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Cone 3-manifolds

A Euclidean cone 3-manifold is loc. isometric to R?
except for the singular locus X. ¥ is a graph locally isometric to
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Cone 3-manifolds

A Euclidean cone 3-manifold is loc. isometric to R?
except for the singular locus X. ¥ is a graph locally isometric to
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Cone 3-manifolds

A Euclidean cone 3-manifold is loc. isometric to R?
except for the singular locus X. ¥ is a graph locally isometric to

or
> T
o ()
,,,,,,,,, _ i OA1/2 052/2 o
i Ei @03/2 @)’
Ki/ /043/2 o1 Qo

041/2 a2/2

ds? =dr?+ (%r)2 d6? + d h? >.:(2m — ;) < 4w at vertices

Euclidean can be replaced by spherical or hyperbolic.

hyperbolic: ds? =dr? + (%)2 sinh®(r) d 62 + cosh?(r)d h?
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Cone 3-manifolds

A Euclidean cone 3-manifold is loc. isometric to R?
except for the singular locus X. ¥ is a graph locally isometric to

)

rC]

or

laze

041/2 a2/2

ds? =dr?+ (%r)2 d6? + d h? >.:(2m — ;) < 4w at vertices

Euclidean can be replaced by spherical or hyperbolic.

spherical: ds? =dr? + (%)2 sin®(r) d 6% + cos?(r)d h?
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Cone 3-manifolds

A Euclidean cone 3-manifold is loc. isometric to R?
except for the singular locus X. ¥ is a graph locally isometric to

)

rC]

or

laze

a1/2 as/2
ds? =dr?+ (%r)2 d6? + d h? >.:(2m — ;) < 4w at vertices

Euclidean can be replaced by spherical or hyperbolic.

Locally defined as the metric cone of (n — 1)-spherical cone
manifolds.
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Examples
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Examples

\J a ~ 2.507077676
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Examples

N

NN AT o
OB

a ~ 2.507077676

Definition: C? is almost product if C° = E? x S1/G
with G < Isom(E?) x Isom(S?) finite.
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Examples

N O 8

a ~ 2.507077676

Definition: C? is almost product if C° = E? x S1/G
with G < Isom(E?) x Isom(S?) finite.

e almost product < fibered by S* and S/C;.

The Borromean rings example is almost product
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More examples

(67

C N

a2

o If X has N circles and edges,
a = (ag,...,ay) multiangle of cone angles.
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More examples

(67

C N

a2

o If X has N circles and edges,
a = (ag,...,ay) multiangle of cone angles.

Is there any structure when deforming a?
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More examples

(67

C N

a2

o If X has N circles and edges,
a = (ag,...,ay) multiangle of cone angles.

Is there any structure when deforming a?

0,7) (w/2,m) (m,m)

| (m,7/2)

hyperbolic

(0,0) 1(77,0)
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More examples

(67

C N

a2

o If X has N circles and edges,
a = (ag,...,ay) multiangle of cone angles.

Is there any structure when deforming a?

(0,7)  (w/2,m) (m,m)

T2 Mednyhk et al)

hyperbolic

(0,0) 1(77,0)
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Moduli space with angles <«

C closed, or., Euclidean cone 3-mfld. with cone angles <«

Theorem (P. & Weiss)
If C is not almost product, then for every @ € (0, 7)V

there is a uniqgue cone metric on C of curvature 0, —1 o 1.

e In addition £ = {& es multiangule of Euclidean metric} is a

hypersurface that separates the hyperbolic and spherical compts.

| (m,7/2)

hyperbolic |
@ /8
(0,0) (m,0)
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Moduli space with angles <«

C closed, or., Euclidean cone 3-mfld. with cone angles <«

Theorem (P. & Weiss)
If C is not almost product, then for every @ € (0, 7)V

there is a unique cone metric on C of curvature 0, —1 o 1.

e In addition £ = {& es multiangule of Euclidean metric} is a

hypersurface that separates the hyperbolic and spherical compts.

