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Abstract

A characterization of Mergelyan sets for the space of harmonic functions whose
boundary values are in BMO (VMO) is obtained. The main step of the proof is
the use of certain VMO functions which are related to the sharpness of the John-

Nirenberg inequality.

This note is a continuation of the work [N-O]. Our main purpose is to describe
Mergelyan sets for BMO (VMO), as asked in [S], using notation, techniques and argu-

ments from [N-O].

5 Mergelyan sets

A relatively compact subset F C RZ™ is called a Mergelyan set for BMO (VMO) if
for any f € BMO (VMO) and uniformly continuous on F' there exists a sequence of
continuous functions {p,} tending to f in the weak-x topology (norm topology) and

pn — [ uniformly on F.

Theorem 6. Let F' be a relatively compact set in the upper half space Ri“. Then, the

following conditions are equivalent:
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(a) F is a Mergelyan set for BMO(R™) equipped with the weak-x topology.
18 a Mergelyan set for equipped with the norm topology.
b) F is a Mergel for VMO(R%H ipped with th !

(c) Almost every point of F NR? is the non-tangential limit of points of I, that is,
|FNRANF,| =0.

Proof of Theorem 6. We first show that condition (c) is necessary. We will proceed as in
the first proof of Theorem 3 of [N-O]. Assume |F MR\ F,;| > 0, that is, [FNRI\F,| > 0
for some 7 > 0. Let = be a density point of F' "R\ F,. Observe that € F,, and apply
Theorem 5 of [N-O] with the set A = F,. So, one obtains a non-negative function
g € VMO(R?), g(y) =0 for all y € F,,, and

1 li — 0.
(5.1) m go(z,5) = 00

Then, we claim that the harmonic extension of ¢ in Rﬁlfl is uniformly continuous on F'.
That is, given € > 0 there is some 0 > 0 such that if z,w € F and |z — w| < 0 then
lg(2) — g(w)| < e. First of all, we will see that |g(z)| < /2 if z = (x,2441) € F and
Zar1 < 01 using g € VMO and g(y) = 0 for all y € F,,. Let R be the cube in R? of center

x and side length 24,1, observe
9661 = lo2) — gl = | [ (60) = 9m)P(o = )

<O 279 — grlar < CY_ k27FM(g,22411)

k>1 k>1

ko
< OM(9,292000) Y K2+ Clgll. Y k2t

k=1 k>ko

if kg is large enough and 20z, is sufficiently small. Consequently, if z,w € F and
Zar1, War1 < 07 then |g(z) — g(w)| < &. On the other hand, ¢ is uniformly continuous on
compact sets of R‘f’l. Thus, there exists 02 > 0 such that if z,w € F, 24,1, wgr1 > 01/2
and |z —w| < &9 then |g(z) — g(w)| < . Finally, take 6 = min(ds, d;/2) and this proves
the claim.

Now, if F'is a Mergelyan set for BMO (or VMO) there is a sequence of continuous
functions {P,} tending to g in the weak-* topology and P, (z) — ¢(z) uniformly on F'.



Thus, for some absolute constant C' and for all n, |P,(2)| < C, forany z € F, || P,||« < C
and, by Lemma 2.1 of [N-O], we have

(5.2) P,(z) — g(z) forany ze R

By continuity, |P,(y)| < C at every point y € F NRY. Next, using that z is a density
point of F NR? and sup || P, || < C we get

[(Pr)oes| <2C

if § is small. Then, from the estimate |P,(z) — (P.)r)| < C|| P/« we deduce that
|P,(2)] < 4C for all n where z = (x,t) and 0 < ¢ < 0. This contradicts (5.2) because
from (5.1) the values g(z) are unbounded when z = (z,t), and ¢ tends to 0.

Conversely, assume |F N R\ F,;| = 0 and let us show that F is a Mergelyan set for
BMO (VMO). So, given f € BMO (f € VMO), || f||« = 1 and f uniformly continuous on
F, one has to find continuous functions Py tending to f in the weak-* (norm) topology
and uniformly on F.

Observe that, by Lemma 2.4 and Theorem 2.5 of [N-O]J, one can assume that f is
bounded. Since f is uniformly continuous on F we can extend f on F, call it f. We

assume, without loss of generality, that
(5.3) f=0 on FNRY

We now claim that it is sufficient to prove that given ¢ > 0 there are continuous
functions @ tending to f in the weak-* (norm) topology and also pointwise on F

|Pk]lco < Cf]loo, where C' is a universal constant, and satisfying
(5.4) |®p(2)] <, for ze€ FNR

To establish this claim, observe that Lemma 2.1 of [N-O] gives that ®; tend to f
uniformly on compact sets of R‘fl. Hence, there exists np > 0, nx — 0 as k£ — oo, such
that

|Pr(z) — f(2)| <e forany =z € F suchthat zzq > n.

