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1 Introduction

These notes are an account on a reading seminar on the Jones—Wolff Theorem on the
dimension of harmonic measure, held at the Universitat Autonoma de Barcelona during
the fall of 2017. We found that some passages of the original paper [3] were somehow
hermetic, so that reconstructing the proofs in detail became a delicate task. There is
also a presentation of the Jones—Wolff Theorem in chapter 9 of the book “Harmonic
Measure” by Garnett and Marshall [2]. We have expanded the original exposition and
also that of the book to cover most of the details. We hope that this will be useful to
other readers of this deep and beautiful result.

Let K be a compact subset of the plane and let Cap(K) be its logarithmic capacity.
Then Cap(K) = e 7%, where vk is the minimal energy of a unit mass distribution
on K. The energy of a compactly supported positive Borel measure p is
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where the infimum is taken over all positive Borel measures supported on K having
total mass 1, that is, over all probability measures supported on K. It is a classical
result of potential theory that the previous infimum is indeed a minimum and that
there is a unique measure attaining the minimum, called the equilibrium measure.
The number v is also called the Robin constant of K. For example, the capacity of
a closed disc is the radius.

and

Assume that Cap(K) > 0 and set 2 = C*\ K, C* being the Riemann sphere. Let
w(-) = w(2,-,00) be the harmonic measure of Q0 with pole at infinity. If  is reg-
ular with respect to the Dirichlet problem (for example, if it has smooth boundary)
harmonic measure is defined as follows. Take a continuous function f on the bound-
ary 02 of Q0 and let u be the solution of the Dirichlet problem on  with boundary
values f. The mapping f — u(o0) is linear and bounded on the space of continuous
functions on 02 and hence, by Riesz representation theorem, there is a measure w
on 0f) satisfying

u(o0) = f(z)dw(z), feC(00Q).
o0N



This positive measure is the harmonic measure of €2. The same can be done replacing
the point at infinity with any point z in €2 and one obtains a harmonic measure dw,
satisfying

u(z) = - fw)dw,(w), feC(09).

If the domain €2 is not smoothly bounded one can use a limiting argument due to
Wiener to define harmonic measure [2].

The harmonic measure of the complement of a disc is the normalized arclength
measure on the boundary. If the domain is simply connected then one uses conformal
mapping in computing harmonic measure.

The notation we adopt for harmonic measure of the domain {2 with respect to
infinity is w(F) = w(Q, E,00), FE C 0.

It is known that w is precisely the equilibrium measure of K. The theorem of Jones
and Wolff asserts that w lives on a set of Hausdorff dimension less than or equal to
one.

Theorem (Jones—Wolff). Let K C C be a compact set of positive capacity and let
Q = C*\K. Then there is a set F C 0Q of Hausdorff dimension less than or equal
to 1 such that w(Q2, F,00) = 1.

Let us recall the definition of Hausdorff content associated with a measure func-
tion h(r) (a non-negative increasing continuous function on [0, co) satisfying h(0) = 0).
Let A be a subset of the plane. Then the Hausdorff content of A is

Mp(A) =inf Y h(rn),

where the infimum is taken over all coverings of A by a sequence (possibly finite) of
balls of radius 7.

The proof of the Theorem is reduced to showing a statement that looks a little
simpler.
Fix € > 0 and take h(r) = r!™¢ as a measure function. Then it is enough to show

For each n > 0 there is a set A C K with Mp(A) <n and w(K\A) <n. (1)

In fact this implies that for n > 0 there is a set A C K with M,(4) < n
and w(K\A) = 0, which in turn implies that there is A C K with M(A) = 0
and w(K\A) = 0. Now taking &, — 0, one gets sets 4, C K with M, (A,) =0
(hy(r) = ri*en) and w(K\A,) = 0. Letting ' = (A, we have M, (F) = 0, for

n
each n, which gives that the Hausdorff dimension of F' is less than or equal to one, and
w(K\F)=0.

We proceed now to describe a very rough sketch of the proof. One makes a reduction
to the case in which K is a finite union of pieces of small diameter and rather well
separated. Then one constructs an auxiliary compact K*, which is a finite union
of closed discs, using two special modification methods, which one calls “the disc
construction” and the “annulus construction”. It is crucial to compare the harmonic
measure associated with 2 and that associated with the new domain Q* = C*\ K*. This



is simple for the annulus construction, but much more delicate for the disc construction;
Lemma (1] below takes care of this issue. The gradient of the Green function g of Q*
with pole at oo can be estimated on some special curves surrounding K* and contained
in level sets of g. All these ingredients allow to estimate the harmonic measure of 2 in
terms of the integral of the gradient of g on these curves. Lemma [3|is the main tool
to end the proof estimating this integral in the appropriate way. An ingredient in the
proof of Lemma |3] yields in the limiting case, assuming 02 smooth, the formula
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where g is now the Green function of €2 with pole at oo, n is the unit exterior normal
to 0N and the & are the critical points of g. An heuristic, informal argument to un-
derstand that Jones—Wolff’s theorem is plausible proceeds as follows. Since g vanishes
on 9Jf) the tangential derivative of g vanishes too and Vg = %. The harmonic measure

is (in the smooth case)
1 dg
d = — —(2)ds.
w(z) 2m 8n(z) °
Assume that at the point z the “dimension” of w is d(z), which means that w(B(z,r)) ~
r¥2) B(z,r) being the disc of center z and radius 7. Since

g, . .. w(B(z1))
%(z) = ll_r)% o
we have .
lim o /8 (d(2) — 1) log(2r) do(z) = Ek:g(fk) + .

The right hand side is positive and thus the integrand in the left hand side of the
preceding identity should be non-negative, that is d(z) < 1, z € 99, and so, w lives in
a set of dimension not greater than 1.

The theorem of Jones—Wolff has been improved by T. H. Wolff in [4], where he
proves that the harmonic measure is concentrated on a set of o-finite length. Also
J. Bourgain [1] proved that the dimension of harmonic measure in R™ is less than
n — €, where ¢ is a small positive number depending on n. One cannot take ¢ = 1 in
dimensions greater than 2, as shown by T. H. Wolff in [5].

2 The disc and the annulus construction

Let us start with the disc construction.

