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� More natural transition Euclidean-spherical in the proof of
the orbifold theorem (in particular without Ricci flow...).
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Steps of the proof:

� 1. Local deformations of Euclidean structures and
“regeneration" into hyperbolic or spherical.

� 2. Global results in
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� Step 2 uses ideas from Boileau-Leeb-P. and Cooper-Hodgson-
Kerckhoff in the orbifold thm. and a local rigidity thm. of Weiss.
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Summary
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Summary
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 � �� � � � � � � � � � � 
 � 
 �

� � �� �
 � � �� �
 �

diagonal subg.
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What about
� � � � � � � � �

?
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� � � � � � � � � � ��
�
 �� �
 �

� We view � � � � � ��� 
 � � � � � � � � 
 �� �
 �

as representation
in the stabilizer of a point in

� �

or

� �

.
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.

� � � � � � � �

� � � � � � � � � 
 � �

is a cocycle:

� � � 
 � � � � 
 � � �� �� � 
 � � �� 
 � �� ,
� � � �� � 
 � � � � � �� 
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 � � � � � � � � 
 �� �
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as representation
in the stabilizer of a point in

� �

or

� �
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� � � � � � � �

� � � � � � � � � 
 � �

is a cocycle:

� � � 
 � � � � 
 � � �� �� � 
 � � �� 
 � �� ,
� � � �� � 
 � � � � � �� 
 � � � � � �� �� �

� A. Weil:

� � 	 ���� � �
� � �� �� �
 � �� � � � � � � �� � � �
 �	� 
�� �
� � � �
 � � � � �

� � � � � � � �
� � � �
 � � � � � � � � � � �� � � � � � � �
 � � �
 �	� 
� � cocycle

Euclidean holonomy:

��� � � � �

, with� � � ��� � �
� � �� �� �
 � �
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 � 
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diagonal subg.
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Summary
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image of � �
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�� � �� � �

in

� � � �� �� �
 � �

� � � � � � ��
� � �� � � �

� In all cases:

�� � � � � � � � � �
 �� � � ��

� Objects to be studied:
�

�
�

� � �� �� �
 � � � � � �� � �� � � � �

��
� �
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Example: the figure eight knot

� (Hilden-Lozano-Montesinos)

there is a cone metric on

� �

with singular locus the figure

eight knot and cone angle �

�
��
�

�
��
�

�

hyperbolic if � � � ��

Euclidean if � � � ��

spherical if
� �� � � � �

PSfrag replacements
�
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there is a cone metric on

� �

with singular locus the figure

eight knot and cone angle �

�
��
�

�
��
�

�

hyperbolic if � � � ��

Euclidean if � � � ��

spherical if
� �� � � � �

PSfrag replacements
�

� � � � � �

� � �� � �� � � � � � � � 
� �
� � � � � 
� � �

�
� � � � � 
 � � � �

with � � ��
�

� Remark:

�
� vanishes on

� 
� �
� � �� � �
 � � � � �� � � � � �� � � � �
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Example: the figure eight knot

� � � � � �

� � �� � �� � � � � � � � 
� �
� � � � 
� � �

�
� � � � � 
 � � � �

with � � ��
�

� Remark:

�
� vanishes on

� 
� �
� � �� � �
 � � � � �� � � � � �� � � � �

� Set � � �
 �� � � �� 
 �

and look at:

� 
 � � � � � � � 
� �
� � � � �� � �� � � � � �

� � � �
PSfrag replacements

� ��
� ��

� � � � 	

� � 
 � ��

� ���

� � �� �� �
 � �

� �
� �

�

Locally, � � � � ��� �
� � � . � � 
 � � � � � � � � � � �
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Example: the figure eight knot

PSfrag replacements

� ��
� ��

� � � � 	

� � 
 � ��

� ��

� � �� �� �
 � �

� �
� �

�

Locally, � � � � ��� �
� � � . � � 
 � � � � � � � � � � �

� ��� �
� � � 
�

�

spherical hol..

