) + v(b)u(t)) — u(b)u(b)
() (0(b) = u(V)) + u(®')(v(b) — u(b))
= v(b)o") + u(b)O(b)

= v

= v

I
<

Now, by the remark above, either of u or v can be used to define the B-module
structure on J. The last line above is hence bO(b') + v/0(b), which is the Leibniz
property. So 0 is an A-derivation. Obviously this map is inverse to 0 +— u+ d, which
verifies the bijection. O

Fix u: B — C, alift of w. Let v: B — C' be another lift. These maps give a ring
homomorphism w: B®4 B — C by w(b® V') = u(b)v(l'). This obviously satisfies
wo1; =u and w o iy = v. Moreover, we have commutative diagram:

B®yB~—C
ml lp
B——C
This implies, in particular, that w(/) C J. But then:
w(I?) Cc w(l)* C J* =0.
Thus, w actually induces a map:
a: 1/1* — .

This is a B-linear map when J = J; is given the B-module structure induced by .
Here there is a diagram showing all the involved maps:

(B @ B)/I?

a:wl‘z/ﬂ

1]1? J

The following proposition is a step towards showing that I/I? represents Der (B, —):
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Proposition 1.8.10. The map:
{v: B— C | v liftsu} — Homg(I/I?, Jg)
sending v — « (in the notation above) is a bijection (of sets).

Proof. We will construct the inverse map. For this, consider the exact sequence of
A-modules: .

I ‘/i_;\

0—B®4s B——B——0

which is split thanks to i;. THen, as A-modules, B®s B ~ B @ I, the identification
being (z ®y) — (zy,z ®y — zy ® 1. On the right hand side, one can put the
ring structure induced by the left hand side, and this isomorphisms (B ®4 B)/I? ~
(B@I)/I* ~ B @ (I/I?), multiplication being:

(b,) - (b',1") = (b, b’ + '7)
Note also that the image of I in B @ I/I* has square 0, as expected.
Define now wy: B®y B/I* ~ (B& 1)/I* — C by
wi (b, 1) L u(b) + )
One needs to check that w; is an A-algebra homomorphism, and that w dof wy o7

and v < wo 19, defined respectively from B ®4 B — C and from B — C are the
desired maps, which is routine calculation.
We can compute that, given b € B,

v(b) =u(b) +a(l®b—->b®1)

Finally, one should check that this assignment from « to v is the inverse to the
given in the statement of the proposition. O

From the two bijections we have so far established, we get a third one by compo-
sition:

{v: B — C | v lifts 7} 2 —uOratet=oeh

Hompg(I /1%, J3)

Der4(B, Jz)

-

where ¢ is given by (¢(a)) (b) = u(b) —v(b) = —a(1Rb—-0R1) =a(b®1—-1®D),
and it is an isomorphism of B-modules.
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Remark. If J? # 0 in C, then one can lift u: B — C'/J to u;: B — C/J?, and then
to B/J*, and continue in the same fashion to lift u to @: B — imC/J" = C.

So far we have assumed that there is at least one lifting of u, and we were also
working only with a particular B-module, namely Jz. We will see now that this
wasn’t actually a restriction:

Lemma 1.8.11. If M is a B-module, then M = Jg for some A-algebra C, some
J C C of square 0, and some u: B — C, such that there exists at least one lifting of
utou: B— C.

Proof. Define C' ' B @ M as B-modules. Put a multiplication on C', given by:

(b,m) - (', m') < BV, ¥'m + bm)

Then J; & M ~ {(0,m) : m € M}, and it is an ideal of square 0. The lifting is

the map b — (b, 0). ]
From the previous discussion, we get the following proposition:

Proposition 1.8.12. The quotient I/I? represents the functor M + Dera(B, M).
In particular, I/I? ~ Q}B/A.

We will next sheafify this constructions, to get a geometric analogue.

Let f: Y — X be a morphism of schemes.

Definition 1.8.13. We say that f is separated if A: Y — Y xx Y is a closed
immersion.

Assume from now on that f is separated (if it weren’t, then the image would
be a closed subset inside some open, and we still can do it). We will define the
relative sheaf of differentials of Y over X, written Q%,/X, as a quasi-coherent
sheaf of Oy-modules on Y.

Let Z C Oy, v be the (quasi-coherent) ideal sheaf defining the image of A.

Definition 1.8.14. The relative sheaf of differentials is the quasi-coherent sheaf
of Oy-modules given by Qy, L A(T/1).

Proposition 1.8.15. For each pair of affine opens V = Spec B CY, U = Spec A C
C' such that f(V) C U, we have:

Oy xlv = Qpya

In particular, Q3 (V) = Qp/a.
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Proof. Just note that V' Xy V' = Spec(B ®4 B), and that A corresponds to the
multiplication map m: B®y B — B sending b@b' +— bb'. Hence I|y v = ker A =1,

and A*(Z/T%)|y = I/1? = Qpa. O
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Chapter 2

Grothendieck Topologies

2.1 Grothendieck topologies

Let X be a topological space and F a sheaf of abelian groups on X. We will restrict
ourselves to sheaves of sets and abelian groups, although the definitions here will
clearly be seen to be much more widely applicable. Recall that a presheaf can be
described very simply in categorical language. Indeed, one considers the category
C with objects the open subsets of X, and morphisms inclusions of sets. Then a
presheaf is simply a contravariant functor from C to the category of abelian groups.
More generally, one might call any contravariant functor a presheaf.

In order to generalise the notion of a sheaf, one needs to generalise the sheaf
axioms. In the case of a topological space X, one can formulate the sheaf property
for F very succinctly. Let U C X be any open subset and {U; };c; an open cover of
U. Consider the maps:

B
]:(U) —— Hie[ }—(Uz) T> Hi,je[ ‘7:(Ui A Uj)

Here a(s) = (s|v,), B(si) = (si
equivalent to the exactness of:

v,nv;) and similarly for 4. The sheaf axioms are

0—— F(U) = [Les FUD) L5, 0 FUNT)

for every open set U C X and open cover {U,; };c; of U.

If F is a sheaf of sets, then we cannot form the difference 3 — . However, it is
still possible to formulate the sheaf property using the formalism above. In this case
we will say that:

73



74 CHAPTER 2. GROTHENDIECK TOPOLOGIES

B
is exact if « is injective, and im(«) = Eq(f3, ). Here:

Eq(,7) = {z € [[F(W) | B(z) = +(x)}
iel
is the equaliser of 3 and ~.
One can make this definition slightly more abstract by noting that U; N U; =
U; xy Uj;, where the fibre product is taken with respect to the natural injections

Definition 2.1.1. A Grothendieck Topology T consists of the following data: a
category, denoted Cat T, along with a collection of coverings, denoted Cov T. By
a collection of coverings we mean that Cov T contains families of morphisms:

{@‘1 Ui — U}ieh

where U, U; are objects in Cat 7" and ¢; is a morphism in Cat 7. These families
must satisfy the following three axioms:

1) If V — U is an isomorphism in Cat T, then {V — U} € Cat T.

2) If {¢;: U; — U}tier € Cov T is such that for each i € I, there exists {¢;;: V;; —
Ui}jes, € Cov T, then:

{@iodij: Vij = Uticr, jes, € Cov T.
3) If {¢i: Uy — U}ier € Cov T and V' — U is any morphism in Cat 7', then
U; xy V exists for each ¢ € I and:
{UixyV—V}ier € Cov T.

The first axiom of a covering corrsponds to the fact that U is itself a covering
of an open subset U C X. The second says that if you have an open covering of
U by U;’s, and an open covering of each U;, then putting all of these together gives
an open covering of U. The third axiom says that if {U;} is a covering of U, then
{V NU;} is a covering of U NV

Definition 2.1.2. A presheaf of sets on T is a contravariant functor F : Cat T —
Sets. A sheaf of sets on T is a presheaf F of sets such that for every {¢;: U; —
Utier € Cov T, the sequence:

B
FU) == 1lies F(U:) — [Ljer F(Ui xu Uj)
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is exact in the sense discussed above. Note that now [ and ~ are induced by F
applied to the natural maps U; xy U; — U; and U; x¢y U; — U;.

Remark. Although we have only formulated the definitions of sheaves of sets, one
can easily generalise this to sheaves of abelian groups, or other objects (one requires
arbitrary products to exist in the target category). In the case of abelian groups,
one can formulate the sheaf property in terms of an ordinary exact sequence:

0—— F(U) == TLies FU) =5 Tl jer F(U 0 Uy)
Examples 2.1.3.

i) Let X be a topological space. Let Cat T be the category with objects the
open subsets of X and morphisms inclusion. Let Cov T be the collection of
open covers of open subsets of X. Then T is a Grothendieck topology.

ii) Let Cat T be the category of sets (in some universe, so that the Hom sets
are actually sets). Let Cov T be the collection of surjective families of maps
{¢i: Ui — U}; by this we mean that U = | J,.; ¢:(U;). Then T is a Grothendieck
topology. One can show that every functor Homgegs(—, X) is a sheaf of sets on
T, and that every sheaf F of sets on T is representened by a set X; this means
that there is a natural isomorphism of functors, Homgets(—, X) ~ F(—).

iii) Let G be a group. Let Cat Ty be the category of left G-sets. Let Cov Tg
denote the collection of surjective families of morphisms in Cat T;. Then Tq
is a Grothendieck topology. The set valued sheaves on T are classified up to
isomorphism by the functors Homg(—, X) for X € Cat T¢, as above.

iv) Let 7 be a profinite group. Let Cat T, denote the category of finite m-sets
with continuous action (when the set is endowed with the discrete topology).
Let Cov T); consist of all surjective families of morphisms that are indexed by
a finite set. Then T is a Grothendieck topology and sheaves of sets on T}
are classified as above. One can show that the category of sheaves of abelian
groups on T is equivalent to the category of m-modules.

v) Let X be a connected scheme. Let Cat TY = FEtx (f is for finite) and let
Cov T}; denote the collection of surjective families of morphisms indexed by a
finite set. Then T)’; is a Grothendieck topology. The sheaves of abelian groups
on T} are naturally identified with m-modules, where 7 is the fundamental
group of the scheme X.
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vi) Let X be a Noetherian connected scheme. Let Cat T denote the category of
schemes Y of finite type and étale over X. Let Cov T'¢ denote the collection
of surjective families of morphisms indexed by a finite set. Then T§ is a
Grothendieck topology.

