Downloadea U//1//26 10 156.109.59.54 . Redistripution supject to CCBY license

International Congress (© 2026 International Mathematical Union
of Mathematicians 2026 Published by SIAM under Creative Commons
Vol. 2, P. 313-340 Attribution 4.0 (CC BY) license.

Interactions between Quantitative Rectifiability, Singular Integrals,
and Boundary Value Problems for Harmonic Functions

Xavier Tolsaf

Abstract. This paper surveys different topics where the theory of quantitative rectifiability plays a central
role. First, it reviews the characterization of rectifiability in terms of square functions involving /3 type coefficients
and the 2 conjecture of Carleson. It also discusses the deep connections between rectifiability and the L2
boundedness of Riesz transforms and their application to the Painlevé problem for Lipschitz harmonic functions.
Finally, this paper explores recent major advances in connection with harmonic measure and the L? solvability
of the Dirichlet, regularity, and Neumann problems for the Laplace equation in rough domains, emphasizing the
key role of quantitative rectifiability in these developments.
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1 Introduction. The study of rectifiable sets and measures is one of the main objectives of geometric
measure theory. Recall that a set E C R? is called n-rectifiable, for some natural number n < d, if there is a
countable collection of Lipschitz maps g; : R"™ — R such that

i (£ o) ~0,

where H" stands for the n-dimensional Hausdorff measure. On the other hand, a Radon measure p is n-rectifiable
if it is of the form u = gH"|g, where E C R? is n-rectifiable and g € L} .(H"|g). The notion of rectifiability
plays an important role in many problems in analysis, partial differential equations, and geometry. In the 1990’s,
very influential works of Jones [66] and David and Semmes [38] introduced techniques from harmonic analysis to
study the L? boundedness of singular integral operators over rectifiable sets giving rise to what now is known as
quantitative rectifiability.

The theory of quantitative rectifiability has been very successful. Perhaps the first spectacular application
was in the solution by David [31] of Vitushkin’s conjecture about removable singularities for bounded analytic
functions in 1998, for sets with finite length. In the last few years, the techniques of quantitative rectifiability have
found many other outstanding applications to questions in connection with harmonic measure, boundary value
problems for elliptic PDE’s, or free boundary problems. In this paper we survey some of these advances. There
is no attempt of completeness and I will focus mainly on the works that I know better and that are connected to
my own research. In fact, this area has broadened so much that writing an exposition covering all the relevant
related results would take us too far.

The main topics we will discuss are the following. In section 3 we will recall the traveling salesman theorem of
Peter Jones and the notion of uniform rectifiability of David and Semmes. We will also review the characterization
of uniformly rectifiable sets and measures in terms of the so called 3, coefficients and other related square functions
and we will see the extension of these results to other more general sets in R”, in particular by Azzam and the
author [14], [106], Edelen, Naber, and Valtorta [43], and [89]. Further, we will discuss the more recent solution
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of Carleson’s €2 conjecture about tangent point of Jordan curves by Jaye, the author, and Villa [64], and the
extension to higher dimensions by Fleschler, the author, and Villa [48].

In section 4 we will describe the connection between the L? boundedness of singular integral operators,
such as Riesz transforms, with rectifiability and uniform rectifiability. Among other topics, we will review the
solution of the David—Semmes problem by Nazarov, the author, and Volberg [90], and other more recent results
in collaboration with Dabrowski [41]. In section 5 we will explain the applications to the Painlevé problem for
bounded analytic functions and for Lipschitz harmonic functions in higher dimensions.

Section 6 deals with some applications of the theory of quantitative rectifiability to questions concerning
harmonic measure. In particular, we will discuss the one-phase and two-phase problems for harmonic measure,
where the Riesz transform plays a fundamental role. Section 7 is devoted to boundary value problems for harmonic
functions in rough domains. We will focus on the LP solvability of Dirichlet, regularity, and Neumann problems for
the Laplace equation in domains with uniformly rectifiable boundaries. This is a topic essentially initiated with
the fundamental work of Dahlberg [29], who proved the L? solvability of the Dirichlet problem for the Laplacian
in Lipschitz domains in the late 1970’s.

2 Preliminaries. In the paper, constants denoted by C' or ¢ depend just on the dimension unless otherwise
stated. We will write a <b if there is C' > 0 such that a < Cb. We write a~b if a <b < a.

A domain is a connected open set. Open balls in R? centered at z with radius r > 0 are denoted by B(z,r),
and closed balls by B(x,r). For an open or closed ball B ¢ R? with radius r, we write rad(B) =r. We use the
two notations S(x,r) = dB(x,r) for spheres in R? centered at x with radius r, so that S%~! = 5(0,1).

All measures are assumed to be Borel measures. The Hausdorff n-dimensional measure H™ is defined as
follows. For E C R? and ¢ € (0, o0], we set

HI(E) = ¢, inf {Zdiam(Ai)” :EC UA“ diam(4;) < 5} ,

and

H"(E)=supHZ(E)=lm H(E),
£>0 e—0
where the constant ¢, is chosen so that H™ coincides with the Lebesgue measure in R". The quantity H7 (E)
is called n-dimensional Hausdorff content of E. Very often we will denote the (d — 1)-Hausdorfl measure on the
boundary of an open set by o.
Recall that the fundamental solution of the minus Laplacian in RY equals

‘x|2—d ]
— ifd>
d=2)r, 1423
E(x) =
—loglz| ..
T lfd—2,

for some absolute constant k4 > 0. For a Radon measure p in Rd, we consider the energy integral
(2.1) 10 i= [[ £la = pntw)dnto).
Given a bounded set E C R?, we define its capacity Cap(FE) by

1
2.2 Cap(F) = ————,
22) (&) mfyeMl(E)I(M)

where the infimum is taken over the collection M;(E) of all probability Radon measures p supported on E. When
d >3, Cap(F) is also called the Newtonian capacity of E, and for d = 2, the Wiener capacity of E. Given a set
E c R?, we define its logarithmic capacity by

Cap; (E) = e=2m 0t e nry () 1)
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Next, we recall what it means that a metric space supports Poincaré inequality. Denote by 3. a metric space
equipped with a doubling measure o on ¥. That is, suppo = X and there exists some constant C' > 0 such that
o(B(z,2r)) < Co(B(z,r)) for all x € ¥ and r > 0. Given an interval I C R, any continuous 7 : I — ¥ is called
a path. Abusing notation, we identify - with (I). A path of finite length is called a rectifiable path. For a
function f:3 — R, we say that a Borel measurable function g: 3 — R is an upper gradient of f if for all compact
rectifiable paths v the following inequality holds:

(2.3) (@) — () < / gdH,

where z,y € ¥ are the endpoints of the path.

For p>1, we say that ¥ (or (X,0)) supports a weak p-Poincaré inequality if there exist constants C > 1 and
A > 1 such that for every ball B centered at ¥ with radius rad(B) € (0,diam(X)) and every pair (f,g), where
f €L} (o) and g is an upper gradient of f, it holds that

1/p
(2.4) ]{3 |f(x) = mo,5(f)| do(z) < Crad(B) ]{BIQ(w)I” do(z) ;

where we denoted m, p( ][ fly)do(y f 5
3 Quantitative rectifiability and square functions.

3.1 Jones’ traveling salesman theorem. For applications to some questions in harmonic analysis, such
as the L? boundedness of the Cauchy and Riesz transforms and the study of the removability of singularities
for bounded analytic functions, it is necessary to introduce quantitative techniques for the study of rectifiability.
This was the motivation for Peter Jones to prove what now is known as the analyst traveling salesman theorem.
To state this result we need to introduce some notation and terminology.

For a set E C R? and a cube Q C R?, we denote

n . dist(y,L)}
W’E(Q)”?f{ySEEQ Q) J

where the infimum is taken over all the n-planes L € R? and £(Q) stands for the side length of Q. Also, for a
constant A > 0, we let AQ@ be the cube concentric with @ with side length M\(Q). We denote by D(Rd) the family
of dyadic cubes in R?. Notice that B% £(Q) is scale invariant and B. (Q) = 0 if ENQ is contained in some
n-plane L.

The Jones’ traveling salesman theorem reads as follows.

THEOREM 3.1. A set E CR? is contained in a curve of finite length if and only if

(3.1) > 8L 0Q) < oo
QeD(R?)
The length of the shortest curve I' containing E satisfies

(3.2) CT'HY(D) <diam(E)+ > BL 5(3Q)%0(Q) < CH(D),

QeD(R?)

where C'> 0 s an absolute constant depending only on d.

Remark that we identify the arc-length measure with the Hausdorff measure #'. This result was proved
by Jones [66] for subsets of the plane, while one of the implications in higher dimensions, namely that if F is
contained in a curve I', then (3.2) holds, is due to Okikiolu [92].
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3.2 Uniform rectifiability. Jones’ theorem was very influential and it can be considered as the starting
of the theory of quantitative rectifiability. This has been extended to higher dimensions in different ways. In
particular, David and Semmes [37], [38], in the 1990’s introduced the notion of uniform rectifiability and they
characterized uniformly rectifiable sets and measures in terms of -type coefficients.

Before introducing uniform rectifiability, we need to define Ahlfors regular measures and sets. First, we say
that a Radon measure p in R? is n-Ahlfors regular (or just Ahlfors regular when n is implicit) if there exists some
constant Cy > 0 such that

Cytr™ <u(B(z,r)) <Cor™  for all z € supp p and 0 < 7 < diam(supp(u)).

