VARIATION FOR RIESZ TRANSFORMS
AND UNIFORM RECTIFIABILITY

ALBERT MAS AND XAVIER TOLSA

ABSTRACT. For 1 < n < d integers and p > 2, we prove that an n-dimensional Ahlfors-
David regular measure p in R? is uniformly n-rectifiable if and only if the p-variation for
the Riesz transform with respect to u is a bounded operator in L?(u). This result can
be considered as a partial solution to a well known open problem posed by G. David and
S. Semmes which relates the L?(u) boundedness of the Riesz transforms to the uniform
rectifiability of .

1. INTRODUCTION

In this paper we characterize the notion of uniform rectifiability in the sense of David and
Semmes [DS2] in terms of the L? boundedness of the p-variation for Riesz transforms, with
p > 2.

Given 1 < n < d integers and a Borel measure p in R? one defines the n-dimensional
Riesz transform of a function f € L'(u) by RFf(z) = lime o RE f(x) (whenever the limit

exists), where
x —_—

Y
Rif@) = [ IV ) duty), se R
|lz—y|>e |£C - y|
We will use the notation R¥ f(x) := {RE f(x)}eso. When d = 2 (i.e., p is a Borel measure in

C), one defines the Cauchy transform of f € L'(u) by C*f(z) = lime o CY f(x) (whenever
the limit exists), where

Cl f(x) =/| 1) du(y), =z eC.

z—yl>e L — Y
To avoid the problem of existence of the preceding limits, it is useful to consider the maximal
operators RY f(z) = sup,¢ |RE f(z)] and CL f(x) = sup.~ |C¥ f(x)|. Notice that the Cauchy
transform coincides with the 1-dimensional Riesz transform in R? modulo conjugation, since
1/z =%/|z|? for all x € R%\ {0}.

The Cauchy and Riesz transforms are two very important examples of singular integral
operators with a Calderén-Zygmund kernel. Given d > 2, the kernels K : R?\ {0} — R that
we consider in this paper satisfy
C C C
(1) ‘K(x)’ < W? ’8$ZK(1.)’ < ’1“"""1 and ’8$ZaxJK(x)‘ < \x!"*‘Q’
foralll1 <i,j <dandz = (2!,...,2%) € R\ {0}, where 1 < n < d is some integer and C' > 0
is some constant; and moreover K(—xz) = —K(x) for all  # 0 (i.e. K is odd). Notice that
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the n-dimensional Riesz transform corresponds to the vector kernel (z',... 2%)/|z|"*!, and
the Cauchy transform to (z!, —22)/|x|? (so, we may consider K to be any scalar component
of these vector kernels). For f € L'(u) and = € RY, we set

ﬂ#@ﬁzﬂummwz/' Kz — ) (y) du(y),

lz—y|>e
and we denote THf(x) = {T f(x)}eso0.

Definition 1.1 (p-variation and oscillation). Let F := {F.}eso be a family of functions
defined on R®. Given p > 0, the p-variation of F at x € R? is defined by

1/p

VF) @) = 510 (3 1Frns ) = P )
{em} meZ

where the pointwise supremum is taken over all decreasing sequences {€m }mez C (0,00). Fiz

a decreasing sequence {rm }mez C (0,00). The oscillation of F at x € RY is defined by

1/2

O @) = sup (1R = B, @)
{em}{om} meZ

where the pointwise supremum is taken over all sequences {€m tmez and {0m tmez such that

Tl < €m < O < 1y for all m € Z.

The p-variation and oscillation for martingales and some families of operators have been
studied in many recent papers on probability, ergodic theory, and harmonic analysis (see
[Lp], [Bo], [JKRW], [CJRW1], [JSW], [LT], and [OSTTW], for example). In this paper we
are interested in the p-variation and oscillation of the family 7#f. That is, given a Borel
measure g in R? and f € L'(x) we will deal with

Voo TH)f(x) ==V, (THf)(x), (0o TH)f(x) = O(T"[)(x).

We are specially interested in the case 7# = RH. Notice, by the way, that T f(z) <
V,(THf)(z) for any compactly supported function f € L*(u) and all z € RY.