Disc construction

Fix ¢ > 0. Let @ be a square with sides parallel to the axes and side length ¢ = ¢(Q)
and set £ = Q N K. Replace E by a closed disc B with the same center as @) and
radius r(B) defined by

B lCap(E)H‘E 1 e-e(+e)

2 fe 9 = (2)

r(B)



So we get a new compact set K = (K\E)U B, a new domain Q=C*\K = (QUE)\B

and a new harmonic measure ©(-) = @(€2, -, 00).
Note that B C Q. In fact, since the capacity of a disc is the radius

V2

so that .
(V2/2) "¢ - tte
Iz

r(B) < % = g (ﬁ/?)m < /2.

Annulus construction

Let @ be a square with sides parallel to the axis and take the square RQ, where R is a
number larger than 1 that will be chosen later. One has to think that R is very large.
Delete K N (RQ\Q)° from K to obtain a new domain Q = QU (RQ\Q)° and a new
harmonic measure &(-) = w(€, -, 00).

It is important to have some control on the harmonic measure of the new domain
obtained after performing the disc or the annulus construction. For the annulus this is
easy: any part of K which has not been removed has larger or equal harmonic measure.
In other words, if A C 99 satisfies A N (RQ\Q) = 0, then @(A4) > w(A). This is a
consequence of the fact that A ¢ 92N JQ and Q € Q (the domain increases and the
set lies in the common boundary).

Estimating the harmonic measure after the disc construction is a difficult task. The
result is the following.

Lemma 1. Let QQ be a square with sides parallel to the axis. Fixz e > 0 and per-
form the disc construction for this . Assume that RQ\Q C Q. Then there exists a
number Ro(g) such that for R > Ry(e) one has

a) w(B) > C(e)w(Q N K), where C(g) is a positive constant depending only on €.
b) W(A) > w(A), if A C 00\RQ.

The proof of Lemma [I] will be presented in Section [7] and we will use it as a black
box along the paper.

3 Domain modification

Let @ = C*\K, Cap K > 0 and assume that K C {|z| < 1/2} (this assumption will
be convenient later on, but it is not essential; we can reduce to this situation by a
dilation). Fix € > 0 and let R > 2 + Ry(¢), R integer, where Ry(e) is the constant
given by Lemma [I] We let M stand for a large constant that will be chosen later and
we let p be a small constant so that M < log1/p, and p = 2%, N a positive integer.
Consider the grid G of dyadic squares of side length p and lower left corner at the
points of the form {(m + ni)p : m,n € Z}. For each 1 < p,q < R, let G, be the

R
family of squares Q) € G with (m,n) = (p,q) (mod R x R). Then G = |J Gp,.
p,q=1



Write K,y = U KNQ, Qg = C\EKpq, wpg(A) = w(Qpg, A,00), A C 0Qpq =
QREYpq
0Ky If A C 0Q = 0K, then w(A) = Y w(AN Kpg) < Y wpe(AN Ky, because

Pq Pq

Q C Qpy and so AN K, C 02NN, Note that it is enough to prove the theorem for

K = K,,. Indeed if we know the result for all K, then there are sets A,, C K, with

dimp (Apq) <1 and wypq(Kpg\Apg) = 0. Taking F' = |J A, we get dimpy (F) <1 and
Pq

w(K\F) =w <U Kpq\ Uqu>

pq pq

=w (U(qu\qu)> < ZW(qu\qu) < prq(qu\qu) = 0.

pq pq

We remark that, by construction, for each square Q € G,, one has RQ\Q C 4, so
that we are entitled to apply Lemmal[I]

From now on we fix p, ¢ and let Q = Q,y, K = Kp,, w = wp,. We let {Q;}; be the
family of squares in G,.

Fix ¢ > 0 and perform the disc construction for e in every square ()j, so that
we get a finite family of closed discs {B;}, whose union is a compact set K, a new
domain ; = C* \ K; and a new harmonic measure w () = w(, -, 00).

Next choose a dyadic square Q! of largest side £(Q'), not necessarily from G,,, such
that

QY >p and wi(Q') > MUQY).

If such Q' does not exist we stop the domain modification. If Q! exists we perform
the annulus construction on Q! (with constant R) and after this we perform the disc
construction on the square Q', replacing K1 N Q' by a disc B'. So we obtain a new

compact Ko, a new domain Qy = C* \ Ky and a new harmonic measure wo(:) =
w(§g, -, 00).

Now we continue and take Q? dyadic with largest side such that Q? ¢ Q', £(Q?) > p
and wy(Q?) > M{(Q?). If such Q? does not exist we stop. Otherwise we perform the
annulus construction on @2 but with a special rule: If B! N (O(RQ*\Q?)) # 0, then
we do not remove the set B N (RQ?\Q?) from Ks. The reason for this rule is to get
full balls in all cases.

After that we perform the disc construction on @2, replacing Ko N Q? by the cor-
responding disc B?, getting a new compact K3, a new domain 3 and a new harmonic
measure ws.

We continue this process so that if K1 NQ, Ko NQ?, ..., K,_1 N Q" ! have been
replaced by B!,..., B" ! we choose now (if it exists) a dyadic cube Q™ with largest
side so that

Q"¢ j=L...n—1 Q") =p, wa(Q")=MUQ).

Then (if we do not stop) we perform the annulus construction with respect to Q™ but
without removing B’ N(RQ™\Q"), j = 1,...,n—1 in case that B/ N(O(RQ™\Q")) # 0



(this is the special rule). Finally we perform the disc construction on Q", getting B™,
K1, Qny1 and wpy-

At each step there are only finitely many candidate dyadic squares, because p <
0(Q) < 1/M. Since no @7 can be repeated (because Q7 ¢ Qf, ¢ = 1,...,5 — 1) the
modification process stops after finitely many steps. Let K*,Q* = C\K*, w*(:) =
w(Q*,-,00) be the final outcome so that K* is the disjoint union of the non removed
discs; more precisely,

K* = U B*U U B; (some finite sets of indices S and T'),
keS JjeT

where the B; are the discs produced after the first step that have survived all process
and the B* are the new discs produced after performing the annulus and the disc
constructions.

Now we want to prove by means of Lemma [I| the following estimates:

WH(Bj) = Ce)w(Q;), jeT, (3)
WH(Q7) = Cle) MUQT), jES. (4)

For note first that we always have RQ;\Q; C €. Since Q; has survived all steps
we cannot have RQF D Q; at some step k. Since RQ* is a union of dyadic squares,
the other possibility is RQF N Q; = 0 for all k. This means that we can apply the first
inequality of Lemma [I]in the first step and the second in all others.