If we only require the upper bound on the right-hand side for u, then we say that u has n-polynomial growth. We
say that p is uniformly n-rectifiable if it is n-Ahlfors regular and there exist 6, M > 0 such that, for all x € supp
and 0 < r < diam(supp p), there exists a Lipschitz mapping from the ball B, (0,r) C R™ to R with Lip(g) <M
such that

w(B(z,r) N g(Bn(0,7))) = 07"

Also, we say that a closed set E C R? is n-Ahlfors regular if ‘H"| g is Ahlfors regular, and F is uniformly n-rectifiable
if H™|g is uniformly n-rectifiable.
For a Radon measure pu in Rd, 1<p<oo,x€ Rd, and r > 0, we denote

1/p
n . 1 dist(y, L) \”
(L] (B0) )"

where the infimum is taken over all n-planes L C R?. For p =00, we set

n ($7r):1111/f ( sup dlSt(M)

00,1
’ YESupp p r

For a set E C R?, we write By gz, )= 520,7—1"\,9 (z,r).
In [37], David and Semmes proved the following result.

THEOREM 3.2. Let p be an n-Ahlfors reqular measure in R?, and let 1 < p < 2n/(n—2). Then, u is uniformly
n-rectifiable if and only if for all x € supp p, 0 <r < diam(supp p), it holds that

' d
/B( ')/O ﬁﬁ,p(y,t)2 ?tdu(y) < Cu(B(z,r)),

for some constant C > 0.

Observe that the equivalence in the theorem holds for 1 < p < 2 for any n. In [37, 38] one can find many
other characterizations of uniform rectifiability. In particular, it is proven that p is uniformly rectifiable if and
only if any singular integral operators with an odd n-dimensional Calderén—Zygmund kernel (smooth enough) is
bounded in L?(u). See section 3 for more details. So, in a sense, uniformly n-rectifiable measures are the good
ones to study the L? boundedness of singular integral operators (at least, under the assumption of n-Ahlfors
regularity). See also [104] for a related result in terms of some transportation type coeflicients.

3.3 The non-Ahlfors regular case. It is natural to wonder if some of the results about uniform rectifia-
bility, such as Theorem 3.2, can be extended to non-Ahlfors regular sets or measures. The arguments in [37, 38]
depend strongly on the Ahlfors regularity condition, and so the question is far from trivial. A first answer is
provided by the following result.

THEOREM 3.3. Let E C RY be H™-measurable and such that H"(E) < co. Then, E is n-rectifiable if and
only if

1
(3.3) / ﬁ;’E(aj,T)Qﬂ < 00 for H"-a.e. x € E.
0 ’ T
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The fact that n-rectifiable sets satisfy (3.3) was proved in [105], and the converse implication by Azzam and
the author in [14]. On the other hand, as shown in [106], in the theorem above, one cannot replace the coefficients
B3 g by By g for any p#2.

Later, Naber and Valtorta [89] proved a remarkable discrete quantitative version of the above theorem
which, moreover, provides useful estimates for the Hausdorff measure and Minkowski content of the set E = supp pu.
More interestingly, they applied their results to obtain new bounds for the size of the singular set of stationary
and minimizing harmonic maps. Their result and techniques have been applied later on to study the singular
sets of many other free boundary problems. We state below a variant of their theorem from their joint work with
Edelen [43].

THEOREM 3.4. Let E C B(0,1) C R? be H"-measurable and such that H"(E) < oo satisfying one of the
following conditions:
(a) For H"-a.e. x € E,

2
d
| Staer? S <
0 ’ T
(b) For H™-a.e. x€ E and every 0<r <1,

2r
dt
/ By 1) 5 A () < M7
B(z,r)NE JO

(¢) For H™-a.e. x € E and every 0 <r <1,

2r
dt
/ 6%,2(y,t)27d7i"(y) < MH"(ENB(z,r)).
B(z,y)NE JO

Then E is n-rectifiable and for every x € E, 0 <r <1, we have
H"(ENB(z,r)) <c(n)(1+ M)r".

For other related works with a similar flavor, see David and Toro [39], Azzam and Schul [13], and Miskiewicz
[83]. For results involving a different notion of rectifiability for measures, see, for example, Badger and Schul [15].

3.4 Existence of tangents and Carleson e2-conjecture. Next, we will define the notion of tangent in
codimension 1. To this end, first we need to introduce the notation for cones. For a point z € ]Rd, a unit vector
v, and an aperture parameter a € (0,1) we denote

Xo(z,v) = {yERd:|(yfz) -0 >a|y—:z:|}.

Notice that this is a two sided cone with axis in the direction of v.
Usually, for a set E C R? and z € E, one says that = is a tangent point if there exists a unit vector v such
that, for all @ € (0,1), there exists some r > 0 such that

ENnXy(z,v)NB(z,r)=2.

We need to introduce a variant of this notion for pairs of disjoint open sets: given Q1,2 C R? open and disjoint
and z € RY, we say that x is a tangent point for the pair Q1,5 if 2 € 9Q; NIN, and there exists a unit vector v
such that, for all @ € (0,1), there exists some r > 0 such that

(09 U 0902) N Xy (z,v) N B(z,r) =2,

and, moreover, one component of X, (z,v) N B(z,r) is contained in 7 and the other in 5. The hyperplane L
orthogonal to v through x is called a tangent hyperplane at x. In case that Qs = R¢ \ 1, we say that z is a
tangent point for ;.

The next result from Bishop and Jones [21] from 1994 characterizes the tangents point for Jordan domains
in terms of the 8L, coefficients.
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THEOREM 3.5. Let I' C R? be a Jordan curve, and let Q@ C R? be a Jordan domain with boundary I'. Then,
up to a set of zero measure H1,

1
d

(3.4) / B o (z,7)? &< o forzel & Q has a tangent at x €T
o r

The proof of this theorem in [21] relies strongly on Theorem 3.1.

The study of a two-phase problem for harmonic measure (see also section 6), led Bishop et al. [20] to introduce
another square functions connected both to rectifiability and to harmonic measure. This is the so-called Carleson’s
£2-square function. To define this, let Q; be a Jordan domain in R?, and set T' = 9Q; and Q, = R? \ Q. For
x €R? and r > 0, denote by I (x,7) and Iy(x,r) the longest open arcs of the circumference dB(x,r) contained in
0 and Qs, respectively (they may be empty). Then we set

(3.5) e(z,r)= % max (|rr — H' (I (z,r))|, |[7r — H' (L2(2,7))]).

In particular, observe that e(z,r) vanishes if and only if the arcs I; (z,7) and Iz(x,r) are semicircumferences (i.e.,
they correspond to plane angles). The Carleson e2-square function is defined by

(3.6) Eo(x)? ::/O e(z,r)? %

One may expect that this function encodes some information related to rectifiability. In fact, Carleson’s conjecture,
now a theorem, asserts the following.

THEOREM 3.6. Let Q1 CR? be a Jordan domain, let Qs = R? \971, and let T' = 0. Let Ec be the associated
square function defined in (3.6). Then, up to set of zero measure H*,

1
d
(3.7 Eo(x)? :/ e(z,r)? % <oo forzel' & Q has a tangent at x €T
0

In particular, the set G={x €T :E(x) < oo} is 1-rectifiable.

The fact that Ec(x) < oo for H-a.e. tangent point in a Jordan curve was proved by Bishop in [17] (see also
[20]). The most difficult implication of Theorem 3.6, i.e, the fact that the set G is 1-rectifiable and tangents to I’
exist for H'-a.e. x € G, was proved more recently by Jaye, the author, and Villa [64].

The arguments from [17, 20] which show the finiteness of the square function £-(z) at tangent points in
I' use harmonic measure estimates. To explain them, denote by w?® the harmonic measure for ; with pole at
p; €€ (see section 5 for more details). Already in the 1930’s Ahlfors obtained the following distortion result for
harmonic measure in Jordan domains:

R
(3.8) Wl (B(z,r)) < Cexp (—w/ ﬁ a

ey t>’ for p; € Q;, 1€ 0Q;, and 0 <r < R<|p; — x|,

where C is some constant depending on dist(p,09;) and R, and, for I;(x,t) being the longest open arc in Q; N
0B(z,t), ©;(z,t) =H' (I;(x,t))/t.}
Under the assumptions in the theorem, we may use (3.8) to see that

Wit (B(z,r))wh* (B(z,r)) R 1 1 2\ dt
(39) 72 ,SGXP <—7T/7: (@1(x,t) + @2($,t) — 71'> t) .

By McMillan’s theorem, the harmonic measures w!’ (for p; € Q;) are mutually absolutely continuous with the
Hausdorff measure H' on the subset of tangent points (see Theorem 6.2 below), and since this set is rectifiable,
we deduce that the densities

AT 250 2r

1See Chapter 6 from Garnett and Marshall [52].
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exist and are positive and finite, for i = 1,2, at H!-a.e. tangent point z. So letting r — 0 in (3.9), we deduce that

(3.10) /OR (91(13%75) " @2(115775) - 72T> % s

for H!'-a.e. tangent point x € 9€);. Now, a Taylor expansion shows that

L1 22 (1))
O1(z,t)  Oz(z,t) — 7w 7 T ’

where e(x,t) is as in (3.5). In view of (3.9), we see that at H'-almost all tangent points of ', Ec(x) < co.

