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Problem 1.

We dealt with Clifford algebras of direct sums of quadratic vector spaces.

Now we want to look at subspaces:

a) Show that a vector subspace W of a quadratic vector space (V,Q) natu-

rally inherits the structure of a quadratic subspace.

b) Is Cl(W,QW ) naturally a subalgebra of Cl(V,Q)?

Problem 2.

At some point we introduced the quadratic vector space V + V ∗. We just

need to give a vector space V and we have a canonical quadratic form in V +V ∗:

for X + α ∈ V + V ∗,

Q(X + α) = iXα.

This vector space has a very special basis: take any basis {ei} of V , and take its

dual basis {ei} in V ∗, i.e., the one such that ei(ej) = δij . Their union {ei}∪{ei}
is then a basis of V + V ∗, and hence a generating set of the Clifford algebra

Cl(V + V ∗).

a) Compute, in the Clifford algebra, (ei)
2, (ei)2, eiej + ejei, e

iej + ejei, and

eie
j + ejei.

Consider V ∗ ⊂ V + V ∗ and the subalgebra Cl(V ∗) ⊂ Cl(V + V ∗).

b) Do we have a model for Cl(V ∗) that we knew before Clifford algebras?

c) Is Cl(V ∗) a left ideal? In other words, is it preserved under the action of

elements X + α ∈ V + V ∗ by (left) Clifford multiplication?

Define S = Cl(V ∗)eΩ, where eΩ is a volume element for Cl(V ), i.e., eΩ =

e1 . . . en.

d) Is S a left ideal?

e) Describe the action of X+α ∈ V +V ∗ on S using part b) and well-known

operators.


