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The canonical skew-symmetric pairing

⟨X + α, Y + β⟩− :=
1

2
(α(Y )− β(X)).

has always been there:

T. Courant. Dirac manifolds. TAMS, 1990.

Can we do Dirac and generalized complex geometry with the skew-symmetric pairing?
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Lagrangian means now symmetric

L = L⊥

Examples of real lagrangian are

gr(g) = {X + g(X) : X ∈ TM} for g ∈ Γ(Sym2 TM).

gr(ϑ) = {ϑ(α) + α : α ∈ T ∗M} for ϑ ∈ X2
sym(M).

And examples of complex Lagrangian are

gr(−ig) = {X − ig(X) : X ∈ TM} for g ∈ Γ(Sym2 TM).

T0,1M ⊕ T ∗
1,0M for a complex structure.

We will use the notation

Υ•(M) =
∞⊕

k=0

Γ(Symk TM).
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Skew-symmetric pairing and the Dorfman bracket

• To do geometry, we also need a bracket.

• What about the Dorfman bracket?

[X + α, Y + β] = [X,Y ] + LXβ − ιY dα.

• However:

1. The group of vector bundle automorphisms preserving ⟨ , ⟩+ and [ , ]

is isomorphic to

Diff(M) ⋉ Ω2
closed(M).

2. Analogues of generalized complex for (⟨ , ⟩−, [ , ]) are just complex structures.

3. So everything becomes ordinary differential geometry.

We need a new bracket!
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Clifford becomes Weyl

• The space of symmetric forms Υ•(M) becomes a Weyl(TM ⊕ T ∗M)-module for ⟨ , ⟩−

(X + α) · σ := ιXσ + α⊙ σ.

It means: a · (b · σ)− b · (a · σ) = −2⟨a, b⟩−σ.

• Inspired by how we derive the Dorfman bracket: [[(X + α) · , ? ]g, (Y + β) · ]g σ.

Definition: Symmetric derivative

Let ∇ be a torsion-free connection on M , we introduce the symmetric derivative:

∇s : Υ•(M)→ Υ•(M), ∇sσ := (|σ|+ 1)sym(∇σ).

• Now it works! [[(X + α) · ,∇s], (Y + β) · ] = [[ιX ,∇s], ιY ] + ([ιX ,∇s]β)⊙+(ιY∇sα)⊙

Definition: ∇s-Dorfman bracket

[X + α, Y + β]s := ⟨X : Y ⟩s + Ls
Xβ + ιY∇sα.

Is there a symmetric version of Cartan calculus (d, ι, [ , ], L) behind this?

Compare with the Clifford algebra action on Ω•(M): (X + α) · φ := ιXφ + α ∧ φ.
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Symmetric Cartan calculus – symmetric derivatives

Proposition

For every X ∈ Γ(T ), we have ιX ∈ Der−1(Υ•(M)).

⇒ On the space Υ•(M), derivations are more natural than graded derivations!

Proposition

The assignment ∇ 7→ ∇s gives the one-to-one correspondence:{
torsion-free

affine connections

}
∼←→

{
D ∈ Der1(Υ•(M)) s.t.

(Df)(X) = Xf

}
.

Proposition

If dimM > 0, there is no D ∈ Der1(Υ•(M)) s.t. D ◦D = 0.

⇒ A symmetric derivative ∇s is the only natural replacement for d.

⇒ The theory depends on the choice of a torsion-free affine connection.
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Symmetric Cartan calculus – symmetric Lie derivatives

Definition

We introduce the symmetric Lie derivative w.r.t. X ∈ Γ(T ):

£∇s

X := [ιX ,∇s].

Proposition

(£∇s

X σ)m =
d

dt

∣∣∣∣
t=0

P γ
2t,0(Ψ

X
−t)

∗
ΨX

2t(m)
φΨX

t (m).
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Symmetric Cartan calculus – symmetric brackets

Definition

We introduce the symmetric bracket

⟨ : ⟩s : ×2Γ(T )→ Γ(T ), ι⟨X:Y ⟩s := [[ιX ,∇s], ιY ].

Proposition

⟨X : Y ⟩s = £∇s

X Y

= ∇XY +∇Y X.

A distribution ∆ ⊆ T is called geodesically inv. if every geodesic γ : I →M satisfies:

∃t0 ∈ I s.t. γ̇(t0) ∈ ∆γ(t0) ⇒ γ̇(t) ∈ ∆γ(t) for all t ∈ I.

a non geodesically inv. distribution a geodesically inv. distribution

By [Lewis, 1998], a distribution ∆ ≤ T is geodesically inv. iff ⟨Γ(∆) : Γ(∆)⟩s ⊆ Γ(∆).