For (4)), when we select @’ we have w;(Q7) > M{(Q’) and after performing the
annulus and the disc constructions, we get wj1(B’) > C(e) w;(Q7) > C(e) ML(Q). If
k > j there are three possibilities: i) B/ ¢ RQ*\Q*, in which case B’ has disappeared
and j would not be in S; i) BY N (RQ¥\Q*) = 0 in which case wy1(B7) > w;t1(BY)
and iii) BY N O(RQF\QF) # 0.

RQ"

R(e)Q"

In this last case we have £(QF) > £(Q7) since otherwise @* would had disappeared.
But now since R = 2 + Ry(¢) we get that B/ N (Ry(e)QF\QF) = 0 and so wy1(B7) >
wj+1(B7) by Lemma part b). At the end we obtain

WH(Q7) = W (BY) > w1 (BY) > win1 (BY) > C(e) wi (@) = Ce) MUQ).



We will also need the following estimate.
If 20 €Qj, 5 €T (or 20 € QF, k € S) and r > £(Q;) (r > £(Q")), then

w{|z — 20| <1} < CMr. (5)

Let us discuss the case of Q;, 20 € ;. We remark that if ) is a dyadic square with
@ D Qj, then one has w*(Q) < M{(Q) because otherwise the process would not have
been stopped.

Take now a dyadic square Q D @; with side
length 2™¢(Q;) such that r < 2™4(Q;) < 2r.
We just said that w*(Q) < Mr. Now the
disc {|]z — 20| < r} is contained in 4 dyadic
squares of the same side length as ). Take one
of these squares @' different from Q. If )’ does
not contain any Qj or Q* then w*(Q’) = 0.
Otherwise w*(Q') < Mr-.

The case zp € QF is dealt with similarly.

The next lemma shows that the union of the family of squares {Q;};cr and a
dilation of the family {Qf}res contains K.

Lemma 2. K C |J 2RQ*U | Qj.

kes JET
Proof. Recall that now K = Ky, = |J KNQ. Solet Q € Gy and E = KNQ. If
QEGpq
Q = Q, for some j € T then E C Q; and so E C |J2RQ*U U Q;.
k JET

If Q # Qj for every j € T then there is a first index j; such that Q) C RQM\Q71;
if j; € Sthen Q C RQ’, j; € S, and we are done. If j; ¢ S there is a first index jo such
that Q7' C RQ’2\Q?2. In this case £(Q72) > 2¢(Q’) because if we had £(Q71) > £(Q7?)
then Q72 C RQ’* and Q72 C RQ’'\Q’', so that Q72 would have disappeared. If j, € S
we have Q C RQ’? and we are done. If jo ¢ S there is a first j3 such that

Qj2 C RQja\Qja

and so on.

We get a sequence j; < jo < --+ < jn with j1,...,jn_1 € S, jn € S so that Q7% C
RQ7+1\@Q’F+1 and £(Q7+1) > 20(Q’), which implies Q@ C 2RQ’". The double radius
appears because we need to argue on two steps: in the first we use that Q/»-' C RQ’»
and in the second that Q C RQ7»—1. O

4 Surrounding K* by level curves of the Green function

To continue the proof of the Theorem, let Q) be a square ) = ()j, j € T or Q = QF ke
S and let B be the corresponding disc. Let g(z) = g(Q*, z,00) be the Green function



of the domain Q*. The goal of this section is to find a closed curve ¢ surrounding B,
contained in a level set of g, and such that

[Vg(2)] < CM?1og1/4(Q), =z € o, (6)

for a positive constant C.
The Green function g is the logarithmic potential of the equilibrium measure plus
the Robin constant, that is,

g9(z) = / log |z — w| dw* (w) + Y+
K*

= / log |z — w| dw* (w) + / log |z — w| dw* (w) + vie+ =: u(z) + v(2) + Vi+-
B K*\B

We have the estimate

dw* (w)

VoS [ R S OMlos1/i@), s Q\B 7)

To show this inequality, fix z € Q\B and set w*(t) = w*(B(z,t)). We have

[ ) [ S0,

B lz—wl T Jyg ot wq) 1

1
<i+ouM [
Q)

where we have used .

% <14+ CMlog1/0(Q) < CMlog1/6(Q),

We would like to estimate the derivative g—ﬁ(z) from below. Assume for simplicity

that the center of the square @, and so of the disc B, is the origin, and write z = re®.
Since )
u(re?) = / log |re? — w|? dw*(w),
2B
we have

@ =3 [ (e — W) — ) ()

B |re? —wl|? or

- fore () )

which in particular tells us that %(z) > 0.

R((z—w)é) 1 <z—w z>

€ — S0

|z — w?|2] [z —w[ \|z —w|"|2]

and we look for the minimum value of <é:$|,é> when |w| = 7, 7 being the ra-
dius r(B) of B.

Now we write




0 z/|z|

Assuming that % =1, set < — 1> = cosf (see the figure). The cosine Theorem

El [z—w]’
yields
1 |22 — 72
cost = — ||z —w|+ FT——
2|2| |z — w)

so that the minimum is attained for

2=l = /P =7,

that is, when z — w is orthogonal to w.
We then have

(z-w)z VIl =1Vl +7 V[ -T
Re D) 2 2 )
|z — w|?|2] |z — wl|z] ERVIEE=:

ez ()

]
Returning to the case of a square @) centered at the point 2y with 7 = r(B) we get the
estimate of %(z) we are looking for, namely,

and also

u . VE—al—rB) W(B) | w(B) _rB)wB)
8T()2 2 — 20| + r(B) ‘Z—Zo’Z’Z—ZQ| ‘2_20’2 - 0‘> (B) (8)

We are now ready to estimate the gradient of the Green function g. Define

w*(B)

a = o(B) = max (ngw@), 27~(B)>

and distinguish two cases:
w*(B)
M?log 1/4(Q)

We let ¢ to be the circle 0B so that we need to prove the estimate

Case 1: a = 2r(B), that is, < 2r(B).

|Vg(z)| < CM?1log1/0(Q), =z € dB.