An alternative argument to prove the finiteness of the square function £¢(z) at tangent points in I' in Theorem
3.6 is based on the application of Theorem 3.5. Indeed, it is easy to check that whenever = is a tangent point
of Q and r is small enough, it holds that e(z,7) < ¢ff (7). So one deduces that c(z) < oo for H-ae.
tangent point in I' as an immediate corollary of Theorem 3.5.2 However, the converse inequality between &(x,7)
and Bllﬂ,oo(m, r) fails and thus one cannot deduce the other implication in Theorem 3.6 from Theorem 3.5. Instead,
the arguments in [64] combine some delicate blowup arguments with a stopping time construction inspired in part
by the techniques from [37] and [73].

3.5 Carleson e2-conjecture in higher dimensions. Recently, in [48], Fleschler, the author, and Villa,
have obtained a higher-dimensional version of Theorem 3.6. To state this, we need some additional terminology.
For z € R%, r >0, and an open half-space H such that z € 9H, we denote

(3.11) St(x,r)=8(z,r)N H, 52 (z,r):=S(z,r) N (RT\ H).

Given two disjoint Borel sets 2, C RY, put

(3.12) cai (7= e P ((Sh () \ 90) U (S ) \ ),

where the infimum is taken over all half-spaces H such that x € 9H. It is clear that if Q; and Q5 are complementary
(open) half-spaces, then e4_1(x,7) =0 for any x € 90y = I and r > 0. Note that in the plane &1 (z,r) Se(z,r),
although the opposite inequality fails, in general. We write

dr

(3.13) Ea1(x)? ::/0 ca_1(z,r)? gt

The first main result from [48] is the following.

THEOREM 3.7. For d> 2, let Q1,85 C R? be two disjoint Borel subsets. Then any Borel subset of {x € R?:
Ea—1(x) < o0} is d — 1-rectifiable.

Remark that the assumptions in this theorem are much weaker than the ones in Theorem 3.6 in the planar
case. However, Theorem 3.7 does not ensure the existence of tangents for the pair of sets (1, 5. As in [64], the
proof combines blowup arguments with quantitative rectifiability techniques, although they are more elaborate
and difficult than the ones from the planar case.

To ensure the existence of tangents for 21, Q5 one needs stronger assumptions and different coefficients from
the e4_1’s. These new coefficients involve the Dirichlet eigenvalues of some open sets in the unit sphere. Given
an open set V from S?!, one says that u € WO1 2(V) is a Dirichlet eigenfunction of V for the Laplace-Beltrami
operator —Aga-1 if u# 0 and

—ASd—lu = )\U,,

for some A € R\ {0}. Here W, *(V') is the closure in the Sobolev space W12(V) of the C* functions with compact
support in V. The number )\ is the eigenvalue associated with u. It is well known that all the eigenvalues of the
Laplace—Beltrami operator are positive. The characteristic constant of V is defined as the positive number ay
such that Ay = ay(d — 2+ ay ), where Ay is the smallest eigenvalue.

2Remark that the work [21] where Theorem 3.5 is proved is from 1994 while [17, 20] are from 1987.
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The Friedland—Hayman [49] inequality asserts that, for any two disjoint open subsets Vi,Va C St and
a; = oy, it holds that

o +as—22>0.

This inequality plays an essential role in the proof of the Alt—Calffarelli-Friedman (ACF) monotonicity formula,
which is a basic tool in many free boundary problems. We recall that this asserts the following.

THEOREM 3.8. Let x € R? and R > 0. Let uy,us € W 2(B(z,R)) NC(B(z, R)) be nonnegative subharmonic
functions such that ui(x) =uz(x) =0 and uy - uz =0. Set

(1 Vi (y)|? 1 / Vs (y)
J(x7r) B <T2 /;(ac,'r') ‘y - ‘T|d72 dy r? B(z,r) |y - x|d72 dy .

Then J(x,r) is an absolutely continuous function of r € (0,R) and

Oy J(x,1)

2
J(x,r) T

(3.14) > (a1 + a2 —2),

where o is the characteristic constant of the open subset V; € S™! given by
Vi={r~'(y—x):y€dB(x,7), ui(y) > 0}.

Notice that the Friedland—Hayman inequality together with (3.14) ensure that J(x,r) is nondecreasing in r,
under the assumptions of the theorem.

Given two disjoint open sets 7,0 C R and € R%, 7 > 0, we consider the sets V;(z,7) = {r '(z —y) : y €
S(xz,r)NQ;} and we denote

(3.15) a;i(z,7) = oy (2,0

Notice that aq(z,r) + as(x,r) — 2 > 0 by the Friedland-Hayman inequality. In the plane, an easy computation
(see [5]) shows that the coefficients e(x,r) defined in (3.5) satisfy

(3.16) e(z,r)* Smin (1, a1(z,7) + as(z,r) — 2).

Further, in case that I;(x,r) and Iz(x,r) are complementary arcs in S(z,r), one can check that

min (1, a1 (z,7r) + ao(z,7) — 2) ~e(z, 1)

In higher dimensions we have
(3.17) ca_1(z,r)? Smin(1,aq (2, 7) + az(z,r) — 2).

This was proved in [47]. The arguments are much more delicate than the ones for (3.16) and they involve suitable
quantitative Faber—Krahn inequalities arising from remarkable works of Brasco, De Philippis, and Velichkov [25]
and Allen, Kriventsov, and Neumayer [4].

In [48] we have obtained a version of Carleson’s conjecture in terms of the square function

A(z)? ::/0 min(1, o (z,r) + as(x,r) — 2) @

r

The precise result is the following.

THEOREM 3.9. For d > 2 let 1,95 C RY be two disjoint open subsets. Suppose that 1 U s satisfies the
capacity density condition (CDC). Then, up to a set of zero H~! measure,

A(z) < oo if and only if x is a tangent point of the pair Q1,s.
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The CDC for an open set § (such as Q; U ) is a well-known condition in potential theory which requires
some thickness for 2¢. More precisely, a set ) C Rd, with d > 3 satisfies the CDC if there exists some ¢ > 0 such
that for all £ € 992 and 0 < r < diam(092),

Cap(B(&,r) \ Q) 2 er'™?,

where Cap is the Newtonian capacity of homogeneity d — 2. In the case d = 2, instead one asks that for all £ € 92
and 0 <r < diam(09),

CapL(B(gv 7") \ Q) Z cr,

where Cap; is the logarithmic capacity. For example, if 2, C R? is a Jordan domain and Q, = R? \ Q1, then the
CDC holds € U2s. So Theorem 3.9 implies Theorem 3.6, and, in fact, it extends to more general open sets in
the plane.

The fact that the square function A is finite at tangent points of the pair €21, Qs follows by a rather quick appli-
cation of the ACF monotonicity formula. The converse implication is more difficult. The proof uses Theorem 3.7
and a version of (3.17) for coeflicients e4(x,r) of higher codimension from [47].

In the case when 9 U 999 is (d — 1)-Ahlfors regular, Casey, the author, and Villa [26] have obtained a
quantitative version of the results above in terms of the so-called corkscrew condition. An open set € is said to
satisfy the corkscrew condition if for every ball B centered at Q2 with radius 0 < rad(B) < diam(£2), there exists a
ball B’ € BN such that rad(B’) > crad(B), for some fixed ¢ > 0. The result reads as follows.

THEOREM 3.10. Let Q1 and Qs be two disjoint open subsets of RY. Suppose that p is a (d — 1)-Ahlfors
measure with supp(p) = 021 U Q. Then the following are equivalent.
(a) Q1 and Qo are complementary corkscrew open sets, and, in particular, u is uniformly (d — 1)-rectifiable.
(b) There is a constant C such that for each ball B centered on supp(p) with rad(B) < diam(9$) it holds
that

rad(B) dr
/ / cq_1(z,r)? — du(z) < Crad(B)41.
BJoO r

(¢) There is a constant C such that for each ball B centered on supp(p) with rad(B) < diam(9€1) it holds
that

rad(B) dr
/ / min(1, oy (z,7) + az(x,7) — 2) — du(z) < Crad(B)?~1.
BJo r

Regarding the condition (a) above, we remark that if @ € R? is an open set with (d — 1)-Ahlfors regular
boundary and both Q and R%\ Q are corkscrew domains, then 99 is (d — 1)-uniformly rectifiable. This was proved
independently by David and Jerison [35] and Semmes [98] while studying some questions on harmonic measure.
See section 5.