Let us sum this up:
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Classical Cartan calculus Symmetric Cartan calculus

algebraic features

graded-commutative algebra (Ω•(M),∧) commutative algebra (Υ•(M),⊙)
graded derivations gDer(Ω•(M)) derivations Der(Υ•(M))

graded commutator [ , ]g commutator [ , ]

[ιX , ιY ]g = 0 [ιX , ιY ] = 0

differentials

exterior derivative d symmetric derivative ∇s

canonical depending on the choice of ∇
(df)(X) = Xf (∇sf)(X) = Xf

d ∈ gDer1(Ω
•(M)) ∇s ∈ Der1(Υ•(M))

[d, d]g = 2d ◦ d = 0 (non-trivial) [∇s,∇s] = 0 (trivial)

Lie derivatives

Lie derivative LX := [ιX ,d]g symmetric Lie derivative Ls
X := [ιX ,∇s]

d

dt

∣∣∣∣
t=0

(ΨX
t )∗mφΨX

t (m)

d

dt

∣∣∣∣
t=0

P γ
2t,0(Ψ

X
−t)

∗
ΨX

2t(m)
φΨX

t (m)

brackets

Lie bracket [X,Y ] := X ◦ Y − Y ◦X symmetric ⟨X : Y ⟩s := ∇XY +∇Y X

ι[X,Y ] = [LX , ιY ]g, [X,Y ] = LXY ι⟨X:Y ⟩s = [Ls
X , ιY ], ⟨X : Y ⟩s = Ls

XY

foliations geodesically invariant distributions
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Moučka, R.
Symmetric Cartan calculus,
the Patterson-Walker metric
and symmetric cohomology

arxiv:2501.12442

A couple of comments:

1. Just as for the canonical symplectic form on T ∗M ,

ωcan = dαcan

we recover the so-called Patterson-Walker metric

g∇ = ∇̂sαcan.

2. And we can talk about symmetric cohomology.

But that’s a different talk...
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Back to TM ⊕ T ∗M : symmetries

of Cn-generalized geometry

• The group of symmetries of ⟨ , ⟩−:

Sp(M) := {(F , φ) ∈ Aut(TM ⊕ T ∗M) |φ∗⟨Fa,Fb⟩− = ⟨a, b⟩−}

⇝ Sp(M)|m ∼= Sp(2n,R).

• Sp(2n,R) is a real form of Sp(n,C)

, a complex Lie group of Lie type Cn.

• Examples: φ ∈ Diff(M)

⇝ Fφ :=

(
φ∗ 0
0 (φ−1)∗

)
∈ Sp(M).

C ∈ Υ2(M) ⇝ eC :=

(
id 0
C id

)
∈ Sp(M). (C-transforms)

Proposition

The group of symmetries of Cn-generalized geometry

, i.e. the subgroup of automor-
phisms F ∈ Sp(M) satisfying [Fa,Fb]s = F [a, b]s

,

is isomorphic to

Aff(M,∇) ⋉Kill2∇(M).

• Affine diffeomorphisms: Aff(M,∇) := {φ ∈ Diff(M) |∇φ∗Xφ∗Y = φ∗∇XY }.

• Killing r-tensors: Killr∇(M) := {C ∈ Υr(M) |∇sC = 0}.
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Lagrangian subbundles

Definition

L ≤ TM ⊕ T ∗M is called a Cn-Dirac structure if it is Lagrangian w.r.t. ⟨ , ⟩− and

[Γ(L),Γ(L)]s ⊆ Γ(L).

Example: Killing 2-tensors

Let K ∈ Υ2(M), gr(K) is a Cn-Dirac iff K is a Killing 2-tensor.

Example: geodesically invariant distributions

Let ∆ ≤ TM , ∆⊕Ann∆ is a Cn-Dirac iff ∆ is a geodesically invariant distribution.

Example: symmetric Poisson structures

Let ϑ ∈ X2
sym(M), gr(ϑ) is a Cn-Dirac iff (∇, ϑ) is a symmetric Poisson structure.

(These are degenerations of inverses of metrics. Integrability is expressed in terms
of ∇s-Schouten bracket. Just as linear Poisson are related to Lie algebras, linear
symmetric Poisson are related to Jacobi-Jordan algebras.)
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Cn-generalized almost complex structures

Definition: Cn-generalized almost complex structures (Cn-gacs)

A Cn-generalized almost complex structure is a subbundle L ≤ (TM ⊕ T ∗M)C s.t.