This is a consequence of the inequality

sup [Vg| < C'inf [Vg| (9)
oB oB

9



for some constant C.
In fact, using @ one gets

1 dg
*(B) = — —~ ds > inf B
w*(B) 2F/8Bands_g}9wglr( )
and for z € 0B

< CM?log1/0(Q).  (10)

[Vg(2)| < sup|Vg(z)| < Cinf [Vg(2)] < C
9B 0B

In order to prove (9) assume that zy = 0 and take two points z and 2’ with |z| = |/| =
2r(B). Then we have

m™ () < g(z) < mg(2)
for some constant m; this follows by applying Harnack’s inequality to discs of ra-
dius 0 < r(B) centered at points on the circle {|z| = 2r(B)}, chosen so that the discs
of radius §/2 cover this circle.

Take now z and 2’ with 7(B) < |z| = |2/| < 2r(B). We also have
m~g(2') < g(z) < mg(2).

Indeed, for 6 € [0, 27], write gg(2) = g(ez), then

m~lgp(2) < g(2) < mgs(2)
holds for |z| = 2r(B), and trivially also holds for |z| = r(B), # € [0,27]. By the
maximum principle we get
mge(2) < g(2) <mge(z), 7(B) < |z| <2r(B), 60¢cl0,2n].

As a consequence, for |z| = |2/| = r(B) and n, n’ the unit exterior normal vectors

to OB at z and z/, we have

m~tg(2 + tn') < g(z +tn) < mg(t' +tn')

t t - t
and so 9 5 5
199, g 9. '
m 199 < () <mPL(), J2l = 1| = r(B)
and finally sup |Vg|<C inf |Vyg]|, as required.
|z|=r(B) |z|=r(B)
: oo W(B)
Case 2: o > 2r(B), that is, a = M log 1/AQ)

We note that (@) 2MU(Q) A
w
< < — . 11
_M210g2_M2log2_M£(Q) (11)
The inequality w*(Q) < M{(Q), for Q@ = Q;, comes from the fact that ); has survived
the process to get to w*. If Q = QF, take the dyadic square @) with side length 2 €~(Qk)

and containing QF. Since the process has stopped, w*(Q¥) < w*(Q) < M{(Q) =
2M(Q).

10



Taking in M > 8, we obtain a < ¢(Q)/2 and so {|z — 29| = a} C Q.
Now we want to prove that
IVg(2)| < 4 M?1og1/4(Q), o < |z — 2| < pay, (12)

where p is such that > €07 a condition that will be used later. Choosing M > 8y

we obtain ap < £(Q)/2, by (11). Hence the annulus o < |2 — 29| < pav is contained
in @\ B, a fact that will be used in the sequel without further mention.

Let us show 9
u
SLE@) 2 Vo)l @< |z 20l < pa (13)

By we get
@(2) - |z — 20| = r(B) w*(B) - a—r(B) w*(B)
or ~ lz = 2| +r(B) |z — 20| — a+r(B) po

z—r(B)

v z+r(B)
Since o > 2r(B), taking the quotient M /u big enough, we have

ou ) L w(B)
()Z\/g o

, a<|z—z| < pa,

where we have used that the function z — is increasing.

or
1
=L MPlog1/6(Q) = C Mlog1/6@) = [Vu(2)l, a < |z — 20| < pa,
V3u
by .
Therefore
d *
Vo) < [Vaz)| + Vo) <2V <2 [ T o<l -] < e
oB |z — vl
and |z —w| > |z — 20| — |[w — 20| > a —7(B) > §, which gives

*(B
Vo) <4 B anriog1/6@), a< )z al < pa
as required.

Assume zp = 0, let ¢ = sup{g(z) : |z| = a} and take as ¢ the connected component
of {g = ¢} that contains a point on |z| = a. The curve o encloses a domain that
contains the disc {|z| < a}.

N\

&%)




We claim that o remains inside {|z| < pa}, which, in view of (12), yields the
required estimate @

We have o (B
Va@) < [ L <o D)y
B |z —wl ]
because . ¥
zl o« z
—w| >z = |w| > =4+ = —r(B) > =
o= wl > Jol — ful > 2+ 5 = r(B) >
> : (B) (Bl (B)
u w*(B r(B)w*(B
—(2) > — , > r(B).
5 ()2 Cr > (B)
Note that
r(B)w*(B) _ 1w*(B)
22 T2 7
because |z| > a > 2r(B). Then, for |z| > «,
ou 1w*(B) ou
—(2)> = d <4—(2).
52 5 o and |Vu(z)| <450()
Therefore, by ,
ou
Vg()] < [Vu(z)| +[Vo(a) < 55-(2), o < |2l < pa (14)
Note that since the quotient M/u can be taken as
AV large as we want, we can improve ((13]) to
10u

55, 7)) 2 Vo), a<lz— 2| < pa.

Then

dg ou ov
o E(Z) = o (2) + E(Z)
(15)

0 > -(2) = [Vg(2)| >0, a<|z] < pe

The curve o contains at least a point a on the circle {|z| = a}. Consider the maximal
subarc 7 of o containing a and contained in the disc {|z| < pa}. By , each ray
emanating from the origin intersects 7 only once, and so 7 can be parametrized by the
polar angle 8 in the form 7’(9)6"9 with 1 < 60 < 65. Without loss of generality assume
01 <0< 6y and r(0) = a.

If 7 = o we are done. If not, 7(f3) = pa and we will reach a contradiction. If r is
the radial direction and s is the orthogonal direction to r, then yields
99

< Vg(2)] < 59%(2) < 109(2)

‘gg(z) ar

Since g(r(0)e?) = ¢, taking the derivative with respect to 6 one gets

0= <Vg(r(6’)ew), r/(ﬂ)ew + iT(9)€i0> =7(0)= +r(0)=

12



that gives

100y 99 99
F)] 5 = r(0)| 5
and so ’ /(0)’
T
< .
o) =1
Therefore b o1
7(62) /2 7' (0) /2 |7'(6)]
lo = do < dl < 207
)N () R () B

and, recalling the way p has been chosen,
r(09) < 27 (0) = " < pa,

which is a contradiction. By we obtain the desired inequality @

5 The estimate of the gradient of Green’s function on the

level curves
In the previous section we have exhibited for each disc B = B, j € T or B = BF,
k € S, a simple curve o contained in a level curve of g and surrounding B, on which
the estimate @ holds. Let now I' be the curve formed by the set of ¢’s corresponding

to each disc Bj or BF. Then I separates K* from infinity.
In this section we prove the estimate

1 dg
— [ 2 ds < C loglog(1/p). 1
5 FanlogIVgH s < C loglog(1/p) (16)

Since we are assuming that M < log(1/p), we have, by (0)),
log™ [Vg(2)| <log(CM?log1/£(Q)) < C loglog(1/p), z€T.
Note that

an Z/ s = 2w (8)

which is clear for those terms for which ¢ = 9B and follows from the divergence
theorem for the others, because o surrounds 0B.
Hence

dg

9 100t
1 < (C loglog(1
/ T 1og" Vgl ds < C loglog(1/p) 5 - [ s

= C loglog(1/p) Z B) < C loglog(1/p).
B

In order to estimate the integral on I' of % log™ |[Vg| we need the following lemma.

