Generalized Geometry, an introduction
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There is no formal submission of the assignments but you are expected to work on them.

Problem 1. The exterior algebra A®*V* is formally defined as the quotient of
®°*V* by an ideal I. For ai,...,ar € V* we denote by a; A ... A ai the element
[a1 ®...® ag] € A*V*/I. Recall the identification given by

ag AN ag = Altg(ag @ ... @ ay) = Z sgn(0)e1 ® ... ® apl, € RV,
oceX)

which allows to see A®V* as a vector subspace of ®*V*. As we will mainly use this
representation, we will also denoted it by A*V*.
Prove that the product induced on A*V* C ®*V* corresponds to the wedge prod-

uct defined as follows: for decomposable
a=a;A...Nap € NPV™, B=PL1N...ABy €NV,
where o, 8; € V*, the product is given by
(Ao ANap) AN(Bi Ao ABg) =1 Ao Aap ABL AL A By,

and then it is extended linearly.

Problem 2. Lete!,e? € V* be linearly independent. From e!Ae? = el ®e?—e?®e!,
we see that el Ae? = —e? Ael. Is it also true that for a € APV*, B € ANTV*,

aNf=—-FANa?

Problem 3. Let V be 4-dimensional with basis (e, es,e3,€e4) and dual basis

(el e?,e3 et). Let
w=¢e'Ne?, W =etNe? +e? Aed, W=etne? +e3 et

be elements of A2V*, that is linear presymplectic structures. Regard them as maps

V — V* and tell if any of them is a linear symplectic structure.



Problem 4. Let V be an n-dimensional vector space.

e Compute the dimension of the vector spaces PV, SymP V., APV.

o Use the notation w™ :=w A ... Aw. Let n = 2m. Prove that the 2-form w € A2V*
—

m times
is non-degenerate if and only if w™ 0.

Problem 5. The contraction by X is the linear map ix : @*V* — ®F~1V* linearly

extending the correspondence
1 ®...0a;—~ (X)) ® ... Q a.

e Prove that the contraction maps AFV* onto A¥~1V* and find a formula for ix (a3 A

.../\Otk).

e Prove that ixixa = 0 for a € AFV*. What about ixixp for ¢ € @*V*?

Problem 6. Consider V' + V* with the canonical pairing
1
(X +0,Y +6) = 5 (50 + a(¥)).

Recall the notion of signature of a pairing and show that this pairing has signature
(n,n). Find bases of V 4+ V* such that the pairing is given by the matrix

o) = 62

Prove that the dimension of an isotropic subspace is at most dim V.

o

(SIS

Problem 7. Let w € ®2V* and 7 € w?V, regarded as maps V — V* and V* — V.
Denote by gr the graph of map, that is,

grw) ={X+wX)| X eV}, gr(a) ={r(a)+a|aecV*}.

Prove that
e w e A2V* if and only if gr(w) is maximally isotropic in V + V*.
e m € A2V if and only if gr(r) is maximally isotropic in V + V*.
Let L be a maximally isotropic subspace of V' 4+ V*. Prove that
e LNV*={0} if and only if L = gr(w) for a unique w € A2V*.

e LNV = {0} if and only if L = gr(m) for a unique ™ € A?V.