2.2 Inductive and projective limits

In order to define stalks and completions of sheaves, we will need to generalise the
notions of inductive and projective limits. Let I, C be categories. For each object
X € C, define the constant functor cx: I — C by cx (i) = X for all objects i €
and cx(¢) = Idx for every morphism ¢ € I. Let F': [ — C be a functor.

Definition 2.2.1. Consider the functor hi}nF : C — Sets defined on objects by

(hi)nF )(z) = Homgunctors(F, cx), where Homgypnctors denotes the collection of mor-
phisms (natural transformations) between the functors F' and cy. If this functor is
represented by some object Y € C, meaning that there are natural isomorphisms:

Homfunctors(Fa CX) ~ HOHIC (K X)

for each X € C, then we say that Y is the direct limit of F" and write lim Ly

Analogously, define lim F* as representing the functor @F C — Sets, defined

on objects by (linF)(X ) = Homgunctors(Cx, F), and so that there exist natural iso-
morphisms:
Homfunctors(CXa F) ~ HOII]C (X, lln F)

for each X € C.

Remark. We stress that the universal property of the direct limit of F' is encapsulated
in the natural isomorphism:

Homfunctors(F7 CX) = HOIHC (h_H)l F, X)

Suppose that ¢: F' — cx is a morphism of functors. That is, for each ¢ an object

of I, we have ¢;: F; — X (we denote F; o F(i)), and also for each i — j morphism
of I, we have a commutative diagram:

F-2a X

|,

F; s X

In this case, there exists a unique morphism ¢: lim F' — X.
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Proposition 2.2.2. [f C = Sets or C = AbGrp, then inductive and projective
limits exist, for any functor F: [ — C.

Proof. Note that inductive and projective limits share the same definition, as long
as one is allowed to change the categories in which one works (to the opposite ones).
As we are proving a general statement, it is enough to prove it then for inductive
limits.
If C = Sets, denote F; = F(i) as before, and consider the set:

. def

lin F & (11,c, F) /R
where R is the equivalence relation generated by the pairs (z,y) € F; x F; such that
there exists a morphism ¢: ¢ — j such that F'(¢)(x) = y. One then checks that this

has the right universal property.
If C = AbGrp, then one defines

lim F = (P F)/R

where now R is the subgroup generated by the z — y where (z,y) is as before. O

We proceed now to explain better what is the relation R defined in the proof of
the previous theorem. It is easy to see that (x,y) € R if, and only if, there exists

two chains i = ig,41,...,7, = 4 and ji,...,J, of objects in I, such that there exists
a diagram:

1 =1 1 io e Tn—1 Iy =1
together with elements zy = z,2;,...,2, = y, with 2, € I}, and z,..., 2, with

2, € Fj, related through the following diagram:

Zn

INSNL LN

Tn-1 Tn =Y

These diagrams are called a connection between i and 7’.
Next, we describe some properties that I may or may not satisfy, but that will
allow us to prove stronger statements about limits.



78 CHAPTER 2. GROTHENDIECK TOPOLOGIES

L1 Given a diagram like:

then there exists another diagram

such that the resulting square commutes:

/j\
N

k

L2 Given ;—=j in I, then there exists a morphism j — k such that the compo-
sitions are the same.

L3 (connectedness) For each pair of objects i,i" € I, there is a connection between
them.

Let now F be the category of covariant functors F': I — AbGrp, where mor-
phisms are natural transformations of functors. This category is very well behaved,
as the following theorems show:

Theorem 2.2.3.
i) The category F is abelian,
ii) The Junctorlim: F — AbGrp which sends I to the object lim F' is right exact.

Proof. We first show that F is an abelian category. So let F,G be two functors
I — AbGrp. We want to give a group structure to Homz(F,G). This is done
pointwise, which means that given ¢, two natural transformations, one defines
another transformation by (¢ + v)(i) %f ©i + ;. It is easy to see that this is a
natural transformation. One needs to check as well that composition of natural
transformations is a group homomorphism, which is easy as well.
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So far, we have sketched why F is an additive category. Let now ¢: F' — G be
a morphism in F. We want to define ker . Again, we do it pointwise:

(ker p); df ker(p: F; — G;)

If i — j is a morphism in I, then one defines (ker ¢)(: — j) through the following
diagram:

(ker ¢); F; i G;
\
\ J{F(i—»j) J(G’(i—»j)
v ©;

(ker p); F} G

The cokernel is defined in the same way. As usual, the image is defined as im ¢ aof
ker(G — coker )

Given a sequence F ——s @ v, H , one says that it is exact if ker¢ = im .

Remark that this is equivalent to saying that, for each ¢ € I, ker; = im ;.

Next we show that lim is actually a functor, and will leave as an exercise to check
that is right-exact.

Given ¢: F' — G amorphism in F, we want to show that there exists lim ¢ lim F' —
lii>nG. We have that Homg(F, cx) ~ HomAbGrp(li_r>n F, X), for each object X of
AbGrp. Apply this to X =lim G. To find an element of HomAbGrp(li_n} Flim G) is
then equivalent to finding an element of & € Homgz(F, ¢y, ). That is, we need to find
@;: F; — lim G in a functorial way. By the property satisfied by lim GG, we have that
Hom#(G, chmG) ~ Hom AbGrp(lim G, lim (), and this last set always contains the
element Idhmg Also, there is a natural map Homf(hm G, » Clim ) — Homz(F, Clin a),
which is ¢*, the pullback by ¢. Applying then this pullback with the image of Idhm(;

we get an element of Homgz(F, ¢ ), as wanted. D
—)

Theorem 2.2.4. If the category I satisfies properties L1,L2 and L3, then the func-
tor lim: ' — AbGrp is ezact.

Proof. 1t is enough to show, thanks to the previous theorem, that if 0 — F — G is
exact, then 0 — hi>n F— ll_II)l G is exact as well.

Consider F’: [ — Sets to be the forgetful functor AbGrp — Sets applied after
F. Denote by lim' F % im F’. There is an obvious morphism lim F’ — lim F'.

We use without proof the following proposition, whose proof is not trivial:

Proposition. If I satisfies L1,L2 and L3, then lii>n' F ~1lim F is bijective (as sets!).
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To prove the theorem is enough then to prove it on the underlying sets, as a
group homomorphism is injective if it is so as a map of sets. By the proposition, it is
enough then to show that if /' — G is injective, then the map of sets lim’ F — lim’ G
is injective as well.

Recall that lim’' F' = (IIF})/R, and because of L1, the relation R is simplified
to (z,y) € R if, and only if, x € F;, y € F; and there exists k € I, together with
morphisms ¢ — k and j — k such that the image of x and of y are the same in F}.

Consider now the map

p=lim’ ¢

(0F)/Rr ———— (1IG;)/Rg

Suppose now that x € F; and y € Fj are such that (¢;(z), ¢;(y)) € Rg. We want to
see that (z,y) € Rp. But by hypothesis, there exists k € I with morphisms u: i — k
and u: u — k such that:

(G (W) (#i(x)) = (&' (v) (i (y))

But the left hand side in the previous equation is ¢y (F’(u)(z)), while the right hand
side is @i (F'(v)(y)). As by assumption ¢y is injective, we get that F'(u)(x) =
F'(v)(y), and so (z,y) € Rp as wanted. O

Remark. The property L3 is not necessary for the previous theorem to be true, but
it simplifies its proof.

2.3 Pushforwards, pullbacks and adjunctions

Let C be a category and let Pc = P (we drop the C whenever the category is un-
derstood) denote the category of contravariant functors C — AbGrp. The previous
section showed that for any category C, P is an abelian category. It is not hard to

show that a sequence:
Fl — FQ — Fg

in P is exact if and only if for all U € C,
Fi(U) = F(U) — F3(U)

is exact. We will use this fact constantly in what follows.



2.3. PUSHFORWARDS, PULLBACKS AND ADJUNCTIONS 81

Example. We will now explain the primary example of presheaves. Throughout
this section we will constantly return to this example, which we will refer to as the
“canonical example”. Let X be a topological space, and let Cx denote the category
with objects the open subsets of X, and morphisms inclusions of sets. The P, = P
is the usual category of presheaves of abelian groups on X.

Suppose that C and C’ are categories, and f: C — C’ a covariant functor. Define
a morphism:

f+: Per — Pc

by composition:
f«(F')y=F'of.

Example. In the canonical example, if X and Y are topological spaces, then any
continuous map f: X — Y induces a covariant functor from Cy to Cx by sending
U +— f~YU). Denote this functor by f=!. If F is a presheaf on X, then f 1F is a
presheaf on Y, such that:

fOEWV) = F(f7HV).

So in this case, f! acts like a pushforward from X to Y.
Lemma 2.3.1. f, is an exact functor.
Proof. We apply the remark at the beginning of this section. Let
be an exact sequence in Pgr. Then:
fF] — [y — [ F

is exact if and only if for all U € C,

FEU) = fF5(U) — f.F5(U)
is exact. But this is just:

F(f(U) = E(f(U)) — F5(f(U)),

which is exact since the first sequence above is exact. The lemma follows. O

Remark. We stress that f, is exact on presheaves.
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We recall now the notion of an adjoint pair of functors. Let M, N be (small)
categories with covariant functors a: M — N and 3: N — M.

Definition 2.3.2. We say that [ is left adjoint to « (or that g is right adjoint
to «) if there is an isomorphism of functors:

Homy (—, a(—)) =~ Homy (6(—), —)
from M x N to Sets.

If « or (3 is given, then the other is determined uniquely up to isomorphism (if it
exists at all).

Example. Let M = N = AbGrp. Let 7 € AbGrp and put az: AbGrp —
AbGrp by az(X) = Homaparp(Z, X), 8z: AbGrp — AbGrp by 84(Y) =Y®,Z.
Then there are natural isomorphisms for all X, Y € AbGrp:

Hom(Y,Hom(Z, X)) ~ Hom(Y ®z Z, X).

Theorem 2.3.3. Let C and C be categories, f: C — C' a covariant functor. There
exists a left adjoint functor f*: P — P’ to f.. Moreover, f* is right exact.