When p coincides with the Lebesgue measure in the real line and K(x) = 1/z is the
kernel of the Hilbert transform, Campbell, Jones, Reinhold and Wierdl [CJRW1] showed
that V,07# and O o T* are bounded in L”(y), for 1 < p < oo, and of weak type (1,1). This
result was extended to other singular integral operators in higher dimensions in [CJRWZ2].
The case of the Cauchy transform and other odd Calderén-Zygmund operators on Lipschitz
graphs was studied recently in [MT].

Let us turn our attention to uniform rectifiability now. Recall that a Borel measure y in
R? is called n-rectifiable if there exists a countable family of n-dimensional C'' submanifolds
{M;}ien in R? such that p(E \ U;ey Mi) = 0. Moreover, p is said to be n-dimensional
Ahlfors-David regular, or simply AD regular, if there exists some constant C' > 0 such that
C~ " < u(B(x,r)) < Or" for all x € suppp and 0 < 7 < diam(suppy). One also says
that p is uniformly n-rectifiable if there exist 8, M > 0 so that, for each = € suppp and
r > 0, there is a Lipschitz mapping ¢ from the n-dimensional ball B*(0,7) C R" into R¢
such that Lip(g) < M and pu(B(z,r) N g(B"(0,r))) > 6r", where Lip(g) stands for the
Lipschitz constant of g. In particular, uniform rectifiability implies rectifiability. Given a set
E C R4, we denote by H'% the n-dimensional Hausdorff measure restricted to E. Then F is
called, respectively, n-rectifiable, AD regular, or uniformly n-rectifiable if H% is so. By the
Lebesgue differentiation theorem, any n-dimensional AD regular measure p is of the form
B = fHgupp, With C~! < f(x) < C for some constant C > 0 and all = € suppy.
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G. David and S. Semmes asked more than twenty years ago the following question, which
is still open (see, for example, [Pa, Chapter 7)):

Question 1.2. Is it true that an n-dimensional AD regular measure i is uniformly n-
rectifiable if and only if RY is bounded in L*(u)?

Some comments are in order. By the results in [DS1], the “only if” implication of the
question above is already known to hold. Also in [DS1], G. David and S. Semmes gave
a positive answer to Question 1.2 if one replaces the L? boundedness of RY by the L?
boundedness of T} for a wide class of odd kernels K. In the case n = 1 (in particular, for
the Cauchy transform), the “if” implication was proved by P. Mattila, M. Melnikov and J.
Verdera in [MMV] using the notion of curvature of measures. Later on, G. David and J. C.
Léger [Lé] proved that the L? boundedness CL implies that j is rectifiable, even without the
AD regularity assumption (with n = 1).

When 4 is the n-dimensional Hausdorff measure on a set £ C R? such that u(E) < oo,
the rectifiability of p is also related with the existence p-a.e. of the principal value of the
Riesz transform of y, that is, the existence of RF1(z) = lim o RE1(z) for prae. z € E. In
[MPr], P. Mattila and D. Preiss proved that, under the additional assumption that

(2) lim in% r "uw(B(z,r)) >0 for p-a.e. v € E,

the rectifiability of E is equivalent to the existence of R*1(x) p-a.e. x € E. Later on, in
[To3] X. Tolsa removed the assumption (2) and proved the result in full generality. Let us
mention that, for the case n = 1 and d = 2 (that is, for the Cauchy transform), the analogous
results had been obtained previously by [Ma2] under the assumption (2), and in [Tol], in
full generality, by using the notion of curvature of measures.

In this paper we prove the following:

Theorem 1.3. Let 1 <n <d and p > 2. An n-dimensional AD regular Borel measure i in
R? is uniformly n-rectifiable if and only if V,0RM is a bounded operator in L?(u). Moreover,
if p is n-uniformly rectifiable, then for any kernel K satisfying (1), the operator V, o T* is
bounded in L*(p).

Let us compare this result with the David-Semmes Question 1.2. Notice that the preceding
theorem asserts that if we replace the L?(;) boundedness of RY by the stronger assumption
that V, o R* is bounded in L?(xt), then p must be uniformly rectifiable. On the other hand,
the theorem claims that the variation for odd singular integral operators with any kernel
satisfying (1), in particular for the n-dimensional Riesz transforms, is bounded in L?(u).

