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The canonical skew-symmetric pairing

(X +0,Y +8)_ = %(a(Y) —B(X)).

has always been there:

2.2. Dirac structures on manifolds. In §1 we saw that we could think of a Dirac
structure on a vector space V as a subspace L C ¥V @ V" which is isotropic
under { , ), . We now wish to extend some of the results of the linear case to
manifolds P. We may define natural symmetric and skew-symmetric pairings

on TP T P:
(2.2.1) (X, ), (Y, p), = 3(@(Y) +u(X)),
(2.2.2) (X, @), (Y, w)_ = (oY) - u(X)).

T. Courant. Dirac manifolds. TAMS, 1990.



The canonical skew-symmetric pairing

(X +a,Y +6)- = (al¥) - BX).

has always been there:

2.2. Dirac structures on manifolds. In §1 we saw that we could think of a Dirac
structure on a vector space V as a subspace L C ¥V @ V" which is isotropic
under { , ), . We now wish to extend some of the results of the linear case to
manifolds P. We may define natural symmetric and skew-symmetric pairings

on TP T P:
(2.2.1) (X, ), (Y, p), = 3(@(Y) +u(X)),
(2.2.2) (X, @), (Y, w)_ = (oY) - u(X)).

T. Courant. Dirac manifolds. TAMS, 1990.

Can we do Dirac and generalized complex geometry with the skew-symmetric pairing?



Lagrangian means now symmetric



Lagrangian means now symmetric

L =L+

Examples of real lagrangian are
gr(g) = {X +g(X): X € TM} for g € T'(Sym? TM).
gr(¥) = {9(a)+a:a€T*M} ford € X2,,,(M).
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Lagrangian means now symmetric

L =L+

Examples of real lagrangian are
gr(g) = {X +g(X) : X € TM} for g € Y2(M).
gr(¥) = {¥(a) + a: a € T*M} for ¥ € X2, (M).

sym

And examples of complex Lagrangian are
gr(—ig) = {X —ig(X): X € TM} for g € T(Sym? T'M).
To 1M @& Ty oM for a complex structure.

We will use the notation

T*(M) = P T(Sym* TM).
k=0
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e However:

1. The group of vector bundle automorphisms preserving ( , )+ and [, | is isomorphic to

Diff (M) x Q2
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Skew-symmetric pairing and the Dorfman bracket

e To do geometry, we also need a bracket.

e What about the Dorfman bracket?

X +a,Y+5]=[X,Y]+ LxB — tyda.

e However:
1. The group of vector bundle automorphisms preserving ( , )— and [, | is isomorphic to
Diff(M).
2. Analogues of generalized complex for ((, )—,[, ]) are just complex structures.

3. So everything becomes ordinary differential geometry.

We need a new bracket!
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)

Let V be a torsion-free connection on M, we introduce the symmetric derivative:

VY (M) — T*(M), Vo := (lo] + 1)sym(Vo).

Compare with the Dorfman bracket derivation: [[(X + «)-,d]g, (Y + B8)-Jgp = [X +a, Y + 8] - o.
de = (|| + 1) skew (V) for an auxiliary torsion-free connection ¥V on M.
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Let V be a torsion-free connection on M, we introduce the symmetric derivative:

VY (M) — T*(M), Vo := (lo] + 1)sym(Vo).
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Clifford becomes Weyl
e The space of symmetric forms Y® (M) becomes a Weyl(T'M & T* M )-module for (, )_

(X4+a)-oc:=1tx0+a®o.

It means: a-(b-o0)—b-(a-0)=—2(a,b)_o.

e Inspired by how we derive the Dorfman bracket: (X +a)-, ?]¢, Y +5) }g o.

Definition: Symmetric derivative !