Inavertexa+ 0+~ > 2n
If o + 8 + v = 27, the metric is hyperbolic and has a cusp.

If o + 8 + v < 27, hyp. metric and tot. geodesic boundary.
>2m =27 <2m

@\’/B

« B e B\ o
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Moduli space with angles <«

C closed, or., Euclidean cone 3-mfld. with cone angles <«

Theorem (P. & Weiss)
If C is not almost product, then for every @ € (0, 7)V

there is a unique cone metric on C of curvature 0, —1 o 1.

e In addition £ = {& es multiangule of Euclidean metric} is a

hypersurface that separates the hyperbolic and spherical compts.

Ifl1,...,In are longitudes of circles and edges of %,
thenliday +---+ Inday = 0 is the tangent space to £
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Moduli space with angles <«

C closed, or., Euclidean cone 3-mfld. with cone angles <«

Theorem (P. & Weiss)
If C is not almost product, then for every @ € (0, 7)V

there is a unique cone metric on C of curvature 0, —1 o 1.

e In addition £ = {& es multiangule of Euclidean metric} is a

hypersurface that separates the hyperbolic and spherical compts.

Ifl1,...,In are longitudes of circles and edges of %,
thenliday +---+ Inday = 0 is the tangent space to £

(Schlafli: For curvature K, K dVol(Cy) = 231 da)

Deforming Euclidean cone 3-manifolds into hyperbolic and spherical ones — p.5/20



Moduli space with angles <«

C closed, or., Euclidean cone 3-mfld. with cone angles <«

Theorem (P. & Weiss)
If C is not almost product, then for every @ € (0, 7)V

there is a unique cone metric on C of curvature 0, —1 o 1.

e In addition £ = {& es multiangule of Euclidean metric} is a

hypersurface that separates the hyperbolic and spherical compts.

Ifl1,...,In are longitudes of circles and edges of %,
thenliday +---+ Inday = 0 is the tangent space to £

More natural transition Euclidean-spherical in the proof of
the orbifold theorem (in particular without Ricci flow...).
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Steps of the proof:

e 1. Local deformations of Euclidean structures and
“regeneration” into hyperbolic or spherical.

e 2. Global results in (0, 7)".
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Steps of the proof:

e 1. Local deformations of Euclidean structures and
“regeneration” into hyperbolic or spherical.

e 2. Global results in (0, 7)".

Step 2 uses ideas from Boileau-Leeb-P. and Cooper-Hodgson-
Kerckhoff in the orbifold thm. and a local rigidity thm. of Weiss.
| only discuss step 1.

Particular case in [P., Topology 1998], assuming N =1 and a
hypothesis in cohomology.
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Steps of the proof:

e 1. Local deformations of Euclidean structures and
“regeneration” into hyperbolic or spherical.

e 2. Global results in (0, 7)".

Step 2 uses ideas from Boileau-Leeb-P. and Cooper-Hodgson-
Kerckhoff in the orbifold thm. and a local rigidity thm. of Weiss.
| only discuss step 1.

Particular case in [P., Topology 1998], assuming N =1 and a
hypothesis in cohomology. ...when Larry was editor
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A tool: the variety of representations

Want to deform incomplete metricson M = C — X
that completes in a cone manifold.

X3 = H3, R3orS?

Dev: M — X3 (loc. isometry)

hol: mi (M) — Isom™(X3) (representation)

Dev(vy - x) = hol(v)(Dev(x))
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A tool: the variety of representations

Want to deform incomplete metricson M = C — X
that completes in a cone manifold.

X3 —H?3, R3orS?