� � � hyperbolic hol. (� � with opposite orientation).

� � � � 
 � rotational part of Euclidean hol.

�� � �� � � � 	 � � �� �� �
 � �
translations of Euclidean hol.
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 � � � � � � � � � � �

� ��� �
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� � � � 
 � rotational part of Euclidean hol.

�� � �� � � � 	 � � �� �� �
 � �
translations of Euclidean hol.

�
�

�


 � � 


 � � � �

� ��




 � � � �� �




 � � � �� ��

�� � � � � � � � � � �� � � �
�

� �

�
�

�
� �� � � � � � � �
 � � � � �
 � � � �

� � �
 � � � � �
 � � diagonal

�

antidiagonal.
Deforming Euclidean cone 3-manifolds into hyperbolic and spherical ones – p.13/20



Steps to build local deformations.

1. � � � � � ��� 
 � �

smooth point of

� � �� �� �
 � �

and
� � �� � �� � � � �

.
Moreover

� � �� � �� � � � � � �� � � � �� � � �
 � �

locally.

2.

� ��
�� � � � � � ��
��

�

loc. equiv. to

��� ��� � � � � � � � �
 � � �
� � � � � � � � � � � �

.
Moreover� � � � � � � �� 
 � � �

spans

��� � � � ��
�� � � � � � � ��
��

� � � �

.
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1+2 � the rep. spaces and
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� � are the right ones.
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�
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loc. equiv. to
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spans
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1+2 � the rep. spaces and

��
� � are the right ones.

3. Deformations of representations induce deformations of

structures. (Conditions on infinitessimal isometries)
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��

cohomology

� ��� � �
� � �� � � �
 � �� � � � � � � ��� � � �
 � � 
� �
� � � � � � ��� � � �

� �
 � � � � � � � 
 � � � �
 � � � �

(Weil and � � �
 � � 
� � � �
� )
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cohomology

� ��� � �
� � �� � � �
 � �� � � � � � � ��� � � �
 � � 
� �
� � � � � � ��� � � �

� �
 � � � � � � � 
 � � � �
 � � � �

Theorem (Weiss):

� ��
� �

� ��� � � � � � � � � � � � � � � � � � � � � �
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cohomology
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� � � � � � ��� � � �

� �
 � � � � � � � 
 � � � �
 � � � �

Theorem (Weiss):

� ��
� �

� ��� � � � � � � � � � � � � � � � � � � � � �

Consequences:

� � �
� � � ��� � � � � � � � � � � �

(
�

not almost-product)

� � 
 � � � ��� � � � 
 � � � � ��� � � �
(

� � � � � � � � �

)

� � � �� � ��� � � � �
 � � � ��� � � � 
 � � � � ��� � � �

� �

� �
� � � � � � � �

� �

non-trivial in

� � � � ��� � � �

.
Deforming Euclidean cone 3-manifolds into hyperbolic and spherical ones – p.15/20



� � �
� � � � ��� 
 � �

is a smooth point of dim
�

� � � � �

� � 	 ���� � �
� � �� �� �
 � � � � � � �

� � � ��� � � � �

�
� � � � �

� � � � ��� � � � � �

� 
 � � � ��� � � � 
 � � � � ��� � � � 
 �� � �� � ��� � � � 
 �
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� � �
� � � � ��� 
 � �

is a smooth point of dim
�

� � � � �

� � 	 ���� � �
� � �� �� �
 � � � �

� 
 � � � ��� � � � 
 � � � � ��� � � � 
 �� � �� � ��� � � � 
 �

� Elements in

� � 	 ���� � � � �� �� �
 � �

could be non-integrable.

There is an infinite sequence of obstructions in

�� � � � �� � � �
 � �

.

� 
 �� � ��� � � � 
 �� � � ��� � � � 
 �

Obstructions are natural and vanish for surfaces

� they vanish for � � �
.
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could be non-integrable.