4 Riesz transforms and rectifiability. Let 0 <n < d, and let v be a signed Radon measure in RY. The
n-dimensional Riesz transform of v (or n-Riesz transform) is defined by

Rwla) = [ I avty)

|z —y|

for any x € R? where the integral makes sense. For any € > 0, the e-truncated version of the n-Riesz transform is
defined by

r—y
Rrv(z) :/ TV ).
lxe—y|>e |1' - y‘n+1 (

We also consider the principal value n-Riesz transform and the maximal n-Riesz transform, defined, respec-
tively, by

pvR"v(z) = glg(l) RZv(z), Riv(z) = Sli}o) |RZv(z)|.
g
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1
loc

Ruf=R"(fu), Ry f=RZ(fun), pvRLf=pvR"(fu), Rj.[=Ri(fn)

We say that the n-Riesz transform is bounded in L?(yu) if the operators R}, . are bounded uniformly on € > 0.
This definition avoids the issue of the existence of R}, f(x) or pv R}, f(z), which is not guaranteed.
One may also consider more general operators of the form

Tv(z) = /K(x,y) dv(y),

For a positive Radon measure p and a function f € L; (u), we write

where K :R? x R?\ {z =y} — R is a Calderén-Zygmund kernel satisfying

1
|K(x,y)|§0m for all z,y € R? with z #y
and
T
|K(CE,Z/)—K(x/7y)|+|K(y73€)—K(y7:13')|<C|;_y£|nn+5 forallx,x’,yERdsuchthat|x—x’|§%|x—y|,

where C' >0 and 0 < 0 <1 are some fixed constants. Abusing notation, we also write K(z,y) = K(x —y) in case
K is a convolution kernel. The Riesz kernel x/|z|"*! is a vectorial example of this type of kernel. One defines
Tev, Ty f, Thef, pvT, and T in an analogous way as in the case of the Riesz transform. These kinds of operators
are often called singular integral operators.

One of the motivations of David and Semmes to develop the theory of uniform rectifiability was the wish to
find a natural class of sets and measures p such that the Riesz transform R}; and other singular integral operators
with an odd Calderén-Zygmund kernel are bounded in L?(p). In turn, it was expected (and this was the case) that
these results might have applications to other problems in analysis, such as the Painlevé problem and Vitushkin’s
conjecture. Indeed, notice that, modulo a constant factor, the (d — 1)-Riesz kernel # coincides with gradient of
the fundamental solution of the Laplacian, denoted by £. So Rﬁflf(x) =c[VE(x—y) f(y)du(y), and then it
is natural to think that the (d — 1)-Riesz transform may play an important role in many topics connected to the
Laplace equation and harmonic functions. Remark also that in R?, the kernel z /|2|? coincides with the conjugated
of the Cauchy kernel 1/z and so R! coincides with the conjugated Cauchy transform.

In [37], David and Semmes proved the following.

THEOREM 4.1. Let p be an n-Ahlfors reqular measure in RY. Then, w is uniformly n-rectifiable if and only
if any singular integral operator T), associated with an odd Calderén—Zygmund kernel K being C* away from the
origin and satisfying |V? K (z)| < C(j) |x|~"77 for every j >0 is bounded in L*(u).

In particular, the n-Riesz transform R, is bounded in L2(u) if p is uniformly n-rectifiable. An obvious
question is if the L?(u) boundedness of the n-Riesz transform alone suffices for the uniform n-rectifiability of y,
assuming p to be n-Ahlfors regular. This is the so-called David—Semmes problem. A related question of more
qualitative nature without the n-Ahlfors regularity assumption is the following: for a set E C R? with A" (F)< o0
and p=H"|g, does the L*(;1) boundedness of R} imply the n-rectifiability of E?

The David-Semmes problem and its qualitative variant are solved in the case of dimension one (n =1) and
codimension one (n=d —1).

THEOREM 4.2. Letn=1 orn=d— 1. Let u be an n-Ahlfors reqular measure in R® such that the n-Riesz

n

transform Ry, is bounded in L?(u). Then u is uniformly n-rectifiable.

The case n =1 of the theorem was solved in 1996 by Mattila, Melnikov, and Verdera [77] using the connection
between Menger curvature and the Cauchy kernel. The case of codimension one for d > 2 is due to Nazarov, the
author, and Volberg [90]. The proof uses the so-called BAUP criterion for uniform rectifiability of David and
Semmes [38], some quasiorthogonality techniques, and a variational argument which has its roots on a previous
result by Eiderman, Nazarov, and Volberg [44], where it was shown that if a set £ € R? with 0 < H?1(E) < oo
satisfies

d—1 ENB
Hf_l(x,E) :zlimian (BN B(z,r))

— d—1
e (2r)d1 =0 for H* *-ae. x€F,
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then the Riesz transform ’Rgfdl,llE cannot be bounded in L?(H?!|g). That variational argument, together
with the usual maximum principle for harmonic functions, allows one to transfer some key L°° bounds for
R~ (HI1g) on E to the ambient space, where one can use the Fourier transform to obtain estimates from
below for R~ (H4 Y g).

In connection with the qualitative version of the David—Semmes problem, we have the following theorem.

THEOREM 4.3. Letn=1 orn=d—1. Let E CR? be a Borel set such that H"(E) < oo and set 1 =H"|g.
If R}, is bounded in L?(p), then p is n-rectifiable.

In the case n =1, this result was proved in [73] by Léger and in a previous unpublished manuscript by Guy
David. The case n=d —1, d > 2, is again due to Nazarov, the author, and Volberg [91].
The David—Semmes problem is still open when n is an integer such that 1 <n<d—1.

QUESTION 4.4. For an integer n such that 1 <n <d—1, if p is n-Ahlfors reqular and R}, is bounded in
L2(u), then p uniformly n-rectifiable?

The main obstacle to answer this question by the same techniques as in [90] is the absence of a suitable
maximum principle for functions of the form R™n for n < d — 1. On the other hand, as shown in [103], for any
integer n with 1 <n <d—1, given a Borel set F C R? such that H" (F) < oo, the existence of the principal values
pvR™(H"|g)(x) for H"-a.e. x € E implies the n-rectifiability of E. Under the assumption that, 07 (z, E) > 0 for
H"-a.e. x € E, this had been proved previously by Mattila and Preiss [79].

As a corollary of Theorem 4.3 one gets the following criterion for rectifiability.

COROLLARY 4.5. Letn=1 orn=d—1. Let E C R? be a Borel set such that H"(E) < co. Let pu be a Radon
measure such that p is mutually absolutely continuous with H™ on E. Then E is n-rectifiable if and only if

RIuw(x) <oo  for p-a.e. z € E.

Using some techniques related to the ones for the solution of the David—Semmes problem, in [54], Girela-
Sarrién and the author obtained a criterion for the absolute continuity of a measure with polynomial growth with
respect to Hausdorff measure. To announce it, we use the following notation. For a ball B and a measure u, we
write

gy~ HB)
Ou(B) = rad(B)"
and
P}B)=> 27701(2'B).
J=0
For B(x,r), we write O} (z,r) = O} (B(x,r)) and P} (z,r) = P}(B(x,r)). For an n-plane L C R?, we let

”’L(B)=1/Bd18t(y’L) du(y),

1 rn r
n,L . n,L
so that 8y, (B) =infr, 1,/ (B).
Instead of announcing the precise result from [54], we state a slight variant derived in [10].

THEOREM 4.6. Let 1 be a Radon measure in R?, and let B C R? be a ball with uw(B) > 0 such that the

following conditions hold:
(a) For some constant Co >0, P¢~1(B) < Co 0% (B).
(b) There is some (d — 1)-plane L passing through the center of B such that, for some constant 0 < § < 1,
B (B) <501 Y(B).
(¢) For some constant Cy > 0, there is Gp C B such that

sup @ﬁ_l(a?,r) + R (xap p)(z) < Cy @i_l(B) for all z € Gp
0<r<2rad(B)

and

u(B\Gp) <6 pu(B).
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(d) For some constant 0 <1 < 1,
| R @) = (RO ) dita) < 7 O (BB,
B

Then there exists some constant 6 > 0 such that if 6,7 are small enough (depending on Cy and C1), then there
is a uniformly (d — 1)-rectifiable set T' C R such that

,u(GB ﬁF) > GM(B)

The uniform rectifiability constants of I' depend on all the constants above.

We remark that this theorem plays a key role in the solution of the two-phase problem for harmonic measure
in [10, 12]. See section 6 for more details.

The condition (a) above should be understood as a kind of doubling condition for the ball B. On the other
hand, (b) asks the measure in B to be concentrated close some hyperplane containing the center of the ball. The
condition (d) is a key assumption that requires a small oscillation of R?~!y with respect to its mean p on G,
denoted by m,, ¢, (R4 p). It is not clear to the author whether the assumptions in the theorem are sharp. For
example, it is natural to wonder if the assumption (b) can be eliminated.

By Theorems 4.1 and 4.2 we have a complete metric-geometric characterization of the (d — 1)-Ahlfors regular
measures such that the (d — 1)-Riesz transform is bounded in L?: they are the uniformly (d — 1)-rectifiable
measures. For applications to questions such as the Painlevé problem for Lipschitz harmonic functions, it is
desirable to have a characterization for arbitrary Borel measures with no point masses. This has been achieved
by Dabrowski and the author in [41]. The precise result is the following.

THEOREM 4.7. Let pu be a Radon measure in R? with no point masses. Then ’Rz_l is bounded in L*(p) if
and only if it satisfies the polynomial growth condition

(4.1) w(B(z,r)) <Cr?Y  for all x € suppu and all v >0
and
rad(B) dr
(4.2) / / ﬂé{;l(x,r)Q @Zil(a:,r) . du(z) < C?*u(B)  for any ball B C R,
BJo

Further, the optimal constant C' is comparable to ||Rﬁ71HL2(M)—>L2(u)-

Moreover, by combining the results from [41] and the ones of Girela-Sarrién in [53], under the assumption
that p has (d — 1)-polynomial growth and that [|[R% ™ 11 (,) < o0, it follows that

< _ dr B
/ / Bt ) O3 ) ) + C = v R il + C el

In the case d = 2, Theorem 4.7 had been obtained previously in [14], relying on the connection between the
Cauchy transform and Menger curvature.