Dev: M — X3 (loc. isometry)

hol: mi (M) — Isom™(X3) (representation)

Dev(v - ) = hol(v)(Dev(x))

1 Study X (M, G) = hom(m (M), G)/G for G = Isom™ (X3)

2 From representations, deform the structures in M
that complete in cone manifolds.
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1%

SU(2)

Isometries of S3: Spin(4)

Ql o

(a,b) €S> CC?*— (% 2) € SU(2)
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Isometries of S3: Spin(4)

$3 > SU(2) (a,b) € S C C2 (% 2) € SU(2)
SU(2) — SU(2)

SU(2) x SU(2) = Spin(4) Vp,q € SU(2)
—1
xr — pxq
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Isometries of S3: Spin(4)

$3 > SU(2) (a,b) € S C C2 (% 2) € SU(2)
SU(2) — SU(2)

SU(2) x SU(2) = Spin(4) Vp,q € SU(2)
—1
xr — pxq

Spin(3) = SU(2)C SU(2) x SU(2) diagonal (preserves Re(a) = 0).
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Isometries of S3: Spin(4)

$3 > SU(2) (a,b) € S C C2 (% 2) € SU(2)

SU(2) x SU(2) = Spin(4) SU@E) = SU(2)1 Vp,q € SU(2)
r — prq
Spin(3) = SU(2)C SU(2) x SU(2) diagonal (preserves Re(a) = 0).

(p, q) Is a rotation of angle 6 tr(p) =tr(q) = £2cos(6/2).

. . —1 . .
et 0 . a b . B0 . ez(a—ﬂ)a ez(a—{—,@)b
0 e @ —b a 0 e P T\ _ei(ma=B)f gi(—a+B) g
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Isometries of S3: Spin(4)

$3 > SU(2) (a,b) € S C C2 (% 2) € SU(2)

SU(2) x SU(2) = Spin(4) S U(Qi : j xU(EQ_)l Vp, q € SU(2)

Spin(3) = SU(2)C SU(2) x SU(2) diagonal (preserves Re(a) = 0).
(p, q) is a rotation of angle ¢ tr(p) =tr(q) = £2cos(6/2).

X(M,SU(2)) = hom(m (M),SU(2))/SU2), M =C - X
Hol. reps. of M in:

{(p7,p7) € X(M,SU(2)) x X(M,SU(2)) | tr(p™ (i) = tr(p (1))}
{p1, ..., un} = meridians of circles and axis of X
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Isometries of H?: SLy(C)

Isom™ (H?) = PSL,(C) (6H? = P1(C)). Isom™ (H3) = SLy(C)
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Isometries of H?: SLy(C)

Isom™ (H?) = PSL,(C) (6H? = P1(C)). Isom™ (H3) = SLy(C)

SU(2)C SLo(C) stabilizer of a point.
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Isometries of H?: SLy(C)

Isom™ (H?) = PSL,(C) (6H? = P1(C)). Isom™ (H3) = SLy(C)
SU(2)C SLo(C) stabilizer of a point.

A € SL,(C) is a rotation of angle 6 tr(A) = +2cos(0/2).

<e"‘;/2 6_99/2) has trace + 2 cos(6/2)
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Isometries of H?: SLy(C)

Isom™ (H?) = PSL,(C) (6H? = P1(C)). Isom™ (H3) = SLy(C)
SU(2)C SLo(C) stabilizer of a point.
A € SL,(C) is a rotation of angle 6 tr(A) = +2cos(0/2).

X(M,SLy(C)) = hom(m (M), SL2(C))//SL2(C)
Hol. reps. of M In:

{p € X(M,SLy(C)) | tr(p(p:)) € (=2,2) C R}

{u1, ..., un} = meridians of edges and circles of X
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Isometries of H?: SLy(C)

Isom™ (H?) = PSL,(C) (6H? = P1(C)). Isom™ (H3) = SLy(C)
SU(2)C SLo(C) stabilizer of a point.
A € SL,(C) is a rotation of angle 6 tr(A) = +2cos(0/2).