L ∩ L̄ = 0, L is Lagrangian w.r.t.⟨ , ⟩−.

• Examples: an almost complex structure J on M ⇝ LJ := T0,1M ⊕ T ∗
1,0M

a (pseudo-)Riemannian metric g on M ⇝ Lg := gr(−ig)

• There is the one-to-one correspondence{
Cn-generalized almost

complex structures on M

}
∼←→

{
Endomorphisms J ∈ End(TM ⊕ T ∗M) s.t.
J 2 = − id, ⟨J a,J b⟩− = ⟨a, b⟩−

}
.

Proposition

A Cn-gacs canonically determines:

– a distribution ∆ ⊆ TM ,

– a (pseudo-)Riemannian metric g on ∆,

– an almost complex structure J on TM/∆.

A Cn-gacs can be locally expressed as a C-transform of the direct sum of JJ and Jg .

Compare with standard gacs: L ≤ (TM ⊕ T∗M)C s.t.

L ∩ L̄ = 0 and L is maximally isotropic w.r.t. ⟨ , ⟩+

.

Examples: LJ = T0,1M ⊕ T∗
1,0M ,

an almost symplectic structure ω on M ⇝ Lω = gr(−iω).
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A Cn-gacs canonically determines:
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– an almost complex structure J on TM/∆.
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Cn-generalized complex structures

Definition: Cn-generalized complex structures (Cn-gcs)

A Cn-gacs L ≤ (TM ⊕ T ∗M)C is a Cn-generalized complex structure if

[Γ(L),Γ(L)]s ⊆ Γ(L).

• Examples: [Γ(LJ ),Γ(LJ )]s ⊆ Γ(LJ )

⇔ ⟨Γ(T1,0M) : Γ(T1,0M)⟩s ⊆ Γ(T1,0M),

[Γ(Lg),Γ(Lg)]s ⊆ Γ(Lg) ⇔ ∇sg = 0.

• In particular, ∇J = 0 and ∇g = 0

⇒ LJ and Lg are Cn-gcs,

⇒ J is a complex structure.

Do we have a curve of Cn-gcs connecting a (pseudo-)Riemannian metric to a complex structure?

Proposition

Let (M,J) be a complex manifold

and g be a (pseudo-)Riemannian metric on M s.t.

g(JX, JY ) = −g(X,Y ), g∇J = 0. (anti-Kählerian manifold)

Then we have a curve of Cn-generalized complex structures given, for t ∈ [0, π
2
], by

Jt := sin tJJ + cos tJg .
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Critical approach (take-home message)

New framework reaching Killing tensors, geodesically invariant distributions, symmetric Poisson
structures, pseudo-riemannian metrics and almost complex structures in even dimensions.

Main drawbacks: no spinor formalism available, (generally) lack of foliation.

Natural questions:

• Killing tensors interesting? We started to study symplectic/Poisson because of mechanics,
Killing tensors are used in general relativity (Carter tensor in Kerr-Newman spacetime),
integrable systems (separability of Hamilton-Jacobi eq.) and cosmology (FLRW spacetimes).

• Non-integrable distributions interesting? Geodesically invariant distributions are connected
to control theory. Distributions endowed with a metric are connected to subriemannian
geometry! (and symmetric Poisson structures are intriguing, soon on the arXiv!).

More to come...
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Critical approach (take-home message)

New framework reaching Killing tensors, geodesically invariant distributions, symmetric Poisson
structures, pseudo-riemannian metrics and almost complex structures in even dimensions.
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Comparison with standard generalized geometry

Standard generalized geometry Cn-generalized geometry

1

2
(α(Y ) + β(X))

1

2
(α(Y )− β(X))

Clifford algebra action on Ω•(M) Weyl algebra action on Υ•(M)

B ∈ Ω2(M), X + α 7→ X + α+ ιXB C ∈ Υ2(M), X + α 7→ X + α+ ιXC

almost complex and almost symplectic almost complex and (pseudo-)Riemannian

canonical ∇-dependent

[X,Y ] + LXβ − ιY dα ⟨X : Y ⟩s + Ls
Xβ + ιY∇sα

Diff(M) ⋉ Ω2
closed(M) Aff(M,∇) ⋉Kill2∇(M)

complex structures ⟨Γ(T1,0M) : Γ(T1,0M)⟩s ⊆ Γ(T1,0M)

symplectic structures non-degenerate Killing 2-tensors

Thank you for your attention!
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