A natural question then arises. Given an arbitrary measure pu on RY, without atoms
say, does the L?(u) boundedness of RY implies the L?(u) boundedness of V, o RH, for p >
2?7 By the results of [MMV] and Theorem 1.3, this is true in the case n = 1 if p is AD
regular 1-dimensional. Clearly, a positive answer in the general case n > 1 would solve the
David-Semmes problem in the affirmative. Nevertheless, such an approach to try to solve
this problem looks quite difficult. In fact, we recall that is not even known if the L?(u)
boundedness of RY ensures the p-a.e. existence of the principal values of R*1, which is a
necessary condition for the L?(x) boundedness of V, o RH.

Concerning the proof of Theorem 1.3, in our previous paper [MT] we showed that, if u
stands for the n-dimensional Hausdorff-measure on an n-dimensional Lipschitz graph, then
the p-variation for Riesz transforms and odd Calderén-Zygmund operators with smooth
truncations are bounded in L?(y). This is a fundamental step to prove that V, 0o R¥ and,
more generally, V, o T#, are bounded in L?(p) if p is uniformly n-rectifiable. Another basic
tool in our arguments is the geometric corona decomposition of uniformly rectifiable measures
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introduced by David and Semmes in [DS1], which, roughly speaking, describes how supp(u)
can be approximated at different scales by n-dimensional Lipschitz graphs.

The proof of the fact that the L?(1) boundedness of V, o R* implies the uniform rectifia-
bility of u is not so laborious as the one of the converse implication. As remarked above, if
V, 0 R* is bounded in L?(u), then the principal values of RM1 exist p-a.e., which implies the
n-rectifiability of u, by the results of [MPr] or [To3]. However, this is not enough to ensure
the uniform n-rectifiability of pu. We will prove the uniform n-rectifiability by arguments
partially inspired by some of the techniques in [To4].

Finally, let us remark that Theorem 1.3 follows from a more general result, namely The-
orem 2.3 below, which also deals with the variation for Riesz transforms and odd Calderén-
Zygmund operators with smooth truncations.

As usual, in the paper the letter ‘C’ stands for some constant which may change its value
at different occurrences, and which quite often only depends on n and d. The notation A < B
(A Z B) means that there is some fixed constant C' such that A < CB (A > CB), with C
as above. Also, A ~ B is equivalent to A < B < A.

2. PRELIMINARIES

2.1. The main theorem.

Definition 2.1 (families of truncations). Let xr := X[1,00) and let ¢r : [0, +00) — [0, +00)
be a non decreasing C* function with X[4,00) < PR < X[1/4,00)- Suppose moreover that || is
bounded below away from zero in [1/3,3], i.e., xp1/3,3 < Clegl| for some C > 0.

Given x € R, and 0 < € < 6, we set

Xe(@) = xr(lzl/e) and x{(x) = xe(x) - xs(2),
pe(w) = pr(|*/€®) and ¢(x) = pe(x) — @5(x).

Notice that, for any finite Borel measure pi, Top(z) = (Kxe*p)(z). Given xz = (z!,...,2%) €
R, we denote T = (x!,...,2™,0,...,0) € R, and we set 3. () := o (T) and P°(x) := @2 (7).
Finally, for f € L' (p) we set THf = T (fp) := {T¥ f}es0,

To.f(x) = To (fu)(@) == (Keex p)(x) and  T5'f = To(fr) :={T5, [ 10,

TE f(2) = Ts, (f)(@) i= (K@ex p)(&) and TLf = To(f) = {TE fhoso.
Remark 2.2. In the definition, the choice of [4,00), [1/4,00), and [1/3,3] is not specially

relevant, it is just for definiteness. One can replace the preceding intervals by other suitable
intervals, and all the proofs in the paper remain almost the same.

We will prove the following.

Theorem 2.3 (Main Theorem). Let 1 < n < d be integers. Let p be an n-dimensional AD
reqular Borel measure on R%. The following are equivalent:

(a) w is uniformly n-rectifiable.

(b) For any K satisfying (1) and any p > 2, the operator V, o T} is bounded in LP(p)
for all 1 < p < oo, and from L(p) into L1 ().

(¢) For any K satisfying (1) and any p > 2, the operator V, o T* is bounded in L*().

(d) For some p > 0, the operator V, o R* is bounded in L*(p).

(e) For K(z) = z/|z["™ and some p > 0, the operator V, o T} is bounded in L?().