As shown in [14], the condition (4.2) is equivalent to the existence of a suitable corona decomposition for u
satisfying an appropriate packing condition. This condition is stable by bi-Lipschitz maps (see also [53] for more
details). So we get the following corollary. Again, this was already known previously in the planar case d = 2
[102].

COROLLARY 4.8. Let p be a Radon measure in R with no point masses. Let o : RY — R be a bi-Lipschitz
map. Let 0 = pF#u be the image measure of 1 by v. If szl is bounded in L?(p), then RE~! is bounded in L?(o).
Further,

IRG M lz2(@)»22(0) < CIRL L2y L2,
where C' depends only on the bi-Lipschitz constant of ¢.

The image measure #u is the measure defined by p#u(A) = u(p~(A)) for any Borel set A. We remark
that, up to now, the preceding result was not known even for the case of invertible affine maps such as the one
defined by ¢(z1,...,24) = (221, 22,...,24).

© 2026 International Mathematical Union. Published by SIAM under Creative Commons Attribution 4.0 (CC BY) license.



Downloadea U//1//26 10 156.109.59.54 . Redistripution supject to CCBY license

RECTIFIABILITY, SINGULAR INTEGRALS, AND PDE’S 325

The conditions (4.1) and (4.2) imply the L?(;) boundedness of any singular integral operator T, associated
with an odd Calderén-Zygmund kernel K satisfying [VIK (z)| < C(j) x|~/ for 0 < j < 2. See [53]. Then we
deduce the following.

COROLLARY 4.9. Let i be a Radon measure in R with no point masses. Let T, be a singular integral operator
associated with an odd kernel K satisfying |VI K (x)| < C(j) |z|~4t1=7 for0<j<2. If Rﬁ_l is bounded in L*(p),
then T), is also bounded in L*(p). Further,

1Tl L2 ()= 220y < CIRE 2y 1200

where C depends just on d and C(j).

Another related application of Theorem 4.7 appears in [84], by Molero et al., where it is shown that the
L?(p) boundedness of the singular integral operator T}, whose kernel is given the gradient of the fundamental
solution of an elliptic operator in divergence form with double mean oscillation coefficients is equivalent to the
L?(p) boundedness of the (d — 1)-Riesz transform.

A possible approach to try to solve the David—Semmes problem for n-Riesz transforms with 1 <n < d —
1 consists of studying the so-called reflectionless measures. For the purposes of this paper, one can define a
reflectionless measure for the Riesz transform R™ as a measure p in R? having n-polynomial growth, such that
R} is bounded in L?*(u), and such that R u is zero in a BMO(u) sense, i.e., R"u is constant p-a.c. Jaye and
Nazarov have shown in [63] that if all the n-Ahlfors reflectionless measures for the Riesz transform are n-flat, i.e.,
of the form ¢H™|;, for some n-plane L, then the David—Semmes problem for R™ has a positive answer. However,
up to now the structure of reflectionless measure for the Riesz transform R is not well understood. It is not
known if they are all n-flat even in the n-Ahlfors regular case with n=d — 1.

QUESTION 4.10. Let n be an integer such that 2<n <d—1. If u is a reflectionless measure with polynomial
n-growth (or even n-Ahlfors reqular) for the n-Riesz transform, thenis p n-flat?

Only in the case n =1 is the answer to this question known, and it is true, as shown by Jaye and Nazarov
in [61]. See also [62] for other rigidity properties of reflectionless measures, and [81] for a related result where
Melnikov, Poltoratski, and Volberg study the measures p in R? such that the Cauchy transform of p vanishes
p-a.e. in the principal value sense.

5 The Painlevé problem for Lipschitz harmonic functions. Given a compact set E C Rd, one says
that F is removable for Lipschitz harmonic functions if for any open set 2 D E, any function f:Q — R which
is Lipschitz in © and harmonic in Q\ E can be extended as a harmonic function to the whole Q. In the plane,
E is removable for bounded holomorphic functions if for any open set Q D F, any function f: ) — R which is
holomorphic and bounded in Q\ E can be extended as a holomorphic function to the whole 2. The Painlevé
problem (for Lipschitz harmonic functions or holomorphic functions) consists of obtaining a metric-geometric
description of removable sets for this class of functions. To study this question and other related problems on
approximation by Lipschitz harmonic and holomorphic functions, it is useful to introduce the Lipschitz harmonic
capacity x and the analytic capacity . The Lipschitz harmonic capacity of E is defined by

K(E) =sup [(Af,1)],

where the supremum is taken over all Lipschitz functions f : R? — R which are harmonic in R? \ E and satisfy
IV flloo <1, with Af understood in the sense of distributions. This capacity can be considered as the analogue
of analytic capacity in higher dimensions. Recall that the analytic capacity of £ C C equals

Y(E) =sup|(df,1)| =sup|f'(c0)],

where the supremum is taken over all holomorphic functions in C\ E such that | f|,c\rz < 1, assuming that
f=0on FE and that 0f is taken in the sense of distributions, and f’(c0) =lim,_, 2(f(2) — f(c0)).

Analytic capacity was introduced in 1947 by Ahlfors [1], who showed that a compact set E C C is removable
for bounded analytic functions if and only if it has vanishing analytic capacity. Later on, in the 1960’s, Vitushkin
[109] studied the uniform approximation in compact sets of holomorphic functions by rational functions and
polynomials and he obtained criteria for approximation in terms of some estimates involving analytic capacity.
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On the other hand, Lipschitz harmonic capacity was introduced by Paramonov [94] in 1990 in a work about
approximation for Lipschitz harmonic functions. See also [78], where it is shown that F is removable for Lipschitz
harmonic functions if and only if x(E) =0.

The author [101] (in the case d =2) and Volberg [110] (when d > 2) showed the following.

THEOREM 5.1. Let E C R be compact. Then

R(E)~ sup u(E),
nEA(E)

where A(E) is the family of all Radon measures p supported on E satisfying the (d—1)-polynomial growth condition
(4.1) with constant Cy =1 such that ||RZ71HL2(H)—>L2(H) <1.

The result in the case d =2 also holds for analytic capacity. From this theorem it follows that the capacity x
is countably semiadditive. That is, there exists some C' > 1 such that

The same result holds for analytic capacity.

For a compact set £ C R? with HI"Y(E) < o0, any measure p supported on E with the polynomial growth
condition (4.1) is of the form u=gH* 1|, for some g € L=(H?!|g). Together with Theorems 5.1 and 4.3, this
yields [91].

THEOREM 5.2. Let E C R? be compact with H4~1(E) < co. Then E is nonremovable for Lipschitz harmonic
functions if and only if there exists a (d — 1)-rectifiable subset F C E with H'1(F) > 0.

Equivalently, given a compact set £ C R with H-1 (E) < 0o, E is removable for Lipschitz harmonic functions
if and only if E is purely (d — 1)-unrectifiable, i.e., E does not contain any (d — 1)-rectifiable subset with positive
H4! measure.

We remark that the case d = 2 of Theorem 5.2 is due to David and Mattila [36]. Later, David proved the
analogous result for bounded holomorphic functions in his celebrated work on Vitushkin’s conjecture [31]. In
both works [36, 31], the arguments depend strongly on the connection between the Cauchy kernel and Menger
curvature.

The characterization of nonremovability in terms of rectifiability obtained in Theorem 5.2 does not hold for
sets with non-o-finite measure H?~ !, although Theorem 5.1 is still valid for these sets. In this case, combining
Theorems 5.1 and 4.7, we deduce that a compact set in R? is nonremovable for Lipschitz harmonic functions if
and only if it supports a nontrivial measure p satisfying the growth condition (4.1) and such that

> d
// Bg;l(x,r)z @Zil(:r,r) a du(z) < oo.
0J0 ' r
In fact, we deduce the following more precise result.
COROLLARY 5.3. Let E C R? be compact. Then
w(E) ~ sup u(E),
where the supremum is taken over all Radon measures u supported on E such that

w(B(x,r)) <r? 1 for all x € suppu and all ¥ >0

and
> d
[ ettenrei@n T iuw) < w0

To derive this corollary, remark that if p satisfies the conditions above, by Chebyshev one deduces that there
is a big piece F C E Nsuppp, with u(F) ~ p(E), such that the measure 1 = p|p satisfies (4.2), and so R?l
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is bounded in L2(j1). Hence x(E) 2 u(F) ~ pu(E). The converse direction of the corollary is a straightforward
consequence of Theorems 5.1 and 4.7.

Since the conditions above on the measure p are stable by bi-Lipschitz maps, it follows that if ¢: R - R? is
bi-Lipschitz, then

k(E)~k(p(E)) for any compact set E C RY,

with the implicit constant just depending on the bi-Lipschitz constant of ¢ and the ambient dimension. The
same result had been obtained previously in [102] in the case d =2, relying again on the connection between the
Cauchy kernel and Menger curvature.

Another suggestive characterization of the capacity k(F) can be given in terms of the following nonlinear
potential, which we call the Jones—Wolff potential of u:

0o 1/2
Uy (z) =sup @ﬁfl(x,r) + </0 55{;1(%7”)2 @Zfl(mﬂ”) cir) .

r>0
COROLLARY 5.4. Let E CR? be compact. Then
K(E)~sup{u(E): Uy(z) <1Vz € E}.