There is an infinite sequence of obstructions in

�� � � � �� � � �
 � �

.

� 
 �� � ��� � � � 
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 �

Obstructions are natural and vanish for surfaces

� they vanish for � � �
.

� As � �� � � � � � � �
 � � �

�
, the same argument gives:

� smooth point of

� � �� � �� � � � �

� locallly
� � �� �� �
 � �

is the real part of

� � �� � �� � � � �
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Trace map

� Want to see:

� ��
�� � � � � � ��
��

�

loc. equiv. to

��� �� � � � � � � � �
 � � �
� � � � � � � � � � � �

.
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Trace map

� Want to see:

� ��
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��

�

loc. equiv. to

��� �� � � � � � � � �
 � � �
� � � � � � � � � � � �

.

Lema

��� � � � ��
�� � � � � � � ��
��

� � �� � � � � � � � � �� 
 � � � � � � � � � � � �

.

�

because


 � � � � � �

is a rotation.

�

because

��� � � � �
� � � ��� � � �

.
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Trace map

� Want to see:
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��

�

loc. equiv. to
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 � � �
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.

Lema

��� � � � ��
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��

� � �� � � � � � � � � �� 
 � � � � � � � � � � � �

.

�

because


 � � � � � �

is a rotation.

�

because

��� � � � �
� � � ��� � � �

.

� Up to permutation,

� ��
�� � � � � � � ��
�� linearly independent.

� � � � � � � � � � �� � � � � � ��
� � ��� � � � � �� � � 
 � � � � � � �

complex curve

� ��
��

�
� � � � ��

��
�

� constant or � �
 � �
� � � 


Deforming Euclidean cone 3-manifolds into hyperbolic and spherical ones – p.17/20



Trace map

� Want to see:

� ��
�� � � � � � ��
��

�

loc. equiv. to

��� �� � � � � � � � �
 � � �
� � � � � � � � � � � �

.

Lema

��� � � � ��
�� � � � � � � ��
��

� � �� � � � � � � � � �� 
 � � � � � � � � � � � �

.

�

because


 � � � � � �

is a rotation.

�

because

��� � � � �
� � � ��� � � �

.

� Up to permutation,

� ��
�� � � � � � � ��
�� linearly independent.

� � � � � � � � � � �� � � � � � ��
� � ��� � � � � �� � � 
 � � � � � � �

complex curve

� ��
��

�
� � � � ��

��
�

� constant or � �
 � �
� � � 


Lema

� � 

Deforming Euclidean cone 3-manifolds into hyperbolic and spherical ones – p.17/20



� � 


��� � � � ��
�� � � � � � � ��
��

� � �� � � � � � � � � � � 
 � � � � � � � � � � � �
.

� ��
��

�
� � � � ��

��
�

� constant or � �
 � �
� � � 


Lema

� � 

Deforming Euclidean cone 3-manifolds into hyperbolic and spherical ones – p.18/20



� � 


��� � � � ��
�� � � � � � � ��
��

� � �� � � � � � � � � � � 
 � � � � � � � � � � � �
.

� ��
��

�
� � � � ��

��
�

� constant or � �
 � �
� � � 


Lema

� � 


If

� � �

, then
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has 4 paths satisfying

 � � 


 � � � �

� �� .
they give hyperbolic cone mflds. and contradict Schäfli.
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Regeneration conditions

Fix � � � � � � � �

or
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.
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and homotheties to pass from

� �

to

� �

.
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What happens to the Borromean rings?
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The theorem doesn’t apply because it is almost-product: can deform in
product geometries

�� � �

and

� � � �
( � � � � �, deform �).
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The theorem doesn’t apply because it is almost-product: can deform in
product geometries
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and

� � � �
( � � � � �, deform �).

If we impose � � � � �, then we have deformations in

� �

and

� �

,
because the theorem applies to the quotient by an action of
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