)

Let V be a torsion-free connection on M, we introduce the symmetric derivative:

VY (M) — T*(M), Vo := (lo] + 1)sym(Vo).
e Now it works! (X +a) , VS, (Y +8)1=1lex, V], ey] +([tx, V] B) © +(ty VEa)O
THXY) s =Lx

Definition: V*-Dorfman bracket ]

(X +a,Y +8]s :=(X:Y)s+ LB+ 1y V.

Is there a symmetric version of Cartan calculus (d,¢,[,], L) behind this?

Compare with [X + o, Y + 8] := [X, Y]+ Lx B8 — tyda.
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Symmetric Cartan calculus — symmetric derivatives

Proposition

For every X € I'(T'), we have tx € Der_1(Y*(M)).

= On the space T*®(M), derivations are more natural than graded derivations!

,—( Proposition :

The assignment V +— V¥ gives the one-to-one correspondence:

torsion-free ~ D € Der1(Y*(M)) s.t.
affine connections [ < (DMHNI(X)=Xf ’

—( Proposition l

If dim M > 0, there is no D € Der; (Y*(M)) s.t. Do D = 0.

= A symmetric derivative V* is the only natural replacement for d.

= The theory depends on the choice of a torsion-free affine connection.
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Symmetric Cartan calculus — symmetric Lie derivatives

f—l Definition :

We introduce the symmetric Lie derivative w.r.t. X € I'(T):

£§S = [tx, V7]

.—( Proposition l

s d X
v — Y *
(£X% 0)m = atl,_, PQt,O(\II*t)\Pé(t(m)“o‘Pf((M)'

X

—» A T ¥ A T Y

— A A ¥y = Ta a7

U7t (m) : U3 (m)
X\ * t
(\I}*’)qlé\;(m)
l)’.;l.l]

— A T ¥y > Ta A v

— A A ¥y = a a7
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Symmetric Cartan calculus — symmetric brackets

f—l Definition :

We introduce the symmetric bracket
(1)s: x*I(T) = I(T), vxiyys = e VoL ey ]

,—( Proposition l

(X:Y)s=£Y Y =VxY +VyX.

A distribution A C T is called geodesically inv. if every geodesic v : I — M satisfies:
dtg € I s.t. "y(to) c A’v(to) = ’}’(t) € A’y(i) forallt e I.

R? R?

N\

a non geodesically inv. distribution a geodesically inv. distribution
By [Lewis, 1998], a distribution A < T is geodesically inv. iff (I'(A) : T(A))s CT(A).

Let us sum this up:



Classical Cartan calculus

[

Symmetric Cartan calculus

algebraic

features

graded-commutative algebra (Q2° (M), A)
graded derivations gDer(Q°®(M))
graded commutator [, |g

[tx,tylg =0

commutative algebra (T*(M), ®)
derivations Der(Y*®(M))
commutator [, |

[LX)LY] =0

differentials

exterior derivative d
canonical
(df)(X) = Xf
d € gDer (Q°(M))
[d,d]g =2dod =0 (non-trivial)

symmetric derivative V*
depending on the choice of V
(VS )(X) = X
V¢ € Deri (T®(M))
[V#, V5] =0 (trivial)

Lie derivatives
Lie derivative Ly := [tx,d]g symmetric Lie derivative L5, := [tx, V?]
d Xy d v X \*
atl, (W )mPwX (m) Gl B3 0 (T X0 () P ()
brackets

Lie bracket [X,Y]:=XoY —Y o X
ux,v) = [Lx,wvle, [X,Y]=LxY

foliations

symmetric (X : V) :=VxY + Vy X
Luxyy, = Loyl (X Y)s = L3Y

geodesically invariant distributions
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More information on:

Mouéka, R.
Symmetric Cartan calculus,
the Patterson-Walker metric
and symmetric cohomology

arxiv:2501.12442

A couple of comments:

1. Just as for the canonical symplectic form on T* M,
Wean = dorcan
we recover the so-called Patterson-Walker metric

gv = Viacan.