13



Lemma 3. Let g(z) = g(Q, z,00) be the Green function of the domain  with pole at
N

infinity and let T' = |J I'; be the union of finitely many closed Jordan curves I'; so
j=1

that T' C {]z| < 1}, T separates K = C*\Q from infinity and there are constants c;,

j=1,...,N such thatI'; C {g(2) = ¢}, j=1,...,N. Then

1 dg
— [ =L log|Vg|ds > —log2,
27T/p8n og Vgl ds og

where n is the outward unit normal to T'.
The proof of this lemma will be discussed in Section [7]
By Lemma [3] we have

1 g

1 g
— [ =L log” |[Vglds < — | =L log™ |Vg|ds + log 2,
5 | 5 1o IValds < 5 [ 2% 105 [Vglds +1og

which completes the proof of .

6 End of the proof of the Theorem

Recall from Section [1] that for a fixed ¢ > 0 and for each n > 0 we have to find a
set A C K with My, (A) < n and w(K\A) < n, where h(r) = ri*e.

Decompose the set of indices T as T = 17 U T, with
Ty ={j eT:w*(B) > p’r;},
Ty ={j € T:w*(Bj) < p/%r}},

where r; = r(Bj).
Set

A= ulEn| o

J€TL

KN (U QRQk>

kesS

We know, by Lemma [2] that

K\A= | (KnQ).

JET
In order to prove that My (A) < n we need the following well known estimate.

Lemma 4. Let E be a compact set and let h(r) = r° for some s > 0. Then there
exists a positive constant C = C(s) such that

Mu(E) < C (Cap E)*.

14



For sake of completeness we give a proof of this lemma in Section

For h(r) = r(1+9)  inequality yields, using that >, ¢ w*(Q%) <1,

M, (Kﬁ <U QRQk>> 5 (2R)1+E ZE(Qk)lﬂf

kesS kesS

Rlte k: - R 1+e
< c <
< Gy 2 @) <(arem) =

for M big enough. By Lemma |4 with s = 1 + ¢ and the definition of the radius of B;
in the disc construction we obtain

My | [JENQ) | <> My(KNnQy)<C ) Cap(KN@y'

JjeTY jeTy JjETL
:CZTjPEZCZijE/2PE/2
JET JET
<Cy p ) < Cp? <
JjeT

provided p is small enough.
We have got M}y (A) < n and it remains to estimate w(K\A).

By inequality

wK\A) =w | |J(ENQy) <5

JET,

52
JETz
Now we remark that for j € T» we are in the Case 1 of the Section [4] that is

w*(B;)
M?log(1/p)

Indeed, since w*(B;) < p*/2r; it is enough to see that

S 2Tj.

p7? < 2M%log(1/p),
which clearly holds for p sufficiently small.
For z € 0Bj, j € T, we know by that

B;
Vool <0 LB <o
J

so that . .
log [Vg(z)| < log C + Slogp < logp,

for small enough p. Hence, for such small p,

log|Vg(2)]| = T log(1/p).

15



We then get

1 . [
w(K\A)gc(E) > W (By) <z 27rz/33 ds

JETS JETS

C
< 1 d
< G 2 o o5, gy s/l ds

JET

C 1 dg
C(e)elog(1/p) o /1“ on [log| V]l ds
C  loglog(1/p)
~eC(e) log(1/p)

due to ([16). Thus w(K\A) < 7 if p is small enough. Therefore for fixed € > 0 and
given n > 0, we can choose M and p such that the set A satisfies the desired conclusion.

<

7 Proof of the lemmas

7.1 An auxiliary lemma

To prove Lemma [I] we need the following auxiliary result.

Lemma 5. Let F' C C be a compact set with positive logarithmic capacity. Then there
exists a probability measure p supported in F such that the potential

s a continuous function in C.

Proof. Let o be the equilibrium measure for F', so that ¢ is a probability measure
supported on F' such that

1
Uy(2) = /log ] do(w) < vyp < oo, foro-a.e. z€F.

By Egoroff there exists a compact subset Fy C F' such that o(Fp) > 0 and

lim log do(w) =0, uniformly on z € Fy.
r—0 |z—w\§r |Z - 'LU|
It is then clear that
lim log ‘ do|p,(w) =0, uniformly on z € Fp.
=0 J |z —w|<r |Z - w|
We claim that U, ol is continuous in C. By the continuity principle of classical

Potential Theory it is enough to show that the restriction of U, to Fy is continuous

|7y
in Fy. To prove this, for any ¢ € (0,1/2) and z, 2’ € Fy such that |z — 2/| < €2, write

1
— NI<
’U0|F0 (Z) U0|F0 (Z )‘ _/ |Z — w| ‘ dU|Fo(w) +/|Zw<8

|z—w|<e
'~ w|
dU‘Fo (w)

o,
|z—w|>e

log log

\ do ()

2" = wl

|z

log

|2 — wl

16



The first integral on the right hand side tends to 0 as ¢ — 0, and the same happens
with the second one, taking into account that {w: |z —w| < e} C {w: |2/ —w| < 2e}.
For the last one, observe that

2" — wl
|2 — wl

and thus, for some constant C' > 0,

/|z—w|>a

lim sup |UO"FO (Z) - U‘T\FO (Z/)’ =0,

€0 2,2' €Fpi|z—2"|<e2

=14 0(e), forw,z 2 suchthat |z —w|> e and |z — 2/| < &%,

2" — w|

log do|g,(w) < Ceo(Fp).

|2 = w|

Therefore,

which completes the proof of the claim. The lemma follows by taking u = o|g, /o(Fp).
O

7.2 Proof of Lemma [1]
Changing scale we may assume that ¢(Q) = 1. Let £, stand for the center of Q.

Proof of a). By Lemma [5 there exists a probability measure u supported on (22U E)¢
such that the convolution log || is continuous in C. Then, being QUE an unbounded
domain, the Green function g(z,&) of the domain QU E with pole at £ can be written
in the form

9(2,€) —/log E:g; du(a)+//log :Z:g

Indeed, observe that, for any fixed £ € QUE, the function defined by the first summand
is harmonic in (QU E U {oo}) \ {¢} and continuous up to boundary of QU E, and the
second summand solves the Dirichlet problem in QU E with continuous boundary data
equal to minus the function defined by the first summand.