Proof. We will only sketch the proof. Let Y € C’ and define Iy to be the following
category: objects are pairs (X, ¢) where X € C and ¢: Y — f(X) is a morphism in
C'. Soif (X,¢) € Iy then Homg/ (Y, f(X)) # 0. If (X1, ¢1) and (Xo, ¢) are objects

in Iy, a morphism is a morphism &: X; — X5 in C such that the diagram:

f(X)

y

Y 3]

N

f(X2)

commutes.
Suppose that e: Y — Z is a morphism in C’. Then there is a natural functor
g: I; — Iy defined by:
E(X,0) = (X,¢0¢).
If F € P, then for every Y € C', we get a functor Fy: Iyy — AbGrp defined by:
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Definition 2.3.4. Let F € P and define:
f*F: C' — AbGrp
by putting:
(f*F)(Y) = lim Fy.
Iy

With this definition, f*F' is a contravariant functor in P’. In other words, if
€:Y — Z is a morphism in C’, then we get a functor £: I, — Iy which induces
maps between the injective limits. This is used to define (f * F')(¢). A simple formal
argument shows that f*F is right exact: let

F,—F —F;3—0
be exact in P. Consider:
J'F— [TFy— fTF3 — 0.
This is exact if and only if for every Y € C', the sequence:
JTRY) = [TER(Y) — [TF3(Y) — 0
is exact. By definition, this is just:

lim /iy — lim Foy — lim F3y — 0

Iy Iy Iy

One checks that since the first sequence is exact, so is:
Fiy — Iy — F3y — 0.

Taking injective limits, which is an exact functor, concludes the proof that f*F is
right exact.

We will omit most of the remaining details, save for giving an indication of why
f* is left adjoint to f,. Let F' € P and G € P’. We want to show that:

Homyp (F, f.G) ~ Homp: (f*F, G).

Suppose that ¢: ' — f,G is a natural transformation. This means that for every
X € C we have:

¢x: F(X) — (f.G)(X) = G(f(X)).
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We will define map ¢ — 1 where v is a natural transformation f*F — G. Let
Y € C'. To define 9, we must give maps:

Uy (fG)(Y) = G(Y).

Take (X, ¢) € Iy, so that we have a commutative diagram:

F(X) =25 G(f(X))

S e

G(Y)
Since we have such maps F/(X) — G(Y) for every object in Iy, the universal property
of the injective limit implies that there exists a corresponding map (f*F)(Y) —
G(Y'). We call this ¢)y. One checks that this actually defines a natural transformation
v f*F — G.
Now we explain how to define the inverse map. Take v¢: f*F — G € P’. This
time we want to define maps:

¢x: F(X) = (£G)(X) = G(f(X)),
for each X € C. Fix X € C and put Y = f(X) € C". Then:
(X,Idy) € Iy,
so that Iy # (). We thus certainly have a commutative diagram:

F(X) = Fy(X,1dy) — (f*F)(Y) = lim  Fy

\ Jwy

Let ¢x be the diagonal arrow. We claim that this gives a natural transformation ¢,
and sets up a natural bijection:

Homp(F, f.G) ~ Homp/ (f*F,G).

The remaining details are left to the reader. [
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Example. Return to the standard example, so that f: X — Y is a continuous map
of topological spaces. We will describe (f~!)*. Let F be a presheaf on Y. Let U be
an open subset of X. Then objects of Iy are pairs (V, ¢) where ¢: U — f~1(V) is a
morphism in Cy; in other words, U C f~!(V). We see that objects of Iy are open
subsets V in Y such that f(U) C V. In this case:

(fyPU)y=lm  FV).
fU)CV//VeCy

This agrees with the standard definition (see Hartshorne, for instance).

Recall that in an abelian category, an object Z is said to be injective if the
functor X — Hom(X, Z) is exact. More will be said about injective objects in the
following section on cohomology. In preparation for this discussion, we prove now a
useful corollary:

Corollary 2.3.5. Let C and C' be categories, with f: C — C' a covariant functor.
Suppose that f* is exact. Then f, preserves injectives.

Proof. Let Z be an injective object in P’. We want to show that f,Z is injective in
P. Let:
0—-F — F,— F3—0

be exact in P. We want to show that:

0 — Homp(F3, foZ) — Homp(Fy, foZ) — Homp(F, fZ) — 0
is exact. By adjunction this is the same as:

0 — Homp(f*F3,Z) — Homp(f*Fy, Z) — Homp(f*F1,Z) — 0

Apply the exact functor f* to the first exact sequence above and use the fact that
Z is injective to conclude the proof. O

Let C be a category and let X € C. Let {X} be the category with a single
object, X, and a single morphism, Idyx. Then there is an obvious inclusion functor
ix: {X} — C. If we note that presheaves on {X} are equivalent to the category
ADbGrp, then we obtain a functor:

ix+: Pc — AbGrp.

It is simply evaluation at X, F' — F(X). By the work above, there is also a functor
% : AbGrp — Pc.
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Claim. 7% is ezact.

Proof. Let Y € C. Then in this case, since Prx; ~ AbGrp is such a simple category,
one easily verifies that:
Iy = Hom¢ (Y, X).

By this we mean that the objects are the morphisms, and the morphisms in Iy are
just the identity morphisms for each object. Such a category is said to be discrete.
It follows from the discreteness that we don’t need to divide by any relations in the
definition of the following direct limit:

(AY)=lmK = P A

Iy #cHom(Y,X)

(recall the explicit description of the direct limit given in the previous section). With
this description of %, it is not hard to verify that it is an exact functor. m

If one applies the previous corollary to iy, one hence obtains:

Corollary 2.3.6. If F' is an injective object in P¢, then for all X € C, F(X) is
injective in AbGrp.

Given an object X € C, let (x = i%(Z). Then for every presheaf F' € P¢, the
adjunction property implies that there is a natural isomorphism:

Homp(CX, F) ~ I‘IOIHA]OG,FP(Z7 iX,*F)-

But note that ix.F = F(X), and that Homapgrp(Z, F'(X)) ~ F(X). We thus see
that:
F(X) ~ Homp((x, F).

For a fixed object X, we see that the functor from P — AbGrp defined by F +—
F(X) is represented by (x € P. We will see below (and explain what these words
mean) that the collection of (x € P is a family of generators, and that P has enough
mjectives.

2.4 Cohomological /-functors

We first recall the notion of a complex for an arbitrary abelian category. So let A
be an abelian category (e.g. presheaves, modules over any ring, ...).
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do dy

E2 Of

Definition 2.4.1. A complex E* is a sequence [0 E!

morphisms in A such that d; o d;_; = 0, for each i > 1.

Definition 2.4.2. A morphism of complexes f*: F* — E’* is a sequence of
morphisms f': E* — E’", such that the following diagram commutes:

do di

E° E! E?
/0 d6 /1 dll 12
E E E

Definition 2.4.3. The cohomology objects (or also called cohomology groups),
written H"(E®), are defined as kerd, /imd,_; (note that d, o d,_; = 0 means that
imd,_; embeds in kerd,,, and H"(E*®) is the cokernel of this map).

The cohomology groups are functorial. That is, if f*: E* — E’® is a morphism
of complexes, then for each n > 0 we have morphisms:

H"(f*): H*(E®) — H"(E")

Moreover,if 0 — E'* — E* — E"* — 0 is an exact sequence of complexes, then
we get a long exact sequence in cohomology:

0— HO(E'*) — H°(E*) — H°(E"*)

C—>H1(El°) ‘}Hl(Eo) *)Hl(E”')

o1

Q H2(E'*) — HX(E*) — H2(E") — - --

The morphisms ¢; are called connecting homomorphisms, and their existence is
proved using the snake lemma.
Consider now a pair of morphism of complexes f®, ¢*: E* — E'°.

Definition 2.4.4. We say that f® and g* are homotopic if there exists a sequence
of morphisms h,,: E® — E™! for each n > 1, such that

fn_gn:d;z—lohn—i_hfnJrlodn
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The importance of this definition is seen in the following easy result, whose proof
we leave as an easy exercise in tracking definitions.

Lemma 2.4.5. If f* and g° are homotopic, then H™(f*) = H"(g*), for each n > 0.

We finally define the objects of study of this section. Let A and B be abelian
categories. Recall that a functor F': A — B is called additive if the natural map
Homa (M, N) — Homg(F'M, F'N) is a group homomorphism.

Definition 2.4.6. A cohomological J-functor is a sequence of additive functors
{F"},>0, with F": A — B such that:

i) For every exact sequence — — M’ — M — M"” — 0 of objects in A we have
a sequence of morphisms 6, : F"(M") — F"*(M’), for n > 0 such that the
resulting sequence is exact:

0— FO(M')— F' (M) — F°(M")
do

LFl(M’) — FY(M) — FY(M") i

01

Q F2(M') — F2(M) — F2(M") — - - -

ii) For any given commutative diagram with exact rows:

0—— M'—— M —— M" ——0
N
0—— N/ —— N —— N ——0

then the following squares commute:

Fn<M//) on Fn+1(M/)

J'Fn(,y) Jantl(a)

Fn (N”) on Fn+1 (Nl)

Of course, this definition has its motivation in the example of the cohomology
functors H".
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Definition 2.4.7. Let F': A — B be a functor. We say that F' is effagable if for
every object M of A there exists an exact sequence 0 — M % A such that F(u) = 0.

Definition 2.4.8. A cohomological d-functor is called effagable if F" is so, for each
n > 1 (note that we don’t require F° to be effagable).

Lemma 2.4.9. Let {F"},>¢ and {G"},>0 be cohomological §-functors such that
{F"},>0 is effacable. Suppose also that there exists a morphism of functors fo: F —
G°. Then there exists a unique sequence of morphisms f,: F™ — G™ which commutes
with the corresponding 6 morphisms.

Proof. Let M be an object of A. We want to construct a sequence f, 2 F™(M) —
G™(M) in a natural way. Consider the exact sequence 0 — M -5 A — P — 0, where
P is the cokernel of u, and such that F(u) = 0.
We get then a long exact sequence:
0 a0 1 @)=0
!

5 [ A
+

e GOA) T GO P) o G (M) —— G (A)

FYA) —---

To construct fi,, we observe that F''(M) ~ coker(«), which maps to coker(f3), and
this last object maps canonically into G'(M). Composing, we get the desired map.

The remaining morphisms are constructed inductively in the same way. See [§]
for more details. O

The following is an immediate corollary of the previous lemma.

Corollary 2.4.10. If {F"},>0 and {G"},>0 are effagable cohomological o-functors
and F° ~ G° (as functors), then there are unique isomorphisms F™ ~ G", which
commute with the § morphisms.