X(M,SLy(C)) = hom(m (M), SL2(C))//SL2(C)
Hol. reps. of M In:

{p € X(M,SLy(C)) | tr(p(p:)) € (=2,2) C R}

{u1, ..., un} = meridians of edges and circles of X

X (M, SLy(C)) C C? algeb. and X (M, SU(2)) C X (M, SLy(C)) N RY
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Summary

oint Image of u;
Isom™ (X3) P Je otk
stabilizer IS a rotation
H® SL>(C) SU(2) tr(p)(ps) € (—=2,2)
S3 | SU(2) x SU(2) | diagonal subg. | tr(p*)(us) = tr(p™)(u;)
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Summary

oint Image of u;
Isom™ (X3) P Je otk
stabilizer IS a rotation
H® SL>(C) SU(2) tr(p)(ps) € (—=2,2)
S3 | SU(2) x SU(2) | diagonal subg. | tr(p*)(us) = tr(p™)(u;)

What about Isom™ (R3) ?
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Isometries of R3: Rotational part and translations

R® — Isom™(R3) — SO(3)
o)y =Ax+b — A
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Isometries of R3: Rotational part and translations

R® — Isom™(R3) — SO(3)
o)y =Ax+b — A

R3 — Isom™ (R3) 22{ sU(2)
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Isometries of R3: Rotational part and translations

R3 — Isom ™ (R3) 224 SU(2)

We view pg = ROT o hol : mi(M) — SU(2) as representation
in the stabilizer of a point in S° or H?.
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Isometries of R3: Rotational part and translations

R3 — Isom ™ (R3) 224 SU(2)

We view pg = ROT o hol : mi(M) — SU(2) as representation
in the stabilizer of a point in S° or H?.

TRANS:Isom™ (R3) — R? is a cocycle:
gbl (SU) = A1£U —+ bl, ¢2(£B) = AQSL‘ —+ bg, qﬁl(qbg(a:‘)) = AlAQCU + (bl + A2b2)
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Isometries of R3: Rotational part and translations

R3 — Isom ™ (R3) 224 SU(2)

We view pg = ROT o hol : mi(M) — SU(2) as representation
in the stabilizer of a point in S° or H?.

TRANS:Isom™ (R3) — R? is a cocycle:
gbl (SU) = A1£U —+ bl, gbg(x) = AQSC —+ b2, ¢1(§b2(£€)) = A1A2£U + (bl + A2b2)

A. Weil: TZ24" X (M, SU(2)) = HY (11 M, su(2) aq,,) su(2) =R’

[
pe(v) = po(v)(Id +td(v) + O(t?))  d: mM — su(2)aa,, cocycle

Euclidean holonomy: (pg, v), with v € Tj, 1 X (M, SU(2))
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Summary

Isom ™ (X3) point Image of p;
stabilizer IS a rotation
H? SL,(C) SU(2) tr(p)(u;) € (—2,2)
S3  SU(2) x SU(2) | diagonal subg. | tr(p*) (i) = tr(p™)(u;)
ps (L)

T X(M, SU(2))
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Summary

oint Image of u;
Isom™ (X3) P Je otk
stabilizer IS a rotation
H° SL>(C) SU(2) tr(p)(us) € (—=2,2)
S3  SU(2) x SU(2) | diagonal subg. | tr(p*) (i) = tr(p™)(u;)
N
R (6], v) (0.0 It (5) = 0

T X(M, SU(2))
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Summary

Tsom ™ (X5) point .image of. Lb;
stabilizer IS a rotation
H? SL,(C) SU(2) tr(p)(u;) € (—2,2)
S3  SU(2) x SU(2) | diagonal subg. | tr(p*) (i) = tr(p™)(u;)
s (elv)in o
B X (M.SU) (p,0) dtr,, (v) =0

o In all cases: tr(p(u;)) = £2cos %
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Summary

Tsom ™ (X5) point .image of. Lb;
stabilizer IS a rotation
H? SL,(C) SU(2) tr(p)(u;) € (—2,2)
S3  SU(2) x SU(2) | diagonal subg. | tr(p*) (i) = tr(p™)(u;)
s (elv)in o
B X (M.SU) (p,0) dtr,, (v) =0

o In all cases: tr(p(u;)) = £2cos %

X (M, SU(2)) C X(M,SLy(C))

try,

» Objects to be studied: {
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Example: the figure eight knot

e (Hilden-Lozano-Montesinos) . 5
hyperbolic if o < 5F

Euclidean if o = %ﬂ

spherical if 28 < o <

)

there is a cone metric on S°
with singular locus the figure

eight knot and cone angle «

(67
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Example: the figure eight knot

e (Hilden-Lozano-Montesinos) . 5
_ _ hyperbolic if o < 5F
there is a cone metric on S° o