Clearly, Theorem 1.3 is a direct consequence of the preceding result.
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Remark 2.4. Let {ry,}mez C (0,00) be a fixed decreasing sequence defining @. Then, the
implications (a) = (b),...,(e) in the theorem above still hold if one replaces V, by O. If
there exists C' > 0 such that C~1r,, < rp, —7Tmr1 < Cry, for all m € Z, then the impliactions
(b),...,(e) = (a) also hold (so Theorem 2.3 remains true replacing V, by O), but we do not
know if they still hold without this additional assumption (see Remark 6.9).

Notice that, by Theorem 2.3, besides V, o R* and O o R¥, the operators V, o 7} and
Oo T} for K(z) = z/|z|"*! characterize completely the n-AD regular measures y which are
uniformly n-rectifiable.

One of the main ingredients for the proof of Theorem 2.3 is the following result, which
strengthens one of the endpoint estimates obtained in [MT]. Let M(R?) be the space of
finite real Borel measures on R?, with the norm induced by the variation of measures.

Theorem 2.5. Let p > 2 and let p be the n-dimensional Hausdorff measure restricted to an
n-dimensional Lipschitz graph. Then, V,07T, is a bounded operator from M(R?) to Lb> ().
In particular, V, o T is of weak type (1,1). The bound of the norm of this operator only
depends on n, d, K, p, pr, and the maximal slope of T'.

By an n-dimensional Lipschitz graph I' € R? we mean any translation and rotation of a
set of the type {z € R? : = = (y, A(y)), y € R"}, where A : R® — R is some Lipschitz
function with Lipschitz constant Lip(A), which coincides with the maximal slope of T'.

Remark 2.6. The theorem above also holds if one replaces V, by O. Moreover, the norm
of O o T} is bounded independently of the sequence that defines O.

The plan of the proof of Theorem 2.3 is the following: in Section 3 we prove Theorem 2.5,
which is used in the subsequent Section 4 to prove the implication (a) == (b) of Theorem
2.3. In Section 5 we prove (a) = (c¢) in Theorem 5.1, and in Section 6 we prove Theorem
6.8, which gives the implications (d) = (a) and (e) = (a), and finishes the proof of
Theorem 2.3, taking into account that (b) = (e) and (¢) = (d) are trivial.

Theorems 2.3 and 2.5 are stated in terms of V,, but they also hold for O, as remarked
above. However, we will only give the proof of these results for V,, because the case of O
follows by very similar arguments and computations.

2.2. Calderén-Zygmund decomposition for measures. Given a cube Q C R? and
a > 0, we denote by ¢(Q) the side length of @ and by a@ the cube concentric with Q
with side length af(Q). The cubes that we consider in this paper have sides parallel to the
coordinate axes in RY,

A proof of the following result can be found in [To5] or [M].

Lemma 2.7 (Calderén-Zygmund decomposition). Assume that p := Hp g, where I' is an
n-dimensional Lipschitz graph and B C R? is some fized ball. For any v € M(R?) with
compact support and any X\ > 29 ||v||/||ull, the following holds:

(a) There exists a finite or countable collection of almost disjoint cubes {Q;}; C RY (that
is, >.;x@; < C) and a function f € LY(p) such that
3) VI(Qs) > 27 An(2Q;),
(4) V(nQj) < 274 Au(20Q;)  for n > 2,
(5) v=fuin R\ Q with |f| <\ p-a.e, where Q= U,Qj-
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(b) For each j, let Rj := 6Q; and denote w; := XQJ'(Zk XQk)fl. Then, there exists a
family of functions {b;}; with suppb; C R; and with constant sign satisfying

(6) / by dy = / w; dv,

(7) 10511 oo (uy () < Clw[(Qj), and
(8) >-lbj| < CoX  (where Cy is some absolute constant).

2.3. Dyadic lattices. For the study of the uniformly rectifiable measures we will use the
“dyadic cubes” built by G. David in [Da, Appendix 1] (see also [DS2, Chapter 3 of Part
I]). These dyadic cubes are not true cubes, but they play this role with respect to a given
n-dimenasional AD regular Borel measure p, in a sense. To distinguish them from the usual
cubes, we will call them p-cubes.