Note that both measures du and dw(Q2 U E, -, z) are supported in 92 \ RQ. From
it is clear that the Green function can also be written in the form

du(a) dw(QUE, w, z), z€ QUE. (17)

9(z,€) = log h(z,§), z€eQUE, (c€QUE, (18)

Ly
|z — ¢
with

h(z,&) = //logw f!Za‘ |d(QUE,w,z)du(a), z€QUE, £€QUE (19)

Clearly

[Veh(z,8)| < §O<]1%>, £€Q, 2€QUE. (20)

/ 71,dw(QUE,w,z)
ANRQ W — &

17



Next, for a given zg € 0Q, we wish to estimate h(p, z9) from below. To this end, note
that, for all @ € suppp C 02\ RQ, |20 —a| > 3(R —1) > R/4 > }|¢ — 2| (because
we assume R > 2), and thus, for all w € 900\ RQ,

w —af <Jw =&l + [0 — 20 + 20 — al < w =&l + 3|20 —al.
Thus, using the two estimates |20 — a| > R/4 and |w — &| > 3R, we derive

|20 — al

lw—&| 10w — & |20 — al
R/4 '

R/2 R

+ 3|20 — al

w = af < Jw =&

Hence,

[w —&ol |20 — a 2log£ we N\ RQ, acdN\RQ.

1
©8 |w — al 10’
Plugging this into , we obtain
R
h(z0,&0) = log — (21)

10°

Let now ug and pp be the equilibrium measures of E and B respectively and set

)= [ ole € dun(@). )= [ ofe€) dusle)
For every 2y € 0Q one has

u(n) = vB + h(20,60) + O(1/R), n € B,
v(n) = e + M20,6) + O(1/R), n€E,

where the constant in O(1/R) is independent of zy. To see this just write

h(n,&) = (h(n, &) — h(n,&)) + (h(So,n) — Mo 20)) + h(20, S0),

use , the symmetry of the Green’s function and the fact that the equilibrium
potential of a compact set is equal to the Robin constant on the set (except for an
exceptional set of zero capacity).

Now since u = v = 0 on 9N\ RQ one gets

u(z) = /8@ u(§) dw(,€,2) = /8B u(§) dw(9,&, 2),

Hence, for z ¢ K U Q,

u(z) = (v + h(z0, %) + O(1/R)) w(Q, B, 2),
v(2) = (vE + h(20,60) + O(1/R)) w(Q, E, 2).

18



Assume for the sake of simplicity that £, = 0. Then by plugging the identity
into the above definitions of v and v we obtain

1
u(z) =log T + /B Wz, €) dus(€). 2 ¢ B,

o(z) = /E log

d,uE /hzgd,uE 2 ¢ E.

Set

1 1
— [ (1or ;=10 ) )+ [ (11) — 00 dne)
- /E (h(2,€) — h(=,0)) dus ().

Thus, for z € Q\RQ,

o < | [ 1os st +

[zt o>>\ dnp(€) = O(1/R).

[ 0.6 = iz 0 aun(o)

+

We have used that for £ €

1og‘2;€’§log‘z|+|§| <1 g(l—i— 2 ) :O<1>
E 2] 2| E

) =€~ | AN
IOgrz—aSlOg(l_ ¢ )Sl"g(”v—s\)‘o(m)'

Therefore

and

u(z) =v(z) + O(1/|z]), =z € Q\RQ.
Recalling that Cap(B) = 3 Cap(E)'*< one gets

W(@, B, 2) = u(z) _ v(z) + O(1/lz])
T VB + h(20,0) + O(1/R)  ~ve(l+¢€)+1og2+ h(20,0) + O(1/R)
_ (0B +h(20,0) + O(1/R)) w(2, E, ) + O(1/]z])
ve(1+¢€) +log2 + h(2,0) + O(1/R)

Clearly there exists Ry(e) such that for R > Ry(g) we have

~ 1 ”)/E—i-h(Z(),O) 1
O, B — O F O—
w(th B,2) ME(1+6)+Iog2+h(zO,0)w(’ 2 Eva

Y
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since the denominator yg(14¢)+1log 24 h(zp,0) is bounded below away from 0 by .
Appealing again to we obtain that, for R > Ry(¢e),

vE + h(20,0) S }
vE(1+¢)+log2 + h(z,0) — 2
and so . .
w(Q, B, z2) > ZW(Q’E’ z)+ O <||> .
z
Letting z — oo completes the proof of a) in the lemma. O

Proof of b). Assume that {, = 0 and let U = {|z| < R}. The Green function g = gy
of U is

g(w, &) =log

Let gp be the Green function of U\B and gg the Green function of U\E. We claim
that

95(2.€) = g(=€) /8 9. de(U\Bw.2), 6 €U\D. (22)

On one hand, the right hand side ¢(z,&) is a harmonic function of z except for z = £

where it has a logarithmic pole. On the other hand, if z tends to a point in 9(U \ B)

then ¢(z, &) tends to 0, owing to the fact that faB g(w, &) dw(U\B,w, z) is the solution

of the Dirichlet problem in U \ B with boundary values g(z, &) with & fixed.
Analogously one obtains

052, = 9026 = [ gl do(U\BLw.2), s g€ U\E. (23)
The goal is to prove the inequality
9B 09k R
75 > JE -
which follows from
R 3
gB(ng) ZQE(Z,€)7 |Z| 257 ZRS |€’ < R. (25)

Since gp(2,§) = gr(2,£), |{| = R, then, by the maximum principle, it is enough to

show for [¢| = 2R.
We start by proving

4 c 4 c 3
g (3) - G <ot sroe(3)+ 5 Wit l=ir o)

where C' is a positive constant and R is sufficiently large. We have

wé — log

S

ot €) =105 () + a0, 6) = 9(0.6) = tog () + 1o

1—“)‘.
§

The absolute value of each of the last two terms is less than or equal to C'/R for some
constant C' and follows.
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Inserting into and we get

98(:,€) > g(2,) — <log (;‘) n g) WU\B.B.2), =2 jg=2r
069 < 909 - (108 (3 ) - ) OB, =5, =R

Clearly is a consequence of the two preceding inequalities and the following
claim.