Euclidean if a = =

with singular locus the figure e
spherical if 5 < a <7

eight knot and cone angle «

©

X(M,SLy(C)) ={(z,y) € C* | 2* = (y* — 1)(xz — 1)} withy=tr,

M=283-K

dy vanishes on (z,y) = (0,£2cos(7/3)) = (0, +1)
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Example: the figure eight knot

M=S5-K
X(M,SLy(C)) ={(z,y)C* | 2® = (y* - )(z — 1)} withy =tr,
dy vanishes on (z,y) = (0,£2cos(7/3)) = (0, +1)
Set y = £2cos(a/2) and look at:
y ' (R) ={(z,y) € X(M,SLy(C)) |y € R}

tru

2;/3 %a
Locally, y=1—2 +-... -y~ (R)~ RUV/—IR
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Example: the figure eight knot

t’rﬂ

27 /3 o
LocaIIy,yzl—f”z—2+---. y 1 (R)~ RUV—1R
(pt, p,) spherical hol..
po. hyperbolic hol. (p, with opposite orientation).
p2r /3 rotational part of Euclidean hol.

CAS szw/3

X (M, SU(2)) translations of Euclidean hol.
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Example: the figure eight knot

try,

27 /3 o
Locally,y:1—§+---. y 1 (R)~ RUV—1R
(pt, p,) spherical hol..
po. hyperbolic hol. (p, with opposite orientation).
p2r /3 rotational part of Euclidean hol.

veTy, ,X(M,SU(2))translations of Euclidean hol.
isom(X?) = s0(3) ® T, X3
Im(%py,) = v slo(C) = su(2) & su(2)v/—1
d d

daPat — q@aPas =V su(2) x su(2) = diagonal ¢ antidiagonal.
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Steps to build local deformations.

po = ROT o hol smooth point of X (M, SU(2)) and X (M, SLy(C)).
Moreover X(M,SLs(C)) NR? = X (M, SU(2)) locally.

(tr,y, - tr,,y) lOCc. equiv. to (21,...,2n) — (23, 22,...,2N).
Moreover v = [TRANS o hol] spans ker(dtr,,,...,dtr,,) = R.
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Steps to build local deformations.

po = ROT o hol smooth point of X (M, SU(2)) and X (M, SLy(C)).
Moreover X(M,SLs(C)) NR? = X (M, SU(2)) locally.

(tr,y, - tr,,y) lOCc. equiv. to (21,...,2n) — (23, 22,...,2N).
Moreover v = [TRANS o hol] spans ker(dtr,,,...,dtr,,) = R.

1+2 — the rep. spaces and ¢r,,, are the right ones.

X (M, SU(2))

tr“
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Steps to build local deformations.

po = ROT o hol smooth point of X (M, SU(2)) and X (M, SLy(C)).
Moreover X(M,SLs(C)) NR? = X (M, SU(2)) locally.

(tr,y, - tr,,y) lOCc. equiv. to (21,...,2n) — (23, 22,...,2N).
Moreover v = [TRANS o hol] spans ker(dtr,,,...,dtr,,) = R.

1+2 — the rep. spaces and ¢r,,, are the right ones.
X (M,SU(2))

tr

0 Deforming.(EucIidean cone 3-manifolds into hyperbolic and spherical ones — p.14/20



Steps to build local deformations.

po = ROT o hol smooth point of X (M, SU(2)) and X (M, SLy(C)).
Moreover X(M,SLs(C)) NR? = X (M, SU(2)) locally.

try. ... tr loc. equiv. to (zq,... 22 29, ... ZN).
151 M N 1

Moreover v = [TRANS o hol| spans ker(dt'rm, oo dtr,,y) =2 R

1+2 — the rep. spaces and ¢r,,, are the right ones.