2.4.1 Right derived Functors

We will see now a method to construct effacable d-functors, given F°. Recall first
that we call an object I of the category A injective if the functor Homa (—, ) is
exact.

Proposition 2.4.11. Let I be an object of A. The following statements are equiva-
lent:
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i) I is injective.

ii) For every exact sequence 0 — M' = M of objects in A and f: M' — I, there
exists a morphism g: M — I such that gou = f.

ii1) Every short exact sequence 0 — I — M — M" — 0 is split.
Proof. Exercise. ]

Recall that we say that A has enough injectives if every object M of A can
be embedded in an injective object.

Theorem 2.4.12. Let F': A — B be an additive left-exact functor. Then there
exists an effacable cohomological §-functor {R"F},>¢ such that R°F = F. The
functor R"F is called the n™ right derived functor of F'.

Remark. This construction is unique, by the previous lemma.

Proof. Let M be an object of A. Consider an injective resolution of M, that is an
exact sequence 0 — M — I° — ' — ... in which I" is injective for each n > 0.
This is done using the property of having enough injectives: 0 — M % I° is given
by the property, and then one applies it again to coker u, which embeds in I, and
one keeps going indefinitely.

From this, one considers the “deleted complex” I°:

I'=0—-1"—-1"—1"—...
Finally, define (R"F)(M) & pgn (F'(I*)). One should see that this is well defined

(independent of the resolution one starts with), and that it is functorial.
We use the following lemma, which can be easily proved:

Lemma 2.4.13. Let M and M’ be two objects in A, and let o: M — M’ be a
morphism. Let 0 — M — I° = T' — ... and 0 — M’ — I — ' — ... Then
@ extends to a morphism of the two resolutions, and any two of them is homotopy
equivalent.

Applying the previous lemma to Idy;: M — M, one gets well-definedness of R"F'.
Applying it to a morphism p: M — M’, one gets functoriality.

Next, one needs to see that R°F = F, which is a direct consequence of the
left-exactness of F.

To see that R"F' is effacable for each n > 1, we will prove the stronger fact that,
if I is injective, (R"F')(I) = 0. For this, one can take the trivial injective resolution
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for I, which is given by I* =0 — [ Y 50—-0----. The resulting complex

F(I*) is still exact, so that it has 0 cohomology on positive degrees, as we wanted.

Finally, we should see that R™F' is a d-functor. So consider 0 — M’ — M —
M" — 0 be an exact sequence. We need to construct injective resolutions for each
of the terms, such that they are good enough for us to work with them.

Lemma 2.4.14. If I'* is an injective resolution for M' and I"* is one for M", then

Y reqre s an injective resolution for M.

This lemma can be easily proven using that F' is left exact, together with the fact
that short exact sequences with an injective as the first term always split.

Moreover, I will preserve exactness of split exact sequences. Therefore, the
exact sequence 0 — F(I'*) — F(I*) — F(I"*) — 0 gies a long exact sequence in
cohomology, which in turn gives the 9,,’s. O

Example 2.4.15. Let G be a group. Let Modg be the category of G-modules. Con-
sider the functor H°(G, —): Modg — AbGrp defined on objects by HY(G, M) = oo
MY (the G-invariant elements).

Then Modg is an abelian category with enough injectives, and H°(G,—) is
additive and left exact. In this case, the right derived functors R"H°(G,—) oo
H"(G, —) are the group cohomology.

If G was a topological group, then the category of discrete groups with continuous
G-action might not lead to a d-functor.

Example 2.4.16. Let X be a topological space, and let A & Sh(X), the category of

sheaves of abelian groups on X. Let H°(X,—): A — AbGrp be defined on objects

by H(X,F) = oo F(X). Then A is again an abelian category, and we get H"(X, F),
which is the sheaf cohomology of X.

2.5 Cech Cohomology

Let T" be a Grothendieck topology, C = Cat T, and let P = P¢ be the category of
presheaves on C. Let V' be an object of C, and let {U, — V },ecr be in Cov 7.
We have a diagram of maps:
<J
V%{U} O{U XVUQ}%{U XvUBXVU}

47

Applying to it a presheaf F': C — AbGrp, we get:
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F(0) iﬁ?;%
—— F(1
Ha F(Ua) I Ha,ﬁ F(Ua Xy Uﬁ) F(i) Ha,ﬁ,’y F(Ua Xy Uﬁ Xy U’Y) W e

We get a complex C*, which is called the Cech complex attached to the pair
({Us — V}, F), by defining d, & S (1) F(i):

QQ,...,0m 00,y Ot
c* [, F(Ua) LHW F(Uq xv Ug) LHWW F(Uy xy Us xy Uy) —2 ...

It is a routine check to see that d, .1 o d, = 0. From this, one defines the Cech
cohomology groups:

I:Iz<{UOé - V}J F) d:ef Hl(C.> — ker dz/ lm di—l

Theorem 2.5.1. The functor H'({U, — V'}, =) is effacable, fori > 1. This implies,
as we have seen, that H° determines everything, by using its right-derived functors.

Proof. Let F be a presheaf. Then, there exists an injective presheaf I and F' — I.
We will actually show a stronger statement than needed. Namely, we will see that
H'({U, — V},I) =0 for all i > 1.

Consider the complex:

[T1W) BT 10 xUs) % [] 1(Ua x Us x U,) — -+~ (2.1)
a a,B

a,Byy

Recall that, for X an object in the category C, we had defined a functor { X'} Le
giving a push-forward i,: P — AbGrp, and that i, has a left-adfoint ¢*: AbGrp —

P. Define, as we did before, (x def i*(Z), an object in P. Then one has:
HOHpr(CX, I) ~ HOIIlAbGrp(Z, I(X)) ~ I(X)

Moreover, Cx(Y) = @pom(yx) Z- Then the sequence (2.1) becomes:

d d
[[Homp (¢u,. 1) = T [ Homp (Cvows, 1) = [ Homp (Cusvsxrry, 1) — -
o o, a,B,y
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which in turn is isomorphic to:

Homyp (EB <Ua,1> — Homp (EB <UaxUﬁ,I> — Homp <@ <Uaxyﬂxyv,1> -

a,ﬁ O‘7ﬁ’7

So to prove that the first complex (2.1) is exact, it is enough to show that the
following is exact (as I is injective):

@a gUa — @a,ﬂ CUOLXU,B — @a,ﬁﬂ/ CUOIXUBXU’Y A

So let Y be an object in C. Consider the resulting sequence:
EBa (Ua (V) @a,g CUa xU (V) +— @a,gﬁ CUaxUﬂwa (V) e—---
which comes from the sequence:
11, Hom (Y, Us) £ Lo 5 Hom(Y, Ua x Up) == [T 5, Hom (Y, Us x Up x Uy) =+

Fix now ¢: Y — V, and let S(¢) &of {fa:Y — U, such that ¢, o fo = ¢}.

Then this diagram becomes:
75() «—— 75(6)xS(¢) «—— 7.5(6)xS($)xS(¢) ¢—r - - -

which is exact, as we wanted. O

Fix a Grothendieck topology T', with C = Cat T" and P a presheaf of abelian
groups on 7. Fix U € C and two coverings {U, — Ulacr, {V, — Ules. A
morphism of coverings:

f: {Ua - U}ae[ - {vz/ - U}VGJ

consists of the data f = (¢, (fa)acr) Where e: I — J is a map of sets, and f,: U, —
V(o) is a morphism such that:

Up— Ve
U

commutes.
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If f is a morphism of coverings, then one obtains maps:

— —
{Ua} {Ua XU Ug}%{Ua XU Ug XUU}
— - 7
f Ixf IXfxf
(7

.(7
o} Vo xu Viry AV, xu Vi Xy Vir}
— -

Applying P yields a morphism of Cech complexes. If f* = P(f), then one obtains
maps:

i H{U, - U}, P) — H'({V, —» U}, P).

We say that these maps are “induced by the refinement” f. One can prove the
following;:

Proposition 2.5.2. With notation as above, if f,g: {Uy — Ulaer — {V, = U},ey
are two morphisms of coverings, then f* and g* are homotopic maps of Cech com-
plexes. This implies, in particular, that f* = g* for all i.

2.6 Sheatfification

Fix a Grothendieck topology T" with C = Cat T. Let P denote the category of
presheaves on 7" and let § denote the category of sheaves. Let :: & — P denote the
natural fully-faithful inclusion functor (so morphisms of sheaves are just morphisms
of presheaves). This section is devoted to proving the following crucial:

Theorem 2.6.1. There exists a left adjoint t: P — S to . This is called the
sheafification functor.

Remarks.
i) If P is a presheaf and S a sheaf, then:
Homg(P*, S) ~ Homp(P,1(S)).

If we take S = P*, then we see that there exists a canonical morphism a: P —
1(P*) corresponding to the identity P* — P*.

ii) P* has the following universal property: for every sheaf S and morphism
f: P — 1(S), there exists a unique morphism g: P* — S such that f = go a.
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Proof. Our proof begins by defining a functor +: P — P. Fix U € C and let Jy be
the category of coverings of U with morphisms as defined in the previous section. If
P € P, then we obtain a functor:

PUS JU — AbGI’p

by putting: )
Py({U, — U}) = H'{U, — U}, P).
We define + using the limit of this functor:

P+(U) = li_r)nPU.
Ju

Claim. P* is a presheaf.

We must describe how P* acts on morphism ¢: V' — U in C. We begin by
describing a functor J(¢): Jy — Jy. Given a covering {U, — U}, J(¢) maps it to:

{Uoy xg V—=V}
This can be extended to morphisms of coverings. We thus have a diagram of functors:

PRRECI

| |

AbGrp ——= AbGrp

and maps: ) )
H°{U, — U},P) — H'{U, xy V — V}, P).

These induce map between the direct limits, which we define to be:
¢T: PH(U) — PT(V).

One checks that this actually defines a contravariant functor P — P7, and hence
that + is a presheaf.

If P € P and U € C then there is a map P(U) — PT(U). Indeed, given a
covering {U, — U}, one obtains a sequence:

PU) = [[PWa) = [[ P(Ua xv Us)
a o,
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These two maps always compose to the zero map, as is seen by applying P to the
appropriate fibre product diagrams. Since H° is defined as the kernel of the second
map, we hence obtain maps:

P(U) - H'{U, — U}, P)

for every covering. Taking the direct limit of these maps gives P(U) — P*(U). One
can check that this actually defines a morphism of presheaves P — P*. If P = S is
actually a sheaf, then the sequence:

0— SU) = [[SW0a) = [[SWa xv Us)
e a,B

is actually exact. In this case S(U) — H°({U, — U}, S) is an isomorphism for each
covering, and hence S ~ S*.