Let us explain which are the precise results and properties about the lattice of dyadic
p-cubes. Given an n-dimenasional AD regular Borel measure p in R?, for each j € Z there
exists a family D; of Borel subsets of suppy (the dyadic p-cubes of the j-th generation) such
that:

(a) each Dj is a partition of supppu, i.e. suppy = UQeDj Q and Q N Q' = () whenever
Q.Q' € D; and Q £ Q'

(b) if @ € Dj and Q' € Dy, with k < j, then either Q@ C Q" or Q N Q" = 0;

(c) for all j € Z and Q € D;, we have 277 < diam(Q) < 277 and u(Q) ~ 279™;

(d) there exists C' > 0 such that, for all j € Z, Q € D;, and 0 < 7 < 1,

p({z € Q :dist(z, E\ Q) < 1277})

®) +u({z € B\ Q: dist(z,Q) < 7279}) < Or'/C27n,

This property is usually called the small boundaries condition. As a consequence (see
[DS2, Lemma 3.5 of Part I]), there is a point zg € @ (the center of @) such that
dist(zq, suppp \ Q) = 277.

We denote D := J;c; Dj. For Q € Dj, we define the side length of @ as ((Q) = 277,
Notice that £(Q) < diam(Q) < ¢(Q). Actually it may happen that a p-cube @ belongs to
D; N Dy, with j # k. In this case, £(Q) is not well defined. However, this problem can be
solved in many ways. For example, the reader may think that a p-cube is not only a subset
of suppy, but a couple (Q,j), where @ is a subset of suppp and j € Z is such that Q € D;.

Given a > 1 and Q € D, we set a@ := {x € suppy : dist(z, Q) < (a — 1)6(@)}. Observe
that diam(aQ) < diam(Q) + 2(a — 1)4(Q) < (2a — 1)¢(Q).

2.4. Corona decomposition. Given an n-dimensional AD regular Borel measure z on R,
set £ := suppp and let D := {Q € D; : j € Z} denote the dyadic lattice associated to
w introduced in Subsection 2.3. From [DS2, Definitions 3.13 and 3.19 of Part I], one says
that p admits a corona decomposition if, for each n > 0 and 6 > 0, one can find a triple
(B, G, Trs), where B and G are two subsets of D (the “bad p-cubes” and the “good p-cubes”)
and Trs is a family of subsets S C G, which satisfy the following conditions::

(a) D=BUG and BNG=10.

(b) B satisfies a Carleson packing condition, i.e., > ncp. ocr M(Q) S u(R) for all R € D.
(c) G =Wgems S, ice., any @ € G belongs to only one S € Trs.

(d) Each S € Trs is coherent. This means that each S € Trs has a unique maximal

element Qg which contains all other elements of S as subsets, that Q' € S as soon
as Q' € D satisfies Q C Q' C Qg for some Q € S, and that if Q € S then either all of
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the children of @ lie in S or none of them do (if @ € Dj, the children of @ is defined
as the collection of pi-cubes Q" € Dj41 such that Q' C Q).

(e) The maximal u-cubes Qg, for S € Trs, satisfy a Carleson packing condition. That
i, D setrs: gscr H(Qs) S u(R) for all R € D.

(f) For each S € Trs, there exists an n-dimensional Lipschitz graph I'g with constant
smaller than 7 such that dist(z,I's) < #diam(Q) whenever z € 2Q) and @ € S (one
can replace “z € 2Q” by “z € kQ” for any constant k > 2 given in advance, by [DS2,
Lemma 3.31 of Part IJ).

It is shown in [DS1] (see also [DS2]) that if p is uniformly rectifiable then it admits a
corona decomposition for all parameters k > 2 and 7,6 > 0. Conversely, the existence of
a corona decomposition for a single set of parameters £ > 2 and 1,0 > 0 implies that p is
uniformly rectifiable.

2.5. The o and (3 coefficients. Let p be an n-dimensional AD regular Borel measure in
R4 and D as in Subsection 2.3. Given 1 < p < 0o and a p-cube @ € D, one sets (see [DS2])

Bpu(Q) = irLlf{ g(é)n /2 ) (% >pdu(y)}1/p’

where the infimum is taken over all n-planes L in R%. For p = oo one replaces the LP norm
by the supremum norm.

Given F C R? a the closure of an open set, and given two finite Borel measures o, v on
RY, one sets distp(o,v) = sup{{ffda - ffdy{ : Lip(f) < 1, suppf C F} Finally, given a
p-cube @ € D, consider the closed ball By := B(z(q, 6v/d0(Q)), where 2@ denotes the center
of Q). Then one defines

@, (Q) = i%fL distp, (11, cHT),

1
(@) ez

where the infimum is taken over all constants ¢ > 0 and all n-planes L in R?.
The following result characterizes the uniform rectifiability of p in terms of the o and
coefficients (see [Tod], for example).