An immediate consequence of this result is that E is nonremovable for Lipschitz harmonic functions if and
only if it supports a nonzero measure p such that U, (z) <1 for all z € E.

The characterization of the capacity x and of removable sets for Lipschitz harmonic functions in terms of
a metric-geometric potential such as U, should be considered as an analogue of the characterization of analytic
capacity and of removable sets for bounded analytic functions in terms of curvature of measures [101]. So one can
think of the results stated in Corollaries 5.3 and 5.4 as possible solutions of the Painlevé problem for Lipschitz
harmonic functions.

Despite the advances described above, there are still interesting open questions related to the Painlevé problem
for bounded holomorphic and Lipschitz harmonic functions. One of them deals with the connection between
Favard length and analytic capacity. In the 1960’s, Vitushkin conjectured that a compact set in the plane is
nonremovable for bounded holomorphic functions if and only if its orthogonal projections have positive length in
a set of directions of positive measure, or in other words, if and only if it has positive Favard length. The Favard
length of a Borel set £ C C equals

(5.1) Fav(E) = /O "1 (Py(E)) do,

where, for § € [0,7), Py denotes the orthogonal projection onto the line Ly := {re? : r € R}. For sets with
finite length, Vitushkin’s conjecture is true, because of David’s theorem [31], since having zero Favard length for
these sets is equivalent to being purely 1l-unrectifiable. However, in 1986, Mattila [75] showed that Vitushkin’s
conjecture is false for sets with non-o-finite length. Indeed, he proved that the property of having zero Favard
length is not invariant under conformal mappings while removability for bounded analytic functions remains
invariant. Mattila’s result didn’t tell which implication in the above conjecture is false. This question was
partially solved in 1988, when Jones and Murai [68] constructed a set with zero Favard length and positive
analytic capacity. However, the following is still open.

QUESTION 5.5. If E is an arbitrary compact set in the plane with positive Favard length, then is its analytic
capacity positive?

Until recently, an important obstacle to solve the question above was the lack of a quantitative version of
the Besicovitch projection theorem. A first step in this direction was obtained by Orponen [93], who proved the
following result, solving a question put by David and Semmes in [38].

THEOREM 5.6. Let E C R? be a compact n-Ahlfors reqular set which has plenty of big projections (PBP).
Then this is uniformly n-rectifiable (more precisely, it has big pieces of Lipschitz graphs).

For simplicity, we only define the PBP property in the case n =1 in the plane: one says that E has plenty of
big projections if there exists > 0 such that for all z € E and 0 <r <diam(E) there exists some 6y € [0,7) and
some 9 > 0 such that
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HY (Py(EN B(x,r)))>6r forall 6 €[y — 6,00+ 0]

Later, relying on Orponen’s result, Dadrowski and Villa [42] showed the following. Again we only announce the
1-dimensional case in the plane.

THEOREM 5.7. Let E C C be a compact set having PBP. Then
(E) % diam(E),

with the implicit constant depending on the constants in the PBP property.

For other related results, see also [74, 27, 100].
The problem of obtaining a quantitative version of the Besicovitch projection theorem was solved by Dabrowski
in 2024 in [40]. In this work he proved the following remarkable result.

THEOREM 5.8. Let 0 < k <1 and A > 1. Suppose that E C R? is 1-Ahlfors reqular with constant A and
that Fav(E) > kHY(E). Then there exists a Lipschitz graph T with Lip(T) < C(k, A) such that HY(ENT) >
c(k, A) HY(E), with c(k, A) > 0.

However, for the moment it is not clear if one can apply the techniques and ideas from Dabrowski’s work to
make further progress in the solution of the open direction of Vitushkin’s conjecture.

6 Harmonic measure. Let Q € R? be an open set, and suppose for simplicity that it is bounded and
Wiener regular, so that the Dirichlet problem for the Laplacian is solvable for continuous functions on 9€2. That
is, for any function f € C(92) there exists a function uy € C(€2) which is harmonic in © and such that uf|sq = f.
By the maximum principle, for any z¢ € €2, the functional C'(9Q) > f — us(zo) € R is bounded with norm 1
and it is positive. Then, by the maximum principle and the Riesz representation theorem there exists a Radon
probability measure w® supported on 0f2 such that

(6.1) us(zo) = fdw®,

a0
for any f € C(09). The measure w™ is the harmonic measure for 2 with pole at 2q. We may drop the superscript
To in the notation if the choice of the pole is not relevant. The notion of harmonic measure can also be introduced
for domains which are non-Wiener regular via the Perron method and also for unbounded domains, but we skip
these cases. For more information about this topic, we refer to the monograph [96].

Understanding the metric and geometric properties of harmonic measure is important for the study of the
Dirichlet problem for the Laplace equation and also in complex analysis in the planar case d = 2. In fact, in
the plane, the behavior of conformal mappings at the boundary of 2 is strongly connected to the properties
of the harmonic measure for €. An old and natural question in classical analysis and PDE’s is to understand
the relationship between harmonic and the Hausdorff measure H¢~! (or other Hausdorff measures) on 952. For
example, an old theorem of the Riesz brothers [97] asserts that if €2 is a simply connected domain in the plane with
H1(0Q) < oo, then the harmonic measure for Q is mutually absolutely continuous with the arc-length measure
H! on O9.

A fundamental result in connection with harmonic measure is Dahlberg’s theorem [28]. Roughly speaking,
this asserts that for these domains harmonic measure and surface measure are mutually absolutely continuous in
a quantitative way. The precise statement is the following.

THEOREM 6.1. Let Q C R? be a bounded Lipschitz domain and denote by o the surface measure in Q. Let
B be a ball centered in 0%, and let zo € Q such that dist(zo, B N IN) > Oy 'rad(B). Then the following holds:

(a) The harmonic measure w*™ and o are mutually absolutely continuous.

(b) We have

1/2
dw® \? ][ dw®o w(B)

Further, w* is a doubling measure. The constant C above and the doubling constant depend only on d,
the Lipschitz character of 2, and C1.
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In the statement (b), when we assert that w® is a doubling measure, we mean that there exists some constant
C such that

w™(B(z,2r)) <Cw™(B(x,r)) for all x € 9 and 0 < r < diam(99).

Observe that (6.2) is an L?-reverse Holder inequality.

There are many results which show that rectifiability plays a key role in the connection between harmonic
measure and surface measure. In most of these results, Dahlberg’s theorem is a basic ingredient. This is the case,
for example, in the generalization of McMillan’s theorem to higher dimensions. To state it, we need to introduce
the notion of cone point.

Given an open set 2 C Rd, a point z € 9 is called a cone point (for 2) if there exist a unit vector v € Rd,
a€(0,1), and r > 0 such that

Xt (z,v,a,r):={yeBz,r): (y—2z) -v>aly—z|} CQ.

Then we have the following theorem

THEOREM 6.2. Let Q C R be a bounded domain, let o € Q, and let K C 9Q be the subset of cone points for
Q. Then H g K wi |k, that is, HE™t is absolutely continuous with respect to wy on K.
Suppose, moreover, that the following holds: there exists some ¢ >0 such that

(6.3) HEYBE M)\ Q) >erd™t  for all € € 9Q and > 0.

Then wi |k < HI7Y K, that is, ws’ is absolutely continuous with respect to HI~! on K.

For simply connected domains in the plane, this theorem is a well-known result of McMillan [80]. The
extension to higher dimensions announced above is due to Akman, Azzam, and Mourgoglou [3]. We recall that,
for any open set  C R?, the subset K C 99 of cone points for Q is (d — 1)-rectifiable. This is a standard fact
whose proof can be found in [76, Chapter 15], for example.

We will see in section 7 other results of more quantitative nature about the relationship between harmonic
measure and surface measure. Before turning to these types of results, we will deal with two free boundary
problems for harmonic measure which have been solved by using the rectifiability criteria in terms of the Riesz
transform described in section 4. The first one is a one-phase free boundary result which solves a question raised
by Bishop in 1992 [19].

THEOREM 6.3. Let Q CR? be an open set, and let yo € Q. Suppose that there exists a set E C 0Q such that
0 <HY"YE) < oo and that the harmonic measure wd | g is mutually absolutely continuous with H¥~|g. Then E
is (d — 1)-rectifiable.

This theorem was proved by Azzam et al. [7]. Notice that both the Riesz brothers theorem and McMillan’s
Theorem, Theorem 6.2, assert that rectifiability plus other conditions imply the mutual absolute continuity
between harmonic measure and the Hausdorff measure H%~!. The theorem above deals with the converse direction:
the mutual absolute continuity of those measures implies rectifiability, for any arbitrary open set .

The connection between the Riesz transform and harmonic measure stems from the identity

G(z,y0)=E(x —yo) — E(x —2z)dw¥(z), for z,yo €,
o0

where G is the Green function for €. Differentiating on x, we get
(6.4) V.G(z,y0) = VE(x — yo) — ca R w0 (z),

where ¢4 is some absolute constant. In case €2 satisfies the CDC, from this identity and some standard estimates
relating the Green function and harmonic measure, one deduces that
w¥ (B(x,r))

Rt () Ssup ——7

r>0

In case the CDC does not hold, this estimate may fail but quite often one can get some weaker form of this
inequality which may suffice for applications.
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To prove Theorem 6.3, in [7] one uses the identity (6.4), the relationship between the Green function and
harmonic measure, and the mutual absolute continuity between w¥° | and H4™1|g, to prove that RI~1w¥o (x) < oo
for w¥-a.e. x € E. Then, by Corollary 4.5, one deduces that E is (d — 1)-rectifiable.