Technical remark: The category .Jy is not a nice category for taking inductive
limits. One can replace Jy by Jj;, defined in the following way: objects of .Jj; are
still coverings of U in T'. We restrict morphisms in the following way:

one morphism if there is a map between the coverings,

Hom; ({Us — U} {V, = U}) = { () otherwise.

The reason that we can restrict morphisms like this is essentially because any two
morphisms of coverings (or refinements) induce the same maps on cohomology (see
the remarks at the end of the previous section). Now .Jj; is just a partially ordered set
via the morphisms and, moreover, it satisfies axiom L3 from the section on inductive
limits above. For if U, — U and V,, — U are coverings, then:

{Us xg V,, = U}

is a covering that is larger than both.
Returning to the proof, if P is any presheaf and S a sheaf such that f: P — S,
then we have a commutative diagram:

p— pt

fl lﬁ

S—— 87

We have seen that the bottom arrow is an isomorphism. We thus see that f factors
through P — P*. If PT were a sheaf, then this would be one half of the desired uni-
versal property for ff (we have not shown uniqueness of the map P™ — ). Although
it need not be true that P* is a sheaf, we claim that:
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Claim. For every presheaf P, PT" is a sheaf.

With this claim, we can hence put P¥ = P**. One can then show, using the
diagram above, that P* satisfies the desired universal property. We will prove the
claim in a somewhat roundabout manner. First, say that a presheaf has property
(+) if for every U € C and covering {U, — U}, the map:

P(U) — H P(U,)

is injective. With this terminology, we can prove the claim in two steps:

(i) If P is a presheaf, then P* has property (+).

(ii) If P has property (+), then PT is a sheaf.

For (i), let U € C and let {U, — U} be a covering. Take £,&, € PT(U), where we
put overlines to emphasize that P*(U) is a direct limit. Suppose that the restrictions
& lv, = & v, are equal for all a. We want to show that &, = &,.

Let &, & represent &, &,; by this we mean, find a covering {V,, — U} and take:

&1, & € ker <H PV, = [[ PV, xu Vy/>

v,V

mapping to &; and &, in the direct limit. Then the images of &;,&; in PT(U,) are
represented by:

€10y €90 € ker (H P(V, xy Us) = [ [ PV xv Vir xu Ua>

v,V

There exists a finer covering of U,, {W,, — U,}, such that the images of & ,
and &4 in [[, P(W,,) are the same. Then:

Wap = Ua = Uty

is a covering of U. Now the families {¢;,,} and {£,} represent &, and &, in
[Tamu P(Wa,p.). But we have chosen this covering so that the two families are equal
in this product. This implies that &, and &, are equal in the direct limit P+ (U).
This concludes the proof of (i).

We now turn to proving (ii). For this, we first show that if P has property (+)
and f: {V, — U} — {U, — U} is a morphism of coverings, then f*: H°({U, —
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U}, P) — H°({V, — U}, P) is injective. For each o, {V,, xy U, — U,} is a covering.
We deduce that:
P(U.) — [[ PV xu Ud)

is injective, since P has property (4). But then it follows that the product of these

maps is injective:
0—J[PW) = [[ PV xv Us).

a,v

One argues similarly that the natural diagram:

0— [[PWaxvUs)— ] PWVixuv Vi xu Ua xu Up)
a,B a,B,v,v!

is exact. We thus have a commutative diagram with exact rows:

0—— H'({U, - U},P) ——— [, P(U.) [1.., PV, xu Us)

J | J

O‘#FIO({UQ Xy V,, — U},P) *}Haﬂ P(Ua XU Ug) *}Ha,ﬂ,lj,yl P(VV XU Vz/ XU Ua Xu UI@)

such that the rightmost two vertical arrows are injective. One deduces, for example
by the snake lemma, that the first vertical map is also injective. But, by functoriality,
this map is just p* o f*, where p* is induced by the projections:

VV XU Ua — VV.

So f* must itself be injective, as was claimed above.

We now want to show that Pt is a sheaf whenever P has property (+). This will
follow if we can show that for each covering {U, — U} and collection of £, € P*(U,)
satisfying:

EalUaxuts = EplUaxuUs,

then there exists ¢ € P*(U) such that ¢, = £|p,.

We will only give a proof in the case of a covering by two sets {U;, Uy — U}. We
thus have £, € P*(U;) for i = 1,2 such that fllUIXUUQ Elvyxp,- We want to show
that there exists o € P*(U) such that a|y, = &,.

These &; are represented by

& € H'({Vay — Ui, P) € [[ P(Va),
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for two coverings {V,; — U}, i = 1,2. The restrictions &|v, <, v, are the image of §;
in:

H({V,s xp U; — Uy xy Us}, P).

where j € {1,2} is taken j # ¢. We must take a refinement of these two covers so
that we can compare the restrictions of the &;.

The two &y, x,u, are represented by the same element in P*(U; x¢ Uy). This
implies that there exists a covering {W., — U; Xy Uz} which is a common refinement
of:

{Va71 Xy UQ — Ul Xy U2}

and
{Ul Xy Va,2 — Ul Xy UQ},

such that the images of the &; in:
f{o({W,y — Ul Xy Ug},P)

are equal.
However, P has (+) and so, by what was proved above, & and & have the same
image in:

I:IO({W'/Y/ — U1 XU UQ},P)
where {W, — U xy Uy} is any common refinement of
{V%l Xy UQ — U1 Xy UQ}

and
{Ul Xy Va’g — U1 Xy UQ}

This is true, in particular, for:
{Va1 xu Vo — Uy xy Us}.
Thus, & and & have the same image in:
H({Va1 xu Va2 — Up xy Us}), P),

and hence also in:

[PV xv Vo).
a,B

This shows that (£, &) are in the kernel of:

[[PVer) x [T P(Va2) = ] P(Var xv Via):
« Jé] a,B
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So by definition, (£1,&) € H({V,; — U}as, P) and this maps into the direct limit
P*(U) of the cohomology groups. Call the image a. Then «a satisfies a|y, = &,.
This concludes the proof of our claim in the case of a covering by two sets. The
general case is similar, but requires much more burdensome notation. The general
case implies (ii) above, and hence completes the proof. ]

Given a presheaf P on T, we call P! the associated sheaf, or the sheafification
of P. We end this section with a discussion of another crucial result:

Theorem 2.6.2. a) S is an abelian category.
b) S has enough injectives.
c) v is left exact and § is ezact.

We will not prove this theorem fully, but will explain how to define kernels,
cokernels and images in S. Let F,G be sheaves. A morphism between them is
a morphism as presheaves, and so Homg(F,G) has a natural structure of abelian
group. Let f: FF — G be a morphism of sheaves. We let ker f be the presheaf kernel
of f defined previously. A priori this is just a presheaf, but we claim that it is in fact
a sheaf. Let K = ker f, let U € C and let {U, — U}aer be a covering of U. Then
one has the following commutative diagram:

0—— K (U) — loes K(Us) == 1103 K(Ua xu Up)

| J |

)
0—— F(U) —— [loe; F(Ua) :Ha,ﬂ F(Us xv Up)
U)

| J |

0——GU)——]l,e; GU.) —3 Haﬁ G(Uy xu Up)

The bottom two rows are actually exact, since F' and G are sheaves. One concludes
that the top row is exact by the snake lemma. This shows that the presheaf kernel
is actually a sheaf.

It remains to argue that K is actually a kernel for f in §. This amounts to
showing that the sequence:

0 — Homgs(X, K) — Homgs(X, F') — Homg(X, G)

induced by the maps:
K—-rtg
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is actually exact, for every sheaf X. Note that since X is a sheaf, X ~ ((X)* We
can thus employ the adjointness property of ¢« and f to obtain an equivalent sequence:

0 — Homp(¢(X), t(K)) — Homp(e(X), t(F)) — Homp (e(X), (G))

Now since ¢(K) is the kernel of «(f) in P, this last sequence is exact. It follows that
the first one from this paragraph is as well, and hence that K is a kernel for f in S.
We turn to the subject of defining coker f. In general, the presheaf cokernel
C' = coker ¢(f) given by:
CU) = G(U)/im(fv)

is not a sheaf. We thus sheafify:
coker f = C* = (coker 1(f))" .

There is a map of coker f obtained from the natural map G — C followed by the
canonical map C' — C%,

We will now argue that G — C* as defined is a cokernel for f. This amounts to
showing that for each sheaf X € S, the sequence:

0 — Homg(C*, X) — Homg(G, X) — Homg(F, X)

is exact. But again, G = (1G)* since G is a sheaf, and similarly for F. Applying the
adjunction property yields the equivalent sequence:

0 — Homp(C, (X)) — Homp(1(G), 1(X)) — Homp(1(F), 1(X)

This is exact since C' = coker t(f). So C* is a cokernel for f, as claimed. We leave
the remaining details of the theorem above to the reader. We end this section by
recalling some definitions pertaining to abelian categories:

Definition 2.6.3. Given a morphism of sheaves f: F' — G, define the image of f:
im(f) = ker (G — coker f).

A sequence of sheaves:
rlctH

is said to be exact if ker g = im f.
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Remark. Given a presheaf F' and an object U € C, how should one think about
sections s € F*(U)? Such a section is represented by pairs:

({Ua - U}aeb (Soz)ael)

consisting of a covering and sections s, € F(U,), compatible on overlaps:

Sa’UaXUUﬁ = 55|Ua><UU@

for all o, 8 € I. Two representatives:

({Ua = Utaer, (8a)acr),  ({Vy = Utyes, (ty)nes)

are equal in F'*(U) if and only if there exists a common refinement:
{Wu - U }I/EA

of the two coverings, corresponding to index set maps:
A
1 J

Se(v) |Wu = t5(V) ‘Wu‘

such that for every v € A,

2.7 Sheaves on X

There are several different Grothendieck topologies on a scheme relating to the étale
condition that are commonly in use. We will use one of the more common ones.
Given a scheme X, we define a Grothendieck topology X in the following way:
Cat (X) is the category of étale morphisms f: U — X. The admissible coverings
Cov (X¢) are given by the collection of finite surjective families of morphisms:

n

{UZ- LY U|U— X and U; — U are étale, U = Ufz(Uz>} € Cov (Xet)'
1

1=
Remark. Given a covering as above, we can always consider:

n
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with the induced surjective map U’ — U. This map is étale since each U; — U is,
and hence {U’ — U} € Cov (X“). These two coverings are isomorphic, under a
natural notion of isomorphism in Cov (X*). One can thus work solely with coverings
consisting of a single morphism.