Theorem 2.8. Let p € [1,2] and let p be an n-dimensional AD regular Borel measure in
R®. The following are equivalent:

(a) w is uniformly n-rectifiable.

(0) Xgep-gcr Bou(Q)2(Q)™ S U(R)™ for all p-cubes R € D.
(¢) Xgep-gcr au(Q)2(Q)™ S U(R)™ for all p-cubes R € D.

For the case u = M2 for some Lipschitz graph I' = {z € R? : 2 = (y, A(y)), y € R"},
one can take D = {Q x R NT : Q € D(R")}, where D(R") denotes the standard dyadic
lattice of R™. For Q = (Q x R™™)NT € D, we set

1

TQ) 1= gy Inf, distoggann(i cHD).

where the infimum is taken over all constants ¢ > 0 and all n-planes L in R?. Then, it is
easy to show that aj}(Q) ~ aj;(Q) for all @ € D. For simplicity of notation, we will write
oy, and oy, instead of oj; and a7}, respectively.
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One can also define ﬁpM(Q) in an analogous manner and one obtains EpM(Q) ~ Bpu(Q)
for all @ € D. Therefore, by Theorem 2.8,

(10) S Bl @)? + @ (QAUQ)" < CUR)”

QeD:QCR
for all R € D, with C independent of R. Moreover, one can also show that this last inequality
also holds replacing Q and R by k1Q and kR for any kq,ke > 1 given in advance, where
kQ = (kQ x R=™)NT for k > 0.

3. IF I 1S AN n-DIMENSIONAL LIPSCHITZ GRAPH, THEN
V,07,: M(R?) — LM°(HE) 1S A BOUNDED OPERATOR

The following result is contained in [MT, Theorem 1.1] (see also [M, Main Theorem 3.0.1]).

Theorem 3.1. Let p > 2 and let p be the n-dimensional Hausdorff measure restricted to an
n-dimensional Lipschitz graph. Then, the operator V, o Tg is bounded in L?(p). The bound
of the norm of this operator only depends onn, d, K, p, pr, and the slope of the graph.

By very similar techniques to the ones used in the proof of the theorem above, one can
prove the following one. We will sketch its proof.

Theorem 3.2. Let p > 2 and let p be the n-dimensional Hausdorff measure restricted to an
n-dimensional Lipschitz graph. Then, the operator V, o T}' is bounded in L?(u). The bound
of the norm of this operator only depends onn, d, K, p, pr, and the slope of the graph.

Sketch of the proof. As we said, the proof of Theorem 3.2 has the same structure as the
one of Theorem 3.1. The first step is to obtain the following basic estimate: Fix a cube
PCR"™ SetI':={z eR?: 2 = (y,A(y)), y € R"}, where A : R — R is a Lipschitz
function supported in P, and set P := (P x R=")NT. Set p := fHE, where f(z) =1 for
alz € T\ Pand Cj' < f(z) < Cp for all 2 € P, for some constant Cy > 0.

For each z € I, define

(11) W(z)? =Y |(Kpg-m * p)(@) — (KGy-m * p)(z)|*.
meZ
and

(12) Sp(x)? = sup » o K, xp) (@),

{em} jez mez: €m,€m+1€1;

where I; = [27771,277) and the supremum is taken over all decreasing sequences of positive
numbers {€,, }mez. Then,

(13) W allF2 0 + 1Sull20) S - (Gu(C1Q)* + Fau(C1Q)* ) UQ)™,

QeD
where C7 > 0 only depends on Cy, n, d, K, ¢g, and Lip(A), and where D denotes the dyadic
lattice associated to Hf defined below Theorem 2.8.

If we define §p like S but replacing ™ by @S . in the proof of Theorem 3.1 in [MT]

_ €m+1 €m+17
it is show that ||Spul3. () Satisfies (13). The proof for [|Su||?, () 18 almost the same.