Next, we turn to the aforementioned two-phase free boundary problem for harmonic measure. The following
theorem by Azzam et al. [12] solves a question posed again by Bishop in [19]. The planar case d = 2 had been
proved previously by Bishop himself [18].

THEOREM 6.4. For d >3, let 21,9y C R be two disjoint domains and denote by w1 and wq their respective
harmonic measures. Let E C 01 N0y be a Borel set such that wi|g and wse|g are mutually absolutely continuous.
Then E contains a (d—1)-rectifiable subset F' with wi(E\ F) =0 such that wi|r and ws|p are mutually absolutely
continuous with He1|p.

We remark that under the additional assumption that €2 satisfies the capacity density condition, the theorem
above had been proved previously by Azzam, Mourgoglou, and the author in [10]. Under this additional assump-
tion, one obtains the existence of tangents for €2; and s w;-a.e. in E. For other results of more quantitative
nature about the two phase problem for harmonic measure, see, for example, [71, 22, 11, 95, 107].

By a previous result of Kenig, Preiss, and Toro [70], when Q; and Qs are NTA domains (see section 6 for
the precise definition), it was already known that the mutual absolute continuity of the harmonic measures w;
and wy implies that these measures are concentrated in a (d — 1)-dimensional set. The main difficulty in proving
Theorem 6.4 consists of showing the existence of a subset F' C E with w1(E \ F)) =0 such that wq|r and ws|p are
mutually absolutely continuous with H?~!|z, since then the (d — 1)-rectifiability of F' follows from Theorem 6.3.
By standard arguments, it suffices to show that

0< 0% 1(z,w) :=limsup M <oo forwi-a.e. x € E.
r—0 (2r)dt
The main difficulty is in proving the left inequality. To this end, the main tool is Theorem 4.6. Indeed, suppose
that there exists some subset F' C 9€2; N 05 with positive measure wy such that 9*’d*1(33,w1) =0forall ze F.
Then, an application of Theorem 4.6 in a suitable small ball B centered at a density point of F' would lead to a
contradiction, since this ensures that a nonnegligible portion Gy C F' is supported on a uniformly rectifiable set
T, which implies that *9=!(z,w;) > 0 a.e. on G. To guarantee that the assumptions of the theorem are satisfied,
one needs to apply the ACF monotonicity formula and a delicate blowup argument, in a similar fashion to [70],
together with the connection between the Riesz transform and harmonic measure that stems from (6.4).

To conclude this section, we wish to recall an important open question about the dimension of harmonic

measure. For any Borel measure v in RY, its (Hausdorff) dimension, denoted by dimpg v, is defined by

dimg v = inf {dimg F : F ¢ R? Borel, v(F¢) =0},

where dimy F stands for the Hausdorff dimension of F. A celebrated theorem of Jones and Wolff [69] asserts
that, for any arbitrary domain in the plane, dimyw < 1. In the higher-dimensional case d > 2, the situation is
more complicated. On the one hand, Bourgain [24] proved in 1987 that there exists some constant €4 > 0 just
depending on d such that dimy w < d—gy4 for any 2 C RY. A natural guess would be that one could take ¢4 =1, so
that dimy w < d—1 for any domain of Rd, analogously to what happens in the plane. However, this was disproved
by Wolff in [111], where he managed to construct a snowflake type domain 2 C R? satisfying dimy w >d — 1, for
d>3. A difficult open question in the area is the following.

QUESTION 6.5. Which is the optimal value of the constant €47 A less demanding but related question is to
determine its asymptotic behavior as the dimension d grows.

Bishop [19] and Jones [67] conjecture that €4 = ﬁ However, at present there is not much evidence supporting

this conjecture.

7 Boundary value problems for harmonic functions in rough domains. Let ) C R? be a bounded
open set such that H?~1(00) < co. Denote 0 = H¥1|sq and LP(0Q) = LP(o) for 1 < p < co. Recall that the
Dirichlet problem (for the Laplace equation) with boundary data f: 9 — R, f € C(9) consists of finding the
function u € C?(Q) N C(2) such that

Au=0 in Q,
u=f in 0N).
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On the other hand, the Neumann problem with data g : 9Q — R, with g € L?(99) such that [, gdo =0 (we
write g € L3(099)) consists of finding the function u € C?(£2) such that

Au=0 in Q,
dyu=g in 092,

where 0,u stands for the outer normal derivative of u in 0. This normal derivative can be defined as a nontan-
gential limit if it exists, or in a weak sense, by the identity

(7.1) / Vqupdx:/ gedo  for all ¢ € C°(RY).
Q a0
For Q as above, a parameter a > 0, a function v : Q — R, and £ € 012, we consider the nontangential maximal
operator

N(w)(€) = sup fu(y)l,

y€Tla(§)

where T, (&) ={y € Q: |€ — y| < (1 + a)dist(y,dQ)}. Notice that T',(§) is a nontangential region with vertex at
&. We say that the Dirichlet problem (for the Laplace equation) is LP-solvable if the solution u of the Dirichlet
problem with boundary data f satisfies

IV (u) HLp(aQ) <C HfHLp(aQ) for all Dirichlet data f € C(99).
The regularity problem is LP-solvable if
IN(Vu)llro0) < ClIVifllLrany  for all Dirichlet data f € Lip(9€2),

where V, f is the tangential derivative of f in 9. This tangential derivative can be defined pointwise o-a.e. when
0N is rectifiable, or alternatively, one can use the framework of the Hajlasz—Sobolev spaces [55] to define this. On
the other hand, the Neumann problem is LP-solvable if

[N (V)| e o) < Cll0yullran)  for all Neumann data g = d,u € L§(052).

For short, we say that (D,), (R,), (N,) are solvable, respectively. It is well known that if 9Q is Ahlfors regular,
then the solvability of these problems does not depend on the aperture a of the nontangential region used to
define A/ (although the constants C above may depend on it).

To study the solvability of the Dirichlet, regularity, and Neumann problems, one needs to assume quantitative
geometric conditions on the underlying domain. Recall that one says that a set {2 satisfies the corkscrew condition,
or that € is a corkscrew set, if there exists some constant ¢; > 0 such that for all z € 9Q and all r € (0,2diam(€2))
there exists a ball B C B(x,r) N such that rad(B) > ¢; r. On the other hand, © is called two-sided corkscrew if
both Q and R? \ Q are corkscrew sets.

Given two points z,2’ € Q, and a pair of numbers M, N > 1, an (M, N)-Harnack chain connecting z to z’, is
a chain of open balls By,..., By CQ, with 2 € By, 2’ € Bx, By, N Bry1 # @, and M ~tdiam(By,) < dist(By, 99Q) <
Mdiam(By) for all k. For Cy > 1, we say that Q satisfies the Co-Harnack chain condition if for any two points
x,2’ €, there is an (M, N)-Harnack chain connecting them, with M <5 and N such that

N <y <l—|—log+ |z — /| )
- min(5g(l‘),5g(aj/)) ’
where dq(z) = dist(z, 092).

A domain Q c R? is called uniform if it is a corkscrew domains and it satisfies the Harnack chain condition.
Following [65], 2 is called NTA (nontangentially accessible) if it is uniform and two-sided corkscrew. One says
that set Q C R? is a chord-arc domain if it is NTA and € is (d — 1)-Ahlfors regular. Additionally, if a domain 2
and its exterior R? \ Q are chord-arc, then Q is called two-sided chord-arc.

7.1 The Dirichlet problem. The following theorem characterizes the L? solvability of the Dirichlet problem
in terms of a local reverse LP Holder inequality for harmonic measure.
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THEOREM 7.1. Let Q CR? be a domain with bounded (d — 1)-Ahlfors regular boundary and set o =H¥ 1 |gq.
Given x € ), denote by w* the harmonic measure for Q2 with pole at x. Forp € (1,00), the following are equivalent:
(a) (Dy) is solvable for 2.
(b) The harmonic measure w is absolutely continuous with respect to o and for every ball B centered in OS2
and for all x € QN 3B\ 2B with diam(B) < 2diam(9N), it holds that

, 1/p
dw®\?
- < -1
(7.2) ;B ( o > do <o(B)",

where p' =p/(p—1).

This theorem is proven in [86], but quite likely it was already known before (this is sure at least for the
class of chord-arc domains). See, for example, [72, 56] for somewhat less precise results. Remark that combining
Dahlberg’s Theorem, Theorem 6.1, and the preceding result, one deduces the (well-known) fact that the Dirichlet
problem is solvable in L? in Lipschitz domains for p > 2.

For an open set Q C R? with (d — 1)-Ahlfors regular boundary, one says that the harmonic measure belongs
to local weak-Ay if the condition (b) in Theorem 7.1 holds for some p > 1. In the case when Q is a chord-arc
domain, using the change of pole formula and the fact that harmonic measure is doubling (see [65]), it follows
easily that the local weak-A,, condition is equivalent to the fact that, for a fixed pole g € €2, the harmonic
measure w® is an A, weight with respect to the surface measure H9~!|sq.