We turn to proving that an abelian group scheme (to be defined below) defines
a sheaf of abelian groups on X*. First let G — X be a scheme over X. Note well
that we do not suppose G is étale over X. Define a set valued contravariant functor:

G: X% — Sets

by:
G(U) = Homx (U, G),

where we mean only to consider scheme morphisms over X. This defines a presheaf
on X%, In fact, one has the following:

Theorem 2.7.1. With notation as above, G is a set-valued sheaf on X¢.

Proof. The remark above implies that we need only verify the sheaf axiom for cov-
erings of the form {U" — U}. We will thus be concerned with the sequence:

0—GU) —GU) =S GU xp U')

We treat the case that all schemes appearing are affine, and leave the various reduc-
tions to the reader. Let X = Spec(R),U = Spec(A),U’ = Spec(B),G = Spec(S).
By assumption, A — B is affine and Spec(B) — Spec(A) is surjective. This implies
that f: A — B is faithfully flat. We hence have the descent exact sequence:

(5]
O%A$B*§B®AB

12

where i1(b) = b® 1 and is(b) = 1 ® b.
By definition of G, we must show the exactness of:

0 —— Homp_ 4, (S, A) —— Homp_qy(S, B) —3 Homp_q,y(S, B ®4 B).

Suppose that ¢, ¢': S — A satisfy fo¢p = fo¢'. Since f is faithfully flat, it follows
that ¢1 = ¢o. This proves the injectivity of the first map above. For exactness of
the last map, suppose that ¢: S — B satisfies i1 0 ¢ = iy 0 ¢. Then from the descent
exact sequence, for each s € S there exists a unique a € A so that ¢(s) = f(a).
Define a map ¢: S — A by putting ¢(s) = a. One can argue that this actually gives
an R-algebra map ¢: S — A. By construction, 1) maps to ¢ in the sequence above.
This shows that the equaliser of the last map is contained in the image of second
map in our sequence. The other inclusion is trivial. O
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We say that GG is an abelian group scheme if the associated functor is such
that:
G(U) = Homx (U, G)

has the structure of an abelian group for every U € Cat (X¢), and for every f: U —
V with U,V € Cat (X®), G(f) is a group homomorphism. If one begins with
a representable set-valued covariant functor G: Cat (X¢) — Sets satisfying this
same property, then the representing object is an abelian group scheme. With this
definition, one can prove the following corollary to the theorem above:

Corollary 2.7.2. If G — X 1is an abelian group scheme, then G defines a sheaf of
abelian groups on X.

We will illustrate the definition of an abelian group scheme via a series of exam-
ples.

Examples 2.7.3.

Additive group over X: G, x

Let A = Ox|[T] denote the quasi-coherent sheaf of Ox-algebras on X. Recall
that this is defined as:
Ox[T](U) = Ox(U)[T].

The sheaf of Ox-algebras defines a natural scheme:
Y = Spec(A) — X.

This is defined by taking an affine cover of X and glueing together the Ox[T]|(U)
for the opens U in the cover. We put:

Ga,X(U) = HomX(U, Y),

for U — X étale.

We claim that Hom, (U,Y) = (Oy(U), +) is the additive group of Oy(U). In
the special case that X = Spec(K) for a field K, then Y = Spec(K|[T]). Take
U = Spec(A) — X étale. Then:

Guox = Homx(U,Y)
~ HOIIlK_alg(K[T], A)
~ A

’

since K-algebra homomorphisms as above are determined by where they map

T.
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Multiplicative group over X: G, x

In this case one considers the quasi-coherent sheaf A, = Ox|[T,T~'] of Ox-

algebras and puts:
Yin = Spec(Ox [T, T71]) — X.
Then:
Gm,X<U) = HomX(U, Ym) = ((OU<U))X7 )

n-th roots of unity: u,

Given an integer n > 0 put:

A, =Ox[T]/(T" — 1)
and

Y, = Spec(A,) — X.
Then put 1,(U) = Homx (U, Yz) = (kn(Ou(V)), *).

Note that this group scheme can be defined in a second, perhaps more concep-
tual, way. We define a map of sheaves [n]: G,, x — G, x in the following way:
for each U — X étale, let:

n] = [n]u: Gux(U) = G x(U)

be given by x — x". Then define y, = ker[n|. This definition of u, is only
applicable to étale maps U — X.

Constant group scheme.

Given an abelian group M, define Yy, = X x M — X (recall that X x M =
[,,c0s X)- Then define the constant sheaf M on X by:

M(U) = HOHIX(U, YM) ~ Mﬁ of components of U,

for U — X étale.

2.8 Sheaf Cohomology

Let X be a scheme. Consider on it the Grothendieck topology X, and let F be a
sheaf (that is, an object of Sh(X®)).

Define first HO(X®, F) o F(X) (note that the one-set covering {X 9 X} is
étale).
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Lemma 2.8.1. The functor H°(X% —): Sh(X%) — AbGrp is left exact.

Proof. Let 0 — F' — F — F" be an exact sequence of sheaves on X¢. This
means that F’ ~ ker(F — F") as presheaves as well. Hence the presheaf sequence
0 — «(F') — «(F) — «(F") is exact, and in particular, the sections sequence 0 —
(E)NX) = o(F)(X) — o«(F")(X) is exact as well. But this last sequence is 0 —
F'(X) — F(X) — F"(X), and proves the lemma. O

Recall now that the category of sheaves on X, which we call Sh(X®), has
enough injectives, so we can define its right derived functors:

HM (X4, =) < Rr(HO(X, —)) = n'™ right derived functor of HO(X, —)
We know then that the sequence { H"(X*®, —)},>0 is an effagable cohomological
d-functor.

2.8.1 Calculating cohomology: direct and inverse images

Let f: X’ — X be a morphism of schemes. We want to generalize the constructions
of f, and f*, to the étale topology.
For this, consider first the functor:

ot (X¥) = (X
def

whose action on objects is: if U — X is étale, f;(U) = X' xx U — X’ (which is
étale as well!).

Proposition 2.8.2 (Properties of f;). i) The functor f; commutes with fiber
products: if U — X and V. — X are étale, then fi(Uxx V) =~ f(U) xx: fi(V).

ii) The functor f; takes coverings to coverings: if {Uy — Ul}aer is a covering in
X¢ then the family {f;(Us) — fi(U)}aer is a covering in X',

These two properties actually generalise the property of a map being continuous,
but to Grothendieck topologies:

Definition 2.8.3. Given T and 7" two Grothendieck topologies, and a functor
f: T — 7', we say that f is continuous if f commutes with fiber products, and if
f takes coverings to coverings.
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From the (continuous) functor f; we obtain a new functor:
fo: Sh(X™) — Sh(X)
by sending a sheaf F' on X" to (f.F)(U) oof F(fi(U)).
Claim. The presheaf f.F is a sheaf.

Proof. As f, and F are both functors, the composition is as well, and so f,F' is a
presheaf. We need to show that it verifies the sheaf property. So let {U, — U}aer €
Cov (X®) be a covering, and let F' be a sheaf on X", The sheaf property sequence
is:

0——F (fi(U)) — Tlaes F (fi(Ua)) —= 1o per F (fe(Ua xx Up))

but note that f;(U, xx Up) = fi(Us) Xx/ f:(Us), and so the result follows from
observing that the family {f;(U.) — f:(U)}acs is an element of Cov (X'®), and
that F is a sheaf on X"¢. O

The functor f, is left-exact, and has a left-adjoint, which we will denote by
f*: Sh(X®) — Sh(X").
Remark. Consider the composition of functors:

0(yvét _
Sh(xX") — sh(xe) U0 AbGrp

If FF € Sh(X'®), we compute:
XY, f.F) = (f)F(X) = F(X') = H(X%, F)
so HO(X%, —)o ROf, = H°(X®, —). We have then the Leray spectral sequence:
By = H(X® RV f.F) = H™(X'“ F)

We should think of this as a way to obtain the cohomology of X’ in terms of the
cohomology of the base X and the cohomology of the fibers.

Example 2.8.4. For ¢ + j = 0 this gives:
HO(X" F)~ HY(X® ROf,F)
which we already knew. For ¢ + j = 1, we get the following exact sequence:
0— HYX® Rf,F) — HY (X" F) — H*(X® R'f.F) — H*(X* Rf,F) — -
Corollary 2.8.5 (to the remark). If R\ f,F =0 for all j > 1, then:
H"(X'® F) ~ HY (X% f.F)
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2.9 Stalks on X*¢

For general Grothendieck topologies we don’t have a good notion of stalks. However,
for the étale topology we do have them, and they are as useful as when working with
the usual Zariski topology. So let X be a scheme, and consider the étale topology
on it X®, and the sheaves on X, which we write Sh(X*¢").

Definition 2.9.1. A geometric point T of X is a morphism of schemes:
Z: Spec(K) — X

where K is a separably closed field (K = K®P).

This is the same to fixing a point x € X and an embedding of k(z) into some
separable closure K.

Equivalently, it is the same to having a ring homomorphism Ox(X) — K such
that the following diagram commutes:

J

OXJ E—d li(l‘)

We call z € X the support of 7.

Example 2.9.2. Let X = SpecZ, * = (p) € SpecZ, k(z) = F, — F,.
But also one can take x = (0) € X, and x(z) = Q. Then a geometric point with
support & would correspond to fixing an algebraic closure of Q.

Definition 2.9.3. Let T — X be a geometric point of X. An étale neighbourhood
of T is a pair (U,u) where U — X is étale, and w: T — U is such that it makes the
following diagram commutative:

E \\—u> )
X
Remark. Let T = X be a geometric point, and let f: U — X be an étale map. Let

x € X be the support of T, and suppose that z € f(U) (note that f being étale
means that it’s open, so f(U) is an open in X).
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Then there one can construct an étale neighbourhood (U, u) of 7 in the following
way:

As x € f(U), there is some u € U such that f(u) = x. Write then T = Spec K,
and so ¢ is given by an inclusion k(z) — K.