Claim. For R large enough one has

(log <§) + g) w(U\B, B, z) < <log @) - ;) w(U\E,E,z), |2 = g

We postpone the proof of the Claim and we proceed to complete the argument for
Lemma [T
Consider a subset A of 902\ RQ. We want to prove

W(A2) <B(A2), |d=7

(27)

where w(A, z) stands for w(Q, A4, z) and &(A, z) for w(€), A, z). Take a point zy with
|z0| = % such that

w(A,z)  w(A,z2)
sup  — = = .
zl=k/2 W(A,2)  @(A, 2)
Assume, to get a contradiction, that @(A20) — \ > 1. Then

@(A,z0)
Mo(A,z) —w(A,z) =A—1>0, zE€A,

and

R
Mo(A,z) —w(A,z) >0, |z]= X

The maximum principle yields
Mo(A,z) —w(A,z) >0, =zedl.

Since w(A4,§) is a harmonic function on U \ E vanishing on 0F and, similarly, @(A4, €)
is a harmonic function on U \ B vanishing on 0B, we get, by ,

0= )‘G)(A7 ZO) - UU(A, ZO)

1 d9p 1 9E

(20, E)Aw (A, €) ds(€) (20, &) w(4, €) ds (&)

"2 Joy On " or Jyy n
1 0 N
=3 Jou S (20,€) (MDA, ) — w(4,€)) ds(€) >0,

which is a contradiction. Then holds.
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By and the maximum principle, w(A4, z) < &(4, z) for z € Q and [z| > &, and
letting |z| — oo, item b) of Lemma [1| follows.

Proof of the Claim. Recall that we are assuming ¢(Q)) = 1, so that for all compact
sets K, Cap(E) = Cap(K N Q) < 1/4/2 and hence vg > log /2 > 0.
Moreover

vB =7ve(l+¢)+log2 > vg.
Let r = r(B) be the radius of B. The function

R 1

log(M) W, ze€ U\ B,

is harmonic on U \ B, vanishes on |z| = R and is 1 on |z| = r. Thus it is precisely
w(U\B, B, z). Since —logr(B) = yp we have
1

_— U\ B. 28
rry A 29

w(U\B, B, z) = log (R)

2|
We turn now our attention on w(U\E, E, z). Consider the function

R
= 1 N T - E.
f(z) /og‘z w’duE(w)l Rin zeU\

Since [, log ﬁ dup(w) = vg for z € E, except for a set of zero logarithmic capacity,

f(z) =1, z € E, except for a set of zero logarithmic capacity.
If we E, z€ 90U one has |z —w| =R+ O(1) and so

log

= e (1o BolEmwly _
o 1g<1 - > log(1 + O(1/R)) = O(1/R)

and

og B2 = —og (1= E212E) —iop 1 00/m) = ot/

|z — wl
Since f(z) =1, z € E, we conclude that

()] < 2WHR)

—— 2€0U,
“logR+ g
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so that the function C/R
f(z) = f(z) - m

satisfies f(z) < 1, z € E, and f(z) <0, z € 9U, for an appropriate large constant C.
It follows that

f(z) <w(U\E,E,z), ze€U\E.

To estimate this harmonic measure we write

-C 1 R R
U\E,E,z) > + / log-——— —log—~ | d
w(U\ ?) R(logR+~vg) logR+ vk E<0g|z_w| 0g|z|> Hi(w)
1

R
+——log—=T1+To+ T3
logR+yp Clel 17T

By (29)

1 1
T3=——log— + -
T logR+s 7] <10gR+7E log R+p

R
> log B =w(U\B, B, z) + Ty.

For the term Ty we have

YB —VE R S eve +log2

Ty = lo )
4 (log R+ vg)(log R+ vB) & |z| — (log R+ 2vg + log2)?

provided € < 1, because vp < 2vg + log 2.
For the term Ty we have

1
< — 1
| 2|_logR+’yE/E ©

|Z—w|‘
g dpg(w)
2|

with
[z —w[—|2]

log‘Z’_Z’M = log <1 + > =log(1+ O(1/R)) = O(1/R)

E

||
lz—w]

¢
R(logR+E)"

and the same estimate also holds for log . Hence

Ty| <

Since || obviously satisfies the same estimate, we conclude that

evg + log2 C

U\E . E > w(U\B, B —
wU\E, E, 2) 2 w(U\B, ’Z)+(logR+27E+log2)2 R(log R+ vEg)’

(29)

for some positive constant C'.

Recall that the claim is

<10g (;‘) + g) W(U\B, B, ) < (log <§> _ g) W(U\E, B, 2), |2 = g
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From now to the end of the proof of the claim z denotes a point satisfying |z| = Z.
By we get, for R > Ry(¢),

WU\ B,E,2)>w(U\ B,B,z)+C—'E

(log R+ vg)?

It is sufficient to show

(log (;L) + g) w(U\B, B, z) < (log <§) - g) (w(U \ B, B, ) + CM)

or
CwU\B, B, 2) < —%w(U \ B,B,z) + (log <4> - C) C B

R = 3) R) (ogR+u)’
which amounts to, for R > Ry(¢e),
CU(U\B,B,Z) <C EVE .
R = (log R+7E)?
By (28), for |z| = R/2, we have

2 2 2
U\ B,B,z) = = < '
w(U\ B, B, z) logR+~vp logR+ (1+¢e)yg+log2 ~ logR+ g

Then, for R > Ry(e), we get
w(U\ B, B, z) < 2 <C EVE ’
R R(log R + &) (log R + 752

where the last inequality is equivalent to

2(log R+ vg) < C Revyg,

which is clearly true for R large enough, because vg > log v/2. O

7.3 Proof of Lemma [3]

We note that in the statement of Lemma |§| one has to understand that no curve I'; lies
inside another curve I'y; in other words, the bounded connected components of C\T';,
1 < j < N, are disjoint. Also, replacing K by {g < ¢} for small ¢ > 0, we can assume
) is a finitely connected domain with smooth boundary.