It was shown independently by David and Jerison [35] and Semmes [98] that if © is two-sided corkscrew,
then its boundary 9f is uniformly (d — 1)-rectifiable, and, moreover, {2 has big pieces of Lipschitz subdomains.
The last statement means that for any ball B(x,r) centered in 02 with radius at most diam(0€) there exists a
Lipschitz subdomain €, . C Q (with constants uniform on z and r) such that, for some fixed v > 0,

(7.3) HITH QN 0Q, . N B(x,7)) > yHH(0QN B(a,r)).

Using this fact, it was shown in [35, 98] that if Q is chord-arc domain, then the harmonic measure satisfies the
local weak- A, property, and so it belongs to A in this case. Later, Bennewitz and Lewis [16] proved that the
two-sided corkscrew condition (together with the (d — 1)-Ahlfors regularity of the boundary) suffices for the local
weak-A. condition to hold.

The full geometric characterization of the domains with (d — 1)-Ahlfors regular boundaries for which the local
weak-A, condition holds was obtained by Azzam et al. in [8]. The precise result is the following.

THEOREM 7.2. Let Q CR?, d >3, be an open set with (d—1)-Ahlfors regular boundary satisfying the corkscrew
condition. Then the following are equivalent:

(a) Q has big pieces of chord-arc subdomains.

(b) Harmonic measure for Q is in local weak-Ax, .

The notion of big pieces of chord-arc subdomains is analogous to the one of big pieces of Lipschitz subdomains
introduced in (7.3): one only has to replace the assumption that the sets €, , are Lipschitz subdomains by the
one of being chord-arc subdomains (with uniform constants too). We remark that in [8] it is also shown that the
conditions (a) and (b) above are equivalent to the fact that 0 is uniformly (d — 1)-rectifiable and € satisfies a
suitable connectivity condition, namely, the so-called weak local John condition. The fact that the local weak-A
condition implies uniform rectifiability had been shown previously in [57, 85]. The proof of the implication (b)
= (a) in the theorem uses again the Alt—Caffarelli-Friedman monotonicity property together with some ideas
originating from Aikawa and Hirata [2] and other techniques from quantitative rectifiability.

Many other results connecting the geometry of domains and PDE type results have been obtained in recent
years. For example, the next result characterizes the uniform rectifiability of 0.

THEOREM 7.3. Let Q CRY, d > 2, be a corkscrew domain with (d — 1)-Ablfors regular boundary. Then the
following are equivalent:

(a) OQ is uniformly (d — 1)-rectifiable.

(b) There is C >0 such that for every bounded harmonic function u on Q0 and every ball B centered at 052,

/B |Vu(z)|* dist(z,09) de < C ||u\|%oc(ﬂ) rad(B)?1.
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The implication (a) = (b) is due to Hofmann, Martell, and Mayboroda [58], and the converse one to Garnett,
Mourgoglou, and the author [51].

7.2 The regularity and Neumann problems. For Lipschitz domains, in 1984 Verchota [108] proved
that the regularity problem is solvable in L2, and later, in 1987, Dahlberg and Kenig [30] proved that both the
regularity and the Neumann problems are solvable in LP in the range p € (1,2 4 €). Previously, Fabes, Jodeit,
and Riviere had shown in [45] that in C'' domains both problems are solvable for all p € (1,00). The arguments
in all these works rely on the proof of the invertibility of the double layer potential in LP.

An important open problem in the area of boundary value problems consists of finding a larger class of
domains where the regularity and Neumann problems for the Laplace equation are solvable in LP. In particular,
in 1991 Kenig asked the following question [72, Problem 3.2.2]: in a bounded chord-arc domain 2 C R does there
exist p > 1 such that the regularity and Neumann problems for the Laplacian are solvable in LP?

To deal with the regularity problem in chord-arc domains it is convenient to introduce a variant of the problem
in terms of the Hajlasz—Sobolev spaces. Fix a metric space ¥ and a doubling measure ¢ with suppo =% (below
we will take ¥ =0 and o = H%"1|5q). For a Borel function f:Y — R, we say that a nonnegative Borel function
g: X — R is a Hajlasz upper gradient of f if

(7.4) [f(2) = fW) <z —yl(g(x) +9(y)) for o-ae z,yecX.

We denote the collection of all the Hajlasz upper gradients of f by D(f). Then for p > 1, we let W'?(X) be the
space of Borel functions f which have a Hajlasz upper gradient in LP(o) and we define the seminorm
7.5 1pyy = inf p(S)-
(7.5) £ lhwrcsy = inf lgllrcs

We say that the problem (IA?;),, is solvable in 2 if the solution of the Dirichlet problem with boundary data
f € Lip(09) satisfies

IN(VU)llzeo0) < C N f s a0)-
The aforementioned question about the regularity problem was solved by Mourgoglou and the author in [86].

THEOREM 7.4. Let Q C R? be a bounded corkscrew domain with (d — 1)-Ahlfors regular boundary. For
p € (1,00), the Dirichlet problem (D,/) is solvable if and only if (Rp) is solvable.

__ Since, for chord-arc domains, the Dirichlet problem is solvable in (Dy) for p’ large enough, it follows that
(R,) is solvable in this type of domain for p small enough. On the other hand, as shown in [86], in the absence of
connectivity condition on 92, the implication (D,) = (R,) may fail. However, if 9 supports a weak p-Poincaré
inequality (see section 2), then [[Vif|[rra0) % || fllyir1s(an) and thus the solvability of (R)) is equivalent to the

solvability of (R,). It has been shown in [99] that if Q is a two-sided chord-arc domain, then 9 supports a
weak ¢-Poincaré inequality for every ¢ > 1. So for two-sided chord-arc domains, (R,,) is solvable for p > 1 small
enough. We also remark that Azzam [6] has proved that if E is an n-Ahlfors regular set in R? that supports a
weak n-Poincaré inequality, then E is uniformly n-rectifiable.

The strategy for the proof of Theorem 7.4 consists of constructing an “almost harmonic extension” v of the
boundary function f € Lip(9€2) to €, such that its distributional Laplacian Av satisfies an LP-Carleson condition
in © and such that, moreover, its normal derivative d,v in 0f is controlled by the Hajtasz tangential gradient of
f. The construction of this almost orthogonal extension is performed by means of a corona type decomposition
of  in terms of mutually disjoint interior Lipschitz subdomains together with a “buffer” region. With the almost
harmonic extension in hand, one is able to apply a duality argument to show that Dirichlet solvability in )i
implies the existence the following one-sided Rellich type inequality:

(7.6) [0vullrr o) < C |l fllvirina0)-

Then, using layer potential techniques, one deduces that (R,) is solvable.

Regarding the Neumann problem, there has been little progress since the proof of the solvability for p € (1,24¢)
in Lipschitz domains by Dahlberg and Kenig. In [60] Hofmann, Mitrea, and Taylor proved that the Neumann
problem is solvable in SKT domains for all p € (1,00). An SKT domain is a chord-arc domain such that the
outer unit normal belongs to VMO, which, in particular, implies that 0 is Reifenberg flat [60]. That is,
lim, 0 ﬁgo_’élm (z,7) =0 for all x € 992, uniformly on x.
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QUESTION 7.5. Is there some p > 1 small enough such that the Neumann problem is solvable in LP for
chord-arc domains, with p possibly depending on the chord-arc character?

The most general class of domains where the Neumann problem is known to be solvable in L? for some p > 1
is the one of chord-arc domains such that the regularity problem is solvable in LP and have very big pieces of
Lipschitz subdomains, as shown by recently by Mourgoglou and the author [87]. Recall that any chord-arc domain
Q has big pieces of Lipschitz graph. That is, for any ball B(x,r) centered in 9Q with radius at most diam(952)
there exists a Lipschitz subdomain domain Q, , C © (with constants uniform on x and r) such that, for some
fixed v € (0,1), (7.3) holds. One says that Q has very big pieces of Lipschitz subdomains if (7.3) holds for some
~ very close to 1. Of course, this definition depends on the particular choice of ~.

To close this section, we want to remark that the area of boundary value problems for elliptic PDE’s and its
interaction with uniform rectifiability has been very active in the last years. Some directions of research that we
have not mentioned above include the study of elliptic measures under the Dahlberg, Kenig, Pipher condition,
with contributions such as the one of Hofmann et al. [59]; the one-phase and two-phase problems for elliptic
measures associated to PDE’s with VMO or double mean oscillation coefficients by Azzam and Mourgoglou [9]
and Merlo, Mourgoglou, and Puliatti [82]; the study of elliptic measures in domains with high codimension, with
works by David et al. such as [33, 34, 32]; or the study of caloric measure and parabolic uniform rectifiability in
graph domains by Bortz et al. [23]. Other related works are [88] by Mourgoglou, Poggi, and the author and [46]
by Feneuil and Li, where some suitable Poisson problems are considered in connection with the regularity and
Neumann problems, respectively. Also, in the work [50], Gallegos studies the solvability of the regularity problem
in the end-point case p =1 and he shows just that the uniform rectifiability of 02 suffices for the validity of the
one-sided Rellich inequality (7.6) for p =1, and conversely, in the plane, the validity of such inequality for p =1
implies the uniform rectifiability of 9.
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