As U is étale over X, then Ox , — Oy, is unramified, and the extension k(z) —
k(y) is finite and separable. Hence there is an extension u: k(u) — K giving the
desired geometric point in U. In fact, there are as many possible w as the degree of
k(u) over k(z).

Let now F be a sheaf on X, and fix T — X a geometric point of X. We
can then consider the category of étale neighbourhoods of Z, where a morphism
v: (U, ) — (V, ) is defined to be a morphism ¢: U — V over X such that pou = 7.

Moreover, we can construct fibered products:

(U,8) X x) (V,9) € (U xx VT x )

Note that the category of étale neighbourhoods of T satisfies the (L3) property
(it is a filtered category).

Definition 2.9.4. The stalk of a presheaf on X, F, at 7 is defined as:

Fr & lim F
H
(U/m)
Proposition 2.9.5 (properties of stalks).

i) Fiz a geometriz point T — X, and let F € P(X®) be a presheaf. Then the
elements of Fr are classes of triples (U,u,s), where (U,w) is an étale neigh-
bourhood of T, and s € F(U). Two triples (U,u,s) = (V,0,t) are equivalent if
there exists an étale neighbourhood (W,w) of T and morphisms

(W, w) — (U, 1)

|

(V. 0)
such that sy = t|w.
i) If F is a presheaf on X%, and T — X is a geometric point, then:

Py = (P?);
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ii1) One can characterise the exacntess of sequences by looking at the stalks at all
geometric points: a sequence of sheaves F' — F — F" is exact if, and only if,
the sequence of stalks Fi — Fr — FY is exact, for all geometric points T — X.

Proof. The first assertion follows from the fact that the category over which we are
taking the inductive limit satisfies property (L3).

To prove the second assertion, recall that P#* = P**, and so we only need to
prove it for +. Consider the canonical map [: P — P*. We will see that it induces
isomorphisms on the stalks: lz: P — (P)z.

For injectivity, let a = [(U, @, s)] € Pz be such that lz(a) = 0. This means that
there exists (U’,u/) — (U,u) such that s|gr = 0 (in PT(U’)). So that there is a
covering {Uz — U’} er and sections gg € P(Up) satisfying the glueing property, and
such that 0 = s|y, = gg. We need to lift v’ to Ug,, for some fy. So take Ug, such
that there exists some yg, with the property that yz, maps to  under the obvious
maps. Then, by a previous remark, there will exist ug, : T — Upg, making all diagrams
commutative. This gives a morphism (Ug,, us,) — (U,u) such that s|y, = gz =0,
as wanted. Surjectivity is done with a similar argument, and we leave it to the reader.

Lastly, we prove the last statement of the proposition. First, if 0 —» F/ — F —
F"” — 0 is an exact sequence of sheaves, note that from both the section functor and
the inductive limit functor being left-exact, we obtain already exactness on the left.
So we just need to prove surjectivity, and the argument is very similar to what has
been done before in this proof.

We will show, to ilustrate how to do the converse, that injectivity can be detected
at the stalks. Suppose that ¢: F' — F is such that, for all geometric points T — X,
¢z: FL — Fy is exact. Note that it is enough to prove that ¢y is injective for all U
in a basis for the Zariski topology, and so we may take U to be affine (we just need
that U is quasicompact). Let z € U, and take T oo Spec(k(z)*P) = U — X, so that
T becomes in this way a geometric point of X. By hypothesis then, 0 — Fir — F5 is
injective, and 3 & [(U,@, s)] € FL. Also, ¢z(f) is zero in Fx, and so, as ¢z is injective,
we deduce that § = 0 in FZ. Hence there exists a morphism (U,, ;) — (U, @) such
that s|y, = 0. This can be done for each x € U, and so we get a surjective family
{U, — U}ev. As U is quasicompact, we can extract a finite covering, under which
sly,, = 0. As F" is a sheaf, we deduce that s = 0, as we wanted to show. O

Example 2.9.6. Consider the sheaf Oy« on X¢ given by, if U — X is étale, then

Oxe(U) o Oy (U). Given z € X, fix a separable closure K of k(x), and then we

obtain a geometric point * = Spec K — X. Consider the stalk at 7:

def

B Oy = lim (U, 0)O0y (U)
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Note that we have a map A — B, since A = lim_, Ox(U’), where U’ C X are
Zariski opens (because U’ C X are étale). This makes B an A-algebra. It is actually
the stric henselization of A (note that A is a local ring) which we will see below. As
we will see next A ~ B precisely when the residue field of = is separably closed.

Definition 2.9.7. A local ring is called henselian if Hensel’s lemma hold in it. It
is called strict henselian if it is henselian and its residue field is separably closed.

Example 2.9.8. A strict Henselization of the ring of p-adic integers is given by the
maximal unramified extension, generated by all roots of unity of order prime to p.
It is not “universal” as it has non-trivial automorphisms.

Proposition 2.9.9 (properties of the strict henselisation). Let A be a local
ring, and let B be a strict henselisation of A. Then:

i) B is a local ring, and the structure morphism A — B is a local homomorphism
(mAB - mB).

it) B is unramified over A (maB = mpg) and the residue field of B is a separable
closure of that of A.

ii1) B can be written as B = li_1>na B., where B, are étale A-algebras, for each c.

w) If B — B’ is étale and B'/(mgB’) # 0 (so that ¢ : Spec B’ — Spec B is
surjective), then there is a section s: Spec B — Spec B’ to ¢ (that is, p o s =
Idspec ). In particular, B is a direct factor of B'.

Proof. We just sketch certain parts of the proof. First, note that one can write:

B = lin Op(U) = liy lim Op/(U') = limy O,
(Um) (Um) U'CU (Um)

where the open subsets U’ C U considered are those containing the image of w. This
shows that B is a direct limit of local rings. After checking that the transition maps
are also local homomorphisms, one deduces that B is a local ring. Moreover, as
A — Oy, is a local homomorphism, one deduces that A — B is local as well.

We don’t prove unramifiedness, but note that at least A — Oy, is unramified.
One needs to see what happens when taking the direct limits.

For the second part, let V' = Spec(R) C X, and = € V. We may restrict the
inductive limit only to affine subsets U = Spec(R). Write then:

B= lim R,
—)
(Spec Ry,u)
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As B is an A-algebra, we have:

(Spec Ry,u) (Spec Ry, ,u)

As R — R, is étale, we get that R, ®g A is also étale over A (by base change) as
wanted.

Lastly, given B — B’ an étale B-algebra with B'/(mgB’) # 0, from what we
have observed so far we deduce that there exists an étale neighbourhood of Z, say
(U,u), with U = Spec(R,), such that B’ = R, ®z R, and with R — R’ étale. We

just need to find then a map R’ — B. For this, let U’ dof Spec(R').

U = Spec R,
T 41/ = Spec RY—— X
~ \E’\ fT
>

U’ = Spec R’

Note that € f(U’), because B'/mpB’ # 0. Hence there exists a lift w': T — U’
making the diagram commutative. This means that U’, @) is an étale neighbourhood
of Z, and so there is a map R’ — B.

This allows us to define a section:

R,®RRU—>B
r®a—ra
L]

Corollary 2.9.10. Let X be a scheme, and let T — X be a geometric point with
support x € X. Let B ) Oxaz and Y ) Spec(B). Then, for any sheaf F on Y%,

H(Y* FY=0 foralli>1

Theorem 2.9.11 (pull-backs and stalks). Let f: Z — X be a morphism of

schemes. Letz — Z be a geometric point, and let @ d:eff(i) — X be the corresponding
geometric point on X. Let F be a sheaf on X . Then:

(f*F); ~ Fya)
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Proof. Exercise. O]
Corollary 2.9.12. The functor f*: Sh(X®) — Sh(Z%) is ezact.

Theorem 2.9.13 (push-forwards and stalks). Let f: Z — X be a morphism
of schemes, and let T — X be a geometric point, with support v € X. Let X i)

Spec(Oxeaz), and define Z7Yx Xx Z. Denote by a: Z — Z the second projection.
Let F be a sheaf on Z%. Then:

ét

(RIf.F)_ = HY(Z" o' F)

Remark. We think of RIf,F as the “cohomology on the fibers”. Actually, if f is
proper, then the previous quotes can be removed (see [6]).

Corollary 2.9.14. Suppose that f: Z — X is finite. Let ' be a sheaf on Z. Then:
i) RIf.FF =0 for all ¢ > 1.
i) HY(Z%, F) ~ HY(X, f.F) for alln >0

Proof. Note first that the second statement is a consequence of the first, because of
the Leray spectral sequence. So we prove the first statement in the remaining of the
proof.

Let z € X, and let T = Spec(k(z)*P) — X be a geometric point with support z.
As Z — X is finite, then:

— def

t
Z = Spec (OXétj) Xx 4~ H Spec(B;)
i=1

is a disjoint union of affine rings, where B; are strict henselian rings (some argument
is needed to complete this claim).
Now, we have, for all ¢ > 1:

(RUf.F), = HY(Z,o'F) = [ [ H(Spec(B:)®, a; F) = 0

i=1

It follows that RYf,F = 0, as it vanishes at all of its stalks. n
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2.10 Application: The Cohomology of Curves

Fix k = k an algebraically-closed field, and let X be a smooth, projective, irreducible
algebraic variety of dimension 1 (a curve).

We want to calculate the cohomology groups of X, wich values on the con-
stant sheaf Z/nZ, when char(k) 1 n. That is, we are interested in computing
H™" (X% Z/nZ).

There is a (non-canonical) isomorphism:

HY(X® Z/nZ) ~ H" (X, j1,.x)

(where 1, x is the sheaf of n' roots of unity over X). We will actually compute the
latter groups. For this, we will compute the cohomology with values on the sheaf
Gy,x, and then show that the following sequence is exact:

0 Mn, X Gmg( ﬂ Gmg( —0

2.10.1 The Cohomology of G,, x

We first recall some notions from classical algebraic geometry. We write Div(X) for
the free abelian group generated by the set of closed points on X. There is a group
homomorphism, the degree map:

deg: Div(X) — Z, Z N +— an

z€| X! x

and we define Div’(X) to be the kernel of the degree map.
Let K(X) be the function field of X. We also have a map:

div: K(X) = Div(X), fr > ordy(f) -z

ze| X!