On the other hand, since ®;, are continuous, f is uniform continuous on F', vanishing
on FNRY and F NRY is a compact set, condition (5.4) gives that there is 6, > 0 such
that

|Pr(2) — f(2)| <e forany ze€ F with 2441 < 0.
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Consequently, |®x(z) — f(2)| < € for the points z € F satisfying either z;.; < & or
zar1 > M. Considering a subsequence of ®; one may assume that n, > 0, > ngyq for

any k=1,2,.... Now, one can take

1 2N
k=N+1

It is clear that Py tend to f in the weak-* (norm) topology. Also, if z € F' there is at
most one k such that d, < 2441 < M or N1 < 2411 < O0x. Hence for points z € F, one

has

N 1 ||(I)k||oo ||f||oo 20||f||oo
|PN(Z> f(2)| = N € N <€ N

and this would finish the proof. Therefore, one only has to find the functions ®; men-

tioned in the previous claim.

Since |F N R4\ F,;| = 0 and condition (5.3), Fatou’s Theorem gives that f(x) = 0
at almost every point # € F NR?. Given k = 1,2, ... let D(k) denote the collection of
dyadic cubes in R? of length side 27*. Proposition 2.3 of [N-O] asserts that the functions

= ag¥q
QeD(k)
tend to f in the weak-* topology and if f € VMO tend to f in norm. Now, we require
the continuity of the functions W¢ and therefore the functions ¢, will be continuous.
However, the natural choice ®; = ¢} does not work because ¢ may not satisfy |py| <
on FFNRY. The same trouble would appear if we took ®,(x) = f(z, k'), the restriction
of f at level k1.

Denote by B = B(k) the subcollection of those cubes @ in D(k) satisfying that

Fn2Q +# @ and A= A(k, ) those cubes in B such that |ag| > . If z € 7\9;‘2@ then

lon(7)] < Y lag|¥o(x) < e. Thus, we should modify ¢, on the points x € F N (U%Q)
Q A

We next claim that

(5.5) Z Q] — 0 as k — oo.

QeA

Note first that > Uy — y7 in L'(R?) as k — oo, because F is a compact set, and so
QeB

> ag¥q tend to fxz = 0in L'(R?). Fix a cube Q € A. For all z € 2Q, one has
QeB

> aglq(x)

QeB

= lag| 2 €.




Consequently,
3
U3
A

and then we get (5.5).

<

—) 0
k—o0

{xERd: 25}

Since f(r) = 0 at almost every z € F N R? and ag is close to ng (that is,

> agUqo(x) — f(a)xp(x)

lag — f5/40] < C||f]+) from the John-Nirenberg Theorem we point out that there exist
constants C7, Cy > 0 such that for any () € B one has

(56) 20nT| < cien(-Culaoh [30).

Moreover, if f € VMO one may take Cy = Cy(k) — o0 as k — 0.
Fix a cube Q € A. Now, we apply the proof of the Main Lemma (finite case, because

%Q N F is compact) and we obtain a non-negative continuous function g = gg satisfying

g=0 on (2Q)°
5 —
g = lag] on ZQQF,
fgﬁa
Q
19lloc < Cll oo,
lglls < m(Cs)

where C'is a constant independent of k£ and m(Cs) — 0 as Cy — oo. In particular, if
f € VMO, m(C;) — 0 as k — oo. Denote by A" those cubes in A such that ag > 0
and A~ those cubes in A such that ag < 0. Define

9= > 90 and = -— Y go.

QeAt+ QeA—-

Again, ||gi|l. < C max ||gg|l. < Cm(Cy) and |||, < C max ||ggll. < Cm(Cs). From
QeAT QEA~

(5.5) and the estimates ||gkllco < Clflloos Pklloc < C|flleo We have g — 0 in L?
and hy — 0 in L'. Thus, gx — 0 and hy — 0 in the weak-* topology (or in norm if
f € VMO). Then, by the Lemma 5.1 (¢ — gr)T = max(or — gk, 0) tends to f* in the
weak-* topology (or in norm if f € VMO) and (@ — hy)~ = max(—¢g + hg, 0) tends to

f~ in the weak-* topology (or in norm if f € VMO). Finally, take

D= (or— g6)" — (o — hy)~
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and the proof is completed. Note that if + € F NR? then (o, — gx)"(2) < ¢ and
((pk - hk)_(ac) <€ O

Lemma 5.1. (a) Let {f;} be a sequence of functions in BMO(R?) and f € BMO(RY).
Assume that f; — f in the weak-* topology and f; — f in L*. Then |f;| — |f] in
the weak-x topology.