Deformations of representations induce deformations of

structures. (Conditions on infinitessimal isometries)
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L? cohomology

Tipo) X (M, SU(2)) = H' (71 M; su(2) aa,,) = H'(M;TM)
v <+— [TRANSohol <+— [id]

(Weil and su(2) 44, = R?)
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L? cohomology

Tipo) X (M, SU(2)) = H' (71 M; su(2) aa,,) = H'(M;TM)
v <+— [TRANSohol <+— [id]

Theorem (Weiss): | H} (M;TM) ={w € Q'(M;TM) | Vw = 0}
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L? cohomology

Tipo) X (M, SU(2)) = H' (71 M; su(2) aa,,) = H'(M;TM)
v <+— [TRANSohol <+— [id]

Theorem (Weiss): | H} (M;TM) ={w € Q'(M;TM) | Vw = 0}

Conseguences:
o HI,(M;TM) = (id) 2 R (C not almost-product)
o0 — HY(M;TM)— HYOM;TM)  (OM = IN (D))

HY(M,dM;TM) — HYM:;TM) — HY(OM;TM)

¢ /!
HL,(M;TM)

id non-trivial in H(OM; TM).
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[po] = ROT o hol is a smooth point of dim N

ar X (M, SU(2))= dimg H'(M;TM) =

: Z
dimg H'(OM;TM) = N

0— H'(M;TM) - H*(OM:;TM) — H*(M,0M;TM) — 0
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[po] = ROT o hol is a smooth point of dim N

dimg 729" X (M, SU(2))= N

[

0— H'(M;TM) — H(OM;TM) — H*(M,0M;TM) — 0

Elements in 7% X (M, SU(2)) could be non-integrable.

There is an infinite sequence of obstructions in H?(mw; M, su(2)).
0— H*(M;TM) — H*(OM:;TM) — 0

Obstructions are natural and vanish for surfaces
they vanish for 7w M.
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[po] = ROT o hol is a smooth point of dim N

dimg 729" X (M, SU(2))= N

0— H'(M;TM) — H(OM;TM) — H*(M,0M;TM) — 0

Elements in 7% X (M, SU(2)) could be non-integrable.

There is an infinite sequence of obstructions in H?(mw; M, su(2)).
0— H*(M;TM) — H*(OM:;TM) — 0

Obstructions are natural and vanish for surfaces
they vanish for 7w M.

As slo(C) = su(2) xgr C, the same argument gives:
smooth point of X (M, SL,(C))
locallly X (M, SU(2)) is the real part of X (M, SL,(C))
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Trace map

e \Want to see:
(tryy,-- - tru ) lOC. equiv. to (21, ..., 2n) — (23,22, .., 2N).
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Trace map

e \Want to see:
(tryy,-- - tru ) lOC. equiv. to (21, ..., 2n) — (23,22, .., 2N).
ker(dtr,,,...,dtr,,) = (v) = ((I'RANS o hol|]) = (ud) = R.

because hol(u;) is a rotation.
because ker C H7,(M;TM).
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Trace map

e \Want to see:
(tryy,-- - tru ) lOC. equiv. to (21, ..., 2n) — (23,22, .., 2N).

ker(dtr,,,...,dtr,,) = (v) = ((I'RANS o hol|]) = (ud) = R.

because hol(u;) is a rotation.
because ker C H7,(M;TM).

Up to permutation, dtr,,,...,dtr,, linearly independent.
C =A{[p] € X(SLa(C)) | tru,(p) = cti, i =2,..., N} complex curve

dtry,|c =0 = tr, |c constantor z — 2% k> 2
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Trace map

e \Want to see:
(tryy,-- - tru ) lOC. equiv. to (21, ..., 2n) — (23,22, .., 2N).

ker(dtr,,,...,dtr,,) = (v) = ((I'RANS o hol|]) = (ud) = R.

because hol(u;) is a rotation.
because ker C H7,(M;TM).