Recall that we can write the Green function g as

g9(z) =log |z| + vi + ho(2), (30)
where a . a a
h 4“1, % %2, %2,
O(Z) z + 2 + 22 + 22 +

is harmonic and satisfies ho(oco) = 0.

Let {&,} be the set of critical points of g that lie outside I'. First of all we note
that there is only a finite number of these critical points. Indeed, the &;’s are the zeros
of dg, which is a holomorphic function on 2 = C*\ K vanishing at infinity. Hence
the critical points can accumulate only on K and so outside I' there are only finitely
many, say &1,...,&r.
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We want to show the equality

1 dg L al 1 0
— [ 22 ds = N | d .
27r/pan og|Vy|ds k§:19(€k)+;:10;27r /Fj 5 og |Vg|ds + vk

Let B, be the disc centered at the origin of radius r big enough to contain the unit
disc and all the critical points of g. Green’s formula gives

1 dg 1 dg
- — [ =1 ds + — = d
27r/pan og|Vglds + o /aB,. 5, 108|Valds

1 B 1 B L
——— [ 21 — Z —
27T/Fgé,n og|Vygl|ds + 5 /337.9% og|Vyg|ds k§:1g(§k),

where we used that Alog|0g| = 27 25:1 d¢, - Equivalently

1 dg L al 1 0
— [ =X ds = S N | d
27T/Fan og|Vg|ds k§lg(£k)+j§:16j 5 /Fj o og | Vgl ds

1 dg 0
— 9 g2
+ 27 Jom, (871 og |Vy] gan og\Vg\) ds

and we need to prove

1 g 9
lim /aBT (aloglvm —ganloglwo ds =K. (31)

n

On 9B, the normal derivative % is the partial derivative %. By

dg, ., 1 0 1 1 B
E(z) = ;—i—aho(z) = +O(r2)’ |z| =,
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and similarly

| =
+

@)
7N
|-
[N}
~_
E

I

<

Vg(z) = Vlog|z| + Vho(z) =

Thus ) )
log|Vyg(2)| =log - + O <>
r r

and 3 ) )

The integral in becomes comparable to

1 1 1
< log + (logr + ho + k) >ds~|—0< >:(h0+’yK)+O<>,
27T OB, T

which tends to yx as r — oo, because ho(r) — 0.
The next step is to prove the identities

1 0
— —log|Vg|lds=—-1, j=1,2,...,N.

2m Jr, on

Since Vg = 20,

/ —10g|Vg]ds— / log |0g| ds

2
/2810g|ag nyds % p,<a(9g’n>ds

1 0%g
(zﬂ/ ”“) e <2 r agdz>
1 9) — 2 ) —
= %Varargrj( g) = %Var argpj (Vg) =—1.
Therefore

1 99 L N
%/Fanlogwmdszzg(sk)—;cﬁw

k=1

and the proof of the lemma is reduced to
N L
D 6 <Y g(&) + vk +1og2.
j=1 k=1

Let ux be equilibrium measure of K. Then

g(z):7K+/ log |z — w| dpg (w),
K
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and so, recalling that I' C {|z] < 1},
9(z) < vk +1log2, |z < 1. (33)

Now we make a remark. Let v be a Jordan curve which is contained in a level set
of g and that surrounds a number 3 of connected components of K. Then the number
of critical points of ¢ inside v is § — 1.

To see this, let D stand for the domain bounded by v and K; then Vg is orthogonal
to the boundary of D and when we travel along 9D the argument of Vg increases
by 27 over v and decreases by 27 over the boundary of each component of K. So the
total variation of arg(dg) on 9D is (8 — 1) 2w and, by the argument principle, dg has
B — 1 zeros in D.

Take now ~ containing all critical points of ¢ and K. Then the total number of
critical points of g is the number of components of K minus 1. Assuming that I';
contains (; components of K, j = 1,..., N, we know that the number of critical
points inside «; is 3; — 1 and so the number of critical points outside I' is N — 1.
Replacing in the number L of critical points outside I' by N — 1, the inequality

to be proven is
N-1

N
D e <> g() + vk +log2. (34)
7=1 k=1

To show let us assume that the constants c; are different and ordered so that
1 < cg < --- < cny. We would like to understand how the N —1 critical points outside I"
appear.
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The critical points of g appear when two components of a level set of g touch.
The critical point may have a multiplicity if more than two components coincide at
a point; in this case, the multiplicity is, by the argument principle, the number of
components that are joining minus one. Assume, for instance, that two components
of {z: g(z) = ¢} intersect at & and c is the least number with this property. On one
hand, Vg(&1) = 0, since otherwise {z : g(z) = ¢} would be a smooth curve around &;,
which is not the case. On the other hand, the domain bounded by {z : g(z) = ¢}
contains two I';, which must be I'y and I'y. Thus g(§1) > co. If there were three
components of {z : g(z) = ¢} which join at &, then I'y, 'y and I's would be inside the
domain bounded by {z : g(z) = ¢}. Hence g(£1) > c3. Arguing inductively in this way
we finally obtain that the N — 1 critical points of g outside I' satisfy

N-1 N
> 9 =D e
k=1 j=2
Since ¢; = g(7) for some 7, (33)) gives ¢; < yx + log2 and follows. O
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7.4 Proof of Lemma 4

Let p be a Frostman measure for E with respect to the measure function h(r) = r*;
that is, u satisfies

w(E) =~ Mp(E) and p(B(z,r)) <r’, zeC, r>0.
The logarithmic potential of p at a point z € E is

1 o0 1
) = [ tow gt = [ fwstos > )

—TS

(&

§/ M(E)dt+/ e Stdt = Tu(E) + S
0 T

The value of 7 which makes minimal the above expression is 7s = —log u(F) and thus

Uu(z) < ,u(SE) <1+10gu(1E)>7 z € C.

Recall now that the Robin constant of E equals
g = inf/U,,(z) dv(z),
12

where the infimum is taken over all Borel probability measures supported on E. So
from the above calculation and the choice v = pu/u(E) we get the estimate

< 1 (1 + log L )
TE > — .
s u(E)

Therefore
Cap(E) = e % > C u(E)"/>. O
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