Let us deal now with Wy. Fix D := (D x R“")NT € D with £(D) = 2~ and z € D.
Let Lp be an n-plane that minimizes &, (C1D), where C; > 0 is some constant big enough
which will be fixed later, and let op := cpH}  be a minimizing measure for a,(C1D). Let
L7, be the n-plane parallel to Lp which contains x, and set o, := cDHsz.
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Since z € D and ¢(D) =27, (pg-m(x —-) — pg-m(x —-)) K (x — -) is a function supported
in C1D x R (for some constant C big enough) and with Lipschitz constant smaller than
Cc2m(n+1) (using standard estimates on ¢r and K). Moreover, by the antisymmetry of the
function (pg-m(x — ) — @g-m(x — -))K(x — -), and since o7, is a Hausdorff measure on an
n-plane which contains z, we have (K@q—m * 07,)(z) — (K@y-m * 0f))(x) = 0. Therefore,

(Kpg-m * p)(x) — (K@g-m * p)(x) = (K (pa-m — Pg-m) * p)(x)
= (K (pa-m — @a-m) * (1 — 0p))(x) + (K (pa-m — Pa-m) * (0p — o)) ().
Using the definition of o, we easily have

(K (p3-m — Ba=m) * (= op)) ()| S 2"V diste, 5. pan (i, 00) S @u(C1D).

For the sake of simplicity, we may assume that op also minimizes 527“(01D). Since L7 is a
translation of Lp, using standard estimates it is not hard to show that

(K (po-m — pg-m) * (op — op))(x)| < 2" dist(z, Lp) = dist(z, Lp)/¢(D).
Therefore, using these estimates and (14), we obtain (13) as follows:

Wilago = [ 3 1 (prmo = Gor) )@ i)

meZ

-y Z /| (o — Foom) % ) ()2 dp(z)

meZ DeD:4(D)=

<y Z / &,(C1 D) + dist(z, Lp)/6(D))? du(x)

meZ DeD:4(D)=
<Y (au(ch) + B2, (C1D)?)£(D)™.

DeD

(14)

Let now p be as in Theorem 3.2. Using (13) and Theorem 3.1, one can obtain local
L? estimates of V, o 7} which yield the endpoint estimates V, o 7} : H'(u) — L'(p) and
V,oTd : L®(u) — BMO(u), where H I denotes the atomic Hardy space related to p. Then,
by interpolation, one finally has that V, 074" is a bounded operator in L?(p). Since this part
of the proof is analogous to the one in the proof of Theorem 3.1 (see [MT, Theorem 1.1]),
we omit it. U

3.1. Proof of Theorem 2.5. The proof of Theorem 2.5 uses the Calderén-Zygmund de-
composition developed above and standard arguments. Set u := Hp,p, where is some
fixed ball B ¢ R%. Let v € M (Rd) be a finite Radon measure with compact support and
A > 28| /|lwll. We will show that

(15) p({r € R V0 Tw(a) > A)) < S Il

where C' > 0 depends on n, d, K, p and I, but not on B. Let us check that (15) implies that
V, 07, is bounded from M (R?) into LY*°(H}). Suppose that v is not compactly supported.
Let vn = Xxp(o,n) V- Let Ny be such that suppu C B(0, Ng). Then it is not hard to show
that, for z € suppp,

v d
V0 Tta) (Vo TpJuw (@) < O |<RN\_B]<V% N).

thus (V, 07, )vn(x) — (V, 0 T,)v(x) for all x € suppp, and since the estimate (15) holds by
assumption for vy, letting N — oo, we deduce that it also holds for v. Now, by increasing
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the size ball B and monotone convergence, (15) yields Ht({z € R? : (V,0T,)v(z) > A}) <
CA71|v||, as desired. Thus, we only have to verify (15) for all compactly supported v.
Let {Q;}; be the almost disjoint family of cubes of Lemma 2.7, and set Q := Uj @ and
R; := 6Q);. Then we can write v = gu + 14, with
gp = Xra\QV + Z bjp and v, = Zl/g = Z (wjv —bjp),
J J J
where the functions b; satisfy (6), (7), (8) and w; = xq, (> XQk)_l

By the subadditivity of V, o 7,,, we have
(16) p({z e R : (V,0T,)v(z) > A}
<pu({reR?: (V,0TH)g(x) > A/2}) + p({z € R : (V, 0 T, wp(x) > A/2}).