(b) Let {f;} be a sequence of functions in VMO(R?). Assume that f; — f in norm
in BMO and f; — f in L*. Then |f;| — |f| in norm in BMO.

Remark: Since f = f* — f~ and |f| = f* + f~, one also gets (f;)T — f.

Proof. (a) There exists a subsequence {|fx|} tending to some g € BMO in the weak-x
topology, because || |f;| . < C| f;ll« < oo. Moreover, |fr| — |f| in L*. Clearly, |f] = g.

(b) Given € > 0 we will show that || |f;| — |f] ||« < e if 7 > jo. Notice that {f;} and
f are uniformly in VMO, therefore if |Q| < § we have

1 1 .
o L1111 = (el = VoD 1 = i [ 15~ (el + 155 [ 11 = el <

When |@Q| > § we use the L'-convergence to get

|Q‘/‘|fy’—\f|’< i = flh f||1

if 7 is bigger than some jj. m

Counterexample: One could guess that some hypothesis in the above Lemma are
superfluous, that is, that f; tending f in BMO always would imply |f;| — |f| in BMO.
But the following examples (provided to us by John Garnett) show that this is wrong.

On R take f(x) = 3sin(2mx). Given j € N there is g; € BMO with ||g;||. < 1/j
and I}, I? two disjoint intervals of unit length (whose spacing depends on j) such that
gi = —1on Ij1 and g; =1 on ]]2. Thus f + g; — f in norm in BMO.

However, on the interval I7 |f + g;| — |f| = max[min(1,2f + 1), —1] (something
similar happens for I} also), so that ||| f + g;| — | f|| is big.

A modification of this example will give functions f,{g;} € L' N BMO such that
f+g; — finnorm in BMO and f+ g; — f in L', but |f + g;| does not converge to



f| in BMO. For each j € N consider the intervals I; = |a;, b;| where a; = e * and
| J j i=J—=J
b; = j + je 7. Define

1 J
— mi +
gj(z) = min (1»].—2108; | _$|>

and f(z) =01if z ¢ Ul; and f(z) = 3sin(27 m) if x € I;. Clearly, ||g;|l1 < 2/j and
llg;]l« < C/j? and we obtain the example.

We finish this section remarking that any compact set of positive Lebesgue measure

supports a VMO function.

Lemma 5.2. For any compact set K of R? of positive Lebesque measure, |K| > 0, there
s a function f € VMO satisfying

(a) 0 < f<1.

(b) f is supported in K.

(¢ /K oK),

Proof. Given ¢ > 0 (a small number to fix later), using that almost every point in K
is a density point, we consider a finite family of cubes {Q;},;=1,. n pairwise disjoint (N

depends on K and ¢) such that

(a) |Q;\ K| < e|Qyl.

.....

N
b) > 1Q;NK|>2"K]|.
j=1

Now, to each ); we apply the Main Lemma of [N-O] getting a function h; € VMO
with the properties: 0 < h; <1, h; =log(1/e) on Q; \ K, h; is supported into %Qj and
|Qj|71 fQ]_ hj < ()= Cl(d) Define

h;
log1/e’
so we have 0 < f; <1, f;(z )—OlfxEQj\Kand
-1 )
Joo 5= 1 gty = 20 = o1 [

> 1Q;] (277 = (log1/2) ' C1)
= |Q]‘ 2_d_17

fi=1-




if one takes log1/e = C12%*!. Let a; be a continuous function supported in Q;, 0 <
aj <1landa; >1/2on %Qj. Clearly, a;f; belongs to VMO because both are bounded
and belong to VMO. Finally, the function

N
f= Zajfj

satisfies the claim:
0<f<1,
it is supported in K,

it is a finite sum of VMO functions and

/KijiV;/Qjajij%]i/%ijj
N

> 271N Q| = 27 K.

=1

O

From this Lemma, J.J. Donaire [D] observed that compact sets in C of positive area

are nonremovable for analytic functions in A,(C), the little Zygmund space.

References

[D]  J.J. Donaire, Porosity of sets and the Zygmund class, to appear in Bull. London
Math. Soc.

[N-O] A. Nicolau and J. Orobitg, Joint approximation in BMO, J. Funct. Anal. 173
(2000), 21-48.

[S]  A. Stray, Simultaneous approximation in function spaces, Approzimation, complex
analysis, and potential theory (Montreal, QC, 2000), 239-261, NATO Sci. Ser. 11
Math. Phys. Chem., 37, Kluwer Acad. Publ., Dordrecht, 2001.