Up to permutation, dtr,,,...,dtr,, linearly independent.
C =A{[p] € X(SLa(C)) | tru,(p) = cti, i =2,..., N} complex curve

dtry,|c =0 = tr, |c constantor z — 2% k> 2

k=2
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ker{dtr,,,...,dtr, ) = (v) = ([TRANS o hol]) = (id) = R.
H1 KN
dtr,|c =0 = tr,,|c constantor z — 2% k > 2

Lema k = 2
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ker(dtr,,,...,dtr,,) = (v) = ((I'TRANS o hol]) = (ud) = R.
dtr,|c =0 = tr,,|c constantor z — 2% k > 2
k=2

If k = 3, then tr,,,|; " (R) has 4 paths satisfying Im(%-p,,) = v.
they give hyperbolic cone mflds. and contradict Schafli.

tru1|c_1(R) V—=T1uv R
Zr>23
> R .

X (M,SU(2))

e
— > Q1
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ker(dtr,,,...,dtr,,) = (v) = ((I'TRANS o hol]) = (ud) = R.
dtr,|c =0 = tr,,|c constantor z — 2% k > 2
Lema k = 2

If k = 3, then tr,,,|; " (R) has 4 paths satisfying Im(%-p,,) = v.
they give hyperbolic cone mflds. and contradict Schafli.

tru, |C_1(R) V=T1v R
Z> 23
> R I X > Q7

.
X (M,SU(2))

isom(X?) = s0(3) ® T,X3
slo(C) = su(2) @ su(2)v/—1

o Im(%; pa,) =
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ker(dtr,,,...,dtr,,) = (v) = ((I'TRANS o hol]) = (ud) = R.
dtr,|c =0 = tr,,|c constantor z — 2% k > 2
k=2

If k = 3, then tr,,,|; " (R) has 4 paths satisfying Im(%-p,,) = v.
they give hyperbolic cone mflds. and contradict Schafli.

tru1|c_1(R) V—=T1uv R
Zr>23
> R .

X (M,SU(2))

—~
I N

isom(X?) = s0(3) ® T,X3
slo(C) = su(2) @ su(2)v/—1

Schlafli: K dVol(Cy) = £11; d oy = a1 must decrease
because we go from K Vol =0to K Vol < 0. !

I’m(j—apao) =
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Regeneration conditions

— N—"

Fix p e X° (= H? or S?). SU(2) = SO(3) stabilizer of p.
v=|TRANS o hol]

Im(ﬁ—apao) =V

d _da_ —
%pag' dapaa_fv

tr“

a0 (83
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Regeneration conditions

— N—"

Fix p € X3 (= H? or S?). SU(2) = SO(3) stabilizer of p.

v=|TRANS o hol]

Im(ﬁ—apao) =V
d

A

d _
daPot — daPa- =V su(2) x su

X(M,SU(2))
V—Tu.— hyp. region W
T X(M,SU(2))

1
=

S
|
=
Y

Q
O
S
D
D
Q
S
=3
S
Y

Q
O
S
D

tr\
s
<
QO
.
2
e

0] T
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Regeneration conditions

— N

Fix p e X° (= H? or S?). SU(2) = SO(3) stabilizer of p.
v=|TRANS o hol]

isom(X?) = s0(3) ® T, X3
Im(ﬁ—apao) = slo(C) = su(2) @ su(2)v/—1
g—aﬂag - le—a/)ag = su(2) x su(2) = diagonal & antidiagonal.

o Identify 7,X> = R> and use
exp,: T,X3 — X? and homotheties to pass from R to X°.
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What happens to the Borromean rings?

S MO 8

The theorem doesn’t apply because it is almost-product: can deform in
product geometries H?> x R and S? x R (o = 8 = 7, deform ~).
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What happens to the Borromean rings?

Ry - -
=RuROR:

The theorem doesn’t apply because it is almost-product: can deform in
product geometries H?> x R and S? x R (o = 8 = 7, deform ~).

If we impose o = 8 = v, then we have deformations in H® and S?,
because the theorem applies to the quotient by an action of Z/3Z
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