As X is projective, we have that deg(div(f)) = 0 for all f € K(X). Denote by
P(X) C Div’(X) the image of div, and write Pic(X) oo Div(X)/P(X). for the
Picard group of X. Also, define Pic’(X) o Div’(X)/P(X) C Pic(X).

Theorem 2.10.1. There exists an abelian variety J(X), called the Jacobian of X
such that J(X)(k) = Pic’(X).
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Theorem 2.10.2. Let X be a (smooth, proper) curve over an algebraically closed
field k. Then:

HY(X% G,,x)=k", H' (X G, x)~Pic(X)
and the higher cohomology vanishes.
Proof. Let k(X) be the function field of X and let:
jin—X

be the generic point. Let G = Gal(k(X)**?/k(X)) be the Galois group of a separable
closure of £(X). Then since n = Spec(k(X)), we have observed that:

n® ~ G — Sets.

Furthermore, we have seen that sheaves on n° correspond to G-modules under this
identification. Under this correspondence:

Gy = (B(X)*)7.

Let x € X be a closed point. Then k(x) is an algebraic extension of k; since k
is algebraically closed, k(z) = k. This shows that every closed point is a geometric
point. Let Z, be the constant sheaf Z on z¢. Put i,: + — X. We first claim that:

0— Gm7X - j*Gm,n - @ Zx,*(Zx) — 0

ze|X|!

is exact.

To prove this, we must first explain precisely how this sequence is defined. Let
f: U — X be étale with U connected. It follows that since X is an irreducible curve
and U — X is étale, U is an irreducible curve. Let & = Spec(k(U)) be the generic
point of U. We have G, x(U) = Oy(U)* and:

j*(Gm,n(U) = Gm,n(U Xx 77) = Gm,n(fil(n)) = Gm,n(@ = k(U)X'

Let ¢y : Op(U)* — k(U)* denote the natural embedding. Then ¢ defines the first

mapping.
We must next analyze:

o (Z)(U) = Zo(U xx 2) = Z,({e € U | flu)=2}) = @ Zu.
flu)=2
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This shows that:
P i.Z.)U)= @ € Zu=Div(U).
ze|X | ze|X|¢ f(u)=z

Let ¢y : k(U)* — Div(U) be given by g +— div(g). Then ¢ defines the second map.
We must now argue that the sequence is exact. Note that:

0— Op(U)* — k(U)* — Div(U)

X

is exact. The first map is naturally injective, and a function in k(U)* without poles

is a unit in Oy (U). It remains to show that the last map is surjective.
Let D = 221 n;u; with n; € Z and u; € U. For each i, we can find Zariski open
neighbourhoods U; € U of u;, and parameters t; € k(U;)* on U;, such that:

Put Uy =U — (U, U---UU,,). Note that D|y, = 0, which is the image of 1 € k(U)*.
For i # 0 we have D|y, = n;u;. This is the image of ¢ € k(U;)*. So for each 1,
Dly, € Im(¢y,). It follows by the sheaf property that 1 is surjective. This concludes
the proof of our first claim.

We will now consider the associated long exact cohomology sequence:

0—— HY(X, Gy x) —— HY X, ju(Cyny)) —— Byt HOX g u(Zs)) ——

—— HY(X Gy x) — HY(X, ju(Gpy)) — Digxpe HY X iy (Zy)) —

The theorem will follow by applying the following two lemmas to this sequence.

Lemma 2.10.3. Forn > 0:

| . k@) ifn=0
n et ~ n et ~
H"(X aj*((Gmﬂ?)) = (0%, Gm.r) _{ 0 otherwise

Proof. We will use the Leray spectral sequence. Hence, we begin by computing:

R} (Gon)
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for ¢ > 1.

Let y — X be a geometric point. We will show that all the stalks (R} (G.,)),
vanish, treating two cases.

For the first case, suppose y = 77 = Spec(k(X)**) — X. Then Oxe 7 is the
strict Henselization of Ox, = k(X). But the strict Henselization of a field is just
the separable closure, and thus:

OXEt,ﬁ = k:(X)Sep‘
Therefore:
(R (Gu))g = H(Spec(k(X)*P) xx 7, & (Gpyy)) = H(Spec(k(X)*P), o (Gp,p))-

But again, this can be computed in terms of Galois cohomology by previous work.
Since k(X )*? is separably closed, the Galois group of this field is trivial. Hence the
Galois cohomology groups are trivial, and so the group above is zero. This concludes
the first case.

In the second case, suppose that y = x is a closed point of X with ¢: x — X
the natural embedding. Then Oxe: , is the strict Henselization of Ox . It is hence
an inductive limit of local rings of curves U étale over X. Put Frac(Oxe,) = K
and note that Frac(Ox,) = k(X). Then K C k(X). Note that this extension is
separable, since K is an inductive limit of fraction fields which are each separable
over k(X). After one shows that o*(G,,,) ~ G, k, it follows that:

(R1(Gmpy))e = H(Spec(Oxer i) Xx 1, " (Giny))
= H(Spec(K), G k)
~ HY Gk, (k(X)*)%),
where the last group is a Galois cohomology group with G = Gal(K*, K). When
q = 0, take Galois invariants to obtain K*. When ¢ = 0 the cohomology vanishes

by Hilbert theorem 90. When ¢ > 2 it also vanishes, this time by Tsen’s theorem.
This concludes the second case. Thus:

R;?* (Gmy) =0
for ¢ > 1, since all the stalks vanish. The Leray spectral sequence then gives:
" (X, j. (Gimp) = a"(n”, Gn)
~ H"(G, (k(X)**)")
B { E(X)* n=0

0 otherwise

This concludes the proof of the lemma. O
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Lemma 2.10.4. For alln > 0,

n et - ~ n(, .et o ZI n = O

A (X 0 n(Za)) = H'(2%, Zo) _{ 0  otherwise

Proof. The second equality of the lemma follows similarly to above, using Galois
cohomology. For the first, we will again make use of the Leray spectral sequence.
Since k is algebraically closed, z¢ is equivalent to the category of finite sets. More-
over, sheaves on z¢ are the same thing as abelian groups. If M is an abelian group
(corresponding to a constant sheaf on x) then (i, .(M)), = 0 if z # y and M if
x =y. One deduces that the functor ¢, , is exact. Thence R%,, = 0 for ¢ > 1. The
lemma then follows by the Leray spectral sequence. O

This concludes the proof of the theorem. O

Theorem 2.10.5. Let n > 0 be an integer. Suppose that char(k) does not divide n.
Then:

H(X 1) = (k)

Hl(XEt,IL_Ln) = Pid®(X)[n] ~ Jac(X)[n]
HZ(X“,/_L”) = Z/nZ

HYX 1) = 0

3

for g > 3.
Proof. We first claim that:

OﬁﬁnHGm,X@Gm,X_)O

is an exact sequence of sheaves on X¢. Let U — X be étale. Then:
0 = pn(Ou(U)) — Ou(U)* — Oy(U)*

where the last map is x +— ™, is exact. It thus remains to show that [n] is a surjective
map of sheaves.

Let g € G, x(U) = Op(U)*. We must construct an étale cover of U containing
an n-th root of g. Define a quasi-coherent sheaf of Oy-algebras by putting:

T = Oy[T]/(T" = g)
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and Y = Spec(7). Then Y — U is a surjective affine map. We will show that it is
étale. Let V = Spec(A) C U be an affine open subset. Then:

W = f=H(V) = Spec(A[T]/(T" — glv)).

Put B = Spec(A[T]/(T™ — g|v). Note that (d/dT)(T™ — g|y) = nT™'. Since n is
relatively prime to the characteristic of k, it follows that n is a unit in B. Moreover,
T" =g € A* C B* and hence T is also a unit in B. A homework problem thus
shows that B/A is étale. One can show that W — V is surjective by the going-up
theorem of commutative algebra (since B/A is integral). It follows that Y — U is
étale and surjective, and hence is an étale cover.

Let t € Opy(U) be the image of T € Oy (Y'). Then it follows that [n] is surjective
and:

Oﬁﬂn_)Gm,X@Gm,X_)O

is exact. Consider the corresponding long exact sequence of cohomology:

0—— H0<Xet7ﬁn) SN HO(Xet, Gm,X) SN HO(Xet, Gm,X) SN
. Hl(Xd?En) . Hl(Xet, Gm,X) . H1<X€t,Gm,X) SN

- H2<X6t’ﬂn) - HQ(XEt, Gm,X) SN H2(X€t7 Gm,X) N

For ¢ > 3, we deduce that H?(X*, Hn) = 0 by the previous theorem. Since k is
algebraically closed, the map k* — k* given by x — 2" is surjective. Since H° is
just the global sections, it follows that we must analyze the sequence:

[n]

0— Hl(Xet,Hn) — Pic(X) — Pic(X) — HQ(Xet,/_Ln) — 0.

Consider the commutative diagram with exact rows:

0—>PicO(X)—>PiC(X)deg—>Z—>0

l[n} J[n] l[n]

OHPiCO(X)HPiCLXP)%ZHO
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Apply the snake lemma to this diagram. The kernel of the last map is zero, since
Z has no torsion. The cokernel of the first map is zero since Pic’(X) is a divisible
group. We hence obtain two exact sequences, one for the kernels:

0 — Pic’(X)[n] — Hl(Xet,En) —0
and one for the cokernels:
0— H*(X“, p ) — Z/nZ — 0,
The theorem follows. O

Theorem 2.10.6. Let n > 0 be an integer and suppose that n and char(k) are rela-
tively prime. Let g be the genus of X. Then there are (noncanoncial) isomorphisms:

HY (X Z/nZ) = 7/nZ
HY X Z/nZ) = (Z/nZ)*
H*(X“ Z/nZ) = 7/nZ
HY(X* Z/nZ) = 0

for q > 3.

Proof. Choose a primitive n-th root of unity ¢ € pu, (k). Then we claim that there is
an isomorphism of sheaves on X¢:

LZInL > p .

It is given in the following way. If U — X is étale, let s be the number of connected
components of U. Then:
Z/nZ(U) = (Z/nZ)®

and:
1,(0) = pin (k)"

Define a map ¢y: (Z/nZ)* — p,(k)® by putting oy (uy,...,us) = (¢, ..., ¢%).
Then the ¢y’s define an isomorphism of sheaves ¢: Z/nZ — B The theorem now
follows from the previous one, using the fact that:

Pic’(X)[n] ~ (Z/nZ)*.
For a proof of this fact, see Mumfords book on abelian varieties. O

This concludes the course!!
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