2. And we can talk about symmetric cohomology.

But that's a different talk...
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Back to TM @ T*M: symmetries of C,-generalized geometry

e The group of symmetries of (, )_:

Sp(M) :={(F,¢) € Aut(TM & T*M) | ¢*(Fa, Fb)_ = (a,b)_} ~* Sp(M)|,, = Sp(2n,R).

e Sp(2n,R) is a real form of Sp(n,C), a complex Lie group of Lie type C,.
e Examples: ¢ € Diff(M) ~= F,:= (@* (Lp_ol)*) € Sp(M).

CeT2(M) ~» Y= (lg 1((]1) € Sp(M). (C-transforms)

Proposition

The group of symmetries of C),-generalized geometry, i.e. the subgroup of automor-
phisms F € Sp(M) satisfying [Fa, Fb]s = Fla,b]s, is isomorphic to

Aff(M, V) x KillZ, (M).

o Affine diffeomorphisms:  Aff(M, V) := {¢ € Diff(M) |V, x0+Y = . VxY}.

e Killing r-tensors: Killg, (M) :={C € Y"(M)|V*C = 0}.
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Lagrangian subbundles

f—l Definition :

L <TM @& T*M is called a Cy-Dirac structure if it is Lagrangian w.r.t. {, )_ and

(T(L), D(L)]s € T(L)-

,—[ Example: Killing 2-tensors ]
Let K € Y2(M), gr(K) is a Cp-Dirac iff K is a Killing 2-tensor.

,—[ Example: geodesically invariant distributions }

Let A <TM, A®Ann A is a Cy-Dirac iff A is a geodesically invariant distribution.

]

—[ Example: symmetric Poisson structures )

Let ¥ € X2, (M), gr(9) is a Cp-Dirac iff (V, ) is a symmetric Poisson structure.
(These are degenerations of inverses of metrics. Integrability is expressed in terms
of Vs-Schouten bracket. Just as linear Poisson are related to Lie algebras, linear

symmetric Poisson are related to Jacobi-Jordan algebras.)
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C,.-generalized almost complex structures

Definition: C,-generalized almost complex structures (Cy,-gacs) }
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= J is a complex structure.
Do we have a curve of Cy,-gcs connecting a (pseudo-)Riemannian metric to a complex structure?

,—' Proposition = N

Let (M, J) be a complex manifold and g be a (pseudo-)Riemannian metric on M s.t.

g(JX,JY) = —g(X,Y), IVJ =0. (anti-Kéahlerian manifold)

Then we have a curve of C,-generalized complex structures given, for ¢t € [0, %] by

Jt :=sint Jj + cost Jy.
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Natural questions:

e Killing tensors interesting? We started to study symplectic/Poisson because of mechanics,
Killing tensors are used in general relativity (Carter tensor in Kerr-Newman spacetime),
integrable systems (separability of Hamilton-Jacobi eq.) and cosmology (FLRW spacetimes).

e Non-integrable distributions interesting? Geodesically invariant distributions are connected
to control theory. Distributions endowed with a metric are connected to subriemannian
geometry! (and symmetric Poisson structures are intriguing, soon on the arXiv!).

More to come...



Comparison with standard generalized geometry

Standard generalized geometry

H

C'n-generalized geometry

S (@) + (X))

Clifford algebra action on Q°(M)
BeQ?(M), X+a— X +a+u1xB

almost complex and almost symplectic

5 (@) = (X))
Weyl algebra action on YT* (M)
ceY?(M), X +a— X+a+1xC

almost complex and (pseudo-)Riemannian

canonical

V-dependent

[X, Y] + Lxp —yda
Diff(M) x Q2

closed (M)
complex structures

symplectic structures

(X :Y)s + LB + 1y Via
Aff(M, V) x KillZ, (M)
T(Tr0M) : T(T1,0M))s € I(T1,0M)

non-degenerate Killing 2-tensors
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Thank you for your attention!
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