Since V, o ’Z;,H? is bounded in L?(H}t) by Theorem 3.2, it is easy to show that V, o 7' is
bounded in L?(i1), with a bound independent of B. Notice that |g| < CX by (5) and (8).
Then, using (7),

p({z € R (V0 TH)g(x) > A/2}) NAQ/y (Vy o T) g\Qdqu/\glzdu

- SX/\g!dMSXQV!(Rd\QH;/Rj il dn
<5 (mE\2) 3 vI@) < 5 .
Let = J;2Q;. By (3), we have ju(@) < 5, 1(2Q5) S A5, (@) < A1 v We
are going to show that
(18) ,u({:c € R¢ \ Q- (Vp o T)vp(x) > )\/2}) < % v,

and then (15) is a direct consequence of (16), (17), (18) and the estimate x(Q) < A~y
Since V, o 7, is sublinear,

({xERd\Q (Vp 0 T up(z) > A/2}) NAZ/Rd\QV 07;,)1/,{d,u

<< V, o T\ du + / (V, o T, dp.
)\;/]\{d\QRj( 14 IU, )\Z 4,0)[) lu’

2R;j\2Q;

(19)

We are going to estimate the two terms on the right of (19) separately. Let us start with
the first one. Given j and = € suppu \ 2R;, let {€,}mez be a decreasing sequence of positive
numbers (which depends on j and z, i.e. €, = €,(j,z)) such that

1/p
(20) (V, 0 T,)vi (x <2<Z (Kpem | * )(@;p) .

meZ
If we set I, := [27%=1,27%) we can decompose Z = S U L, where

L:={m€eTZ: e,€ I, ¢pt1 € I;, for i >k},

S = U Sk, Sk:={mEZ: €n,emns1 € I}
kEZ
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Let z; denote the center of Q; (and of R;). Then, since ug(Rj) =0 and suppyg C Ry,

/ o (& — y)K ( — y) i (y)

< [ - K@=y - i, )@ - )] di]

If m € L, it is easy to see that [V (o, K)(t)| < [V(@e, . K) ()] +[V(pe, K)(E)] St
for all t € R%\ {0}. Moreover, since z € R%\ 2R; and suppyj C R;, there are finitely many
m € L (which depends only on n and d) such that supppe, | (z — ) N R; # (; hence, there
are finitely many m € £ such that (Kogm = * ub)( x) # 0, and this number only depends
in n and d. On the other hand, if m € S, it is not hard to show that [V(pem  K)(t)] <

28| €, — €yt ||t| 7" L. Actually, it follows form the fact that (pem  K)(t) # 0 only if |t| ~ 2~k
and the estimates

|t] | | It] It]
o&r 01 = fox < g lloqey | - — 2L
(22) €m+1 €m+1 €m
€ € 1
= ||kllocltl =—"2 < 2¥|em — €mat]
m€m+1
and
t| 1 |t] 1
O (0™ (¢t < |h (‘—)—— ! <_>_
|0y (pm (1) | < |k oo emlo ) o
It] 1 1 It] It] 1
(23) < R <— — |+ ler | — ) —r | )| —
€m €m €Em+1 €m €Em+1 €Em+1

t €, — €
(usoanuso oo 1 ) m = il < ok (e~ eyt
€Em—+1 EmEm+1

where 1 <4 < d and t* denotes the i’th coordinate of t € R? (recall that €, ~ ¢,41 ~ 27F
for m € S and we assumed || ~ 27%). Similarly to the case m € L, there are finitely many
k € Z such that suppcpg:z_l (x—-)NR; # 0, and the number only depends on n and d (notice
—k
that suppper  (z —-) C suppps_,_, (z — ) for all m € Sy).
Using these estimates and remarks, (20), (21), and that p > 2, we obtain

(V OT Vb <Z Z’K(P5m+1*yb ’+Z‘K@em+1*yb)( )‘

kEZ meSy, meL
< $ > Hem = emelle — 2 R ]
keZ: suppwg::il(m—-)ﬁRﬁé@ mESk
+ Z | — zj|7n71f(Rj)HVg|| Sl — Zj|7n71£(Rj)||VgH

méeL:suppper | (x—)NR;#0

for all j and € suppp \ 2R;. Therefore, using that p has n-dimensional growth, that
17 < [v[(Qj), that the Q;’s are semidisjoint, and standard arguments,

o) 3 [ Oro TSI [ e 51 s D1l 5 1o
J

“\2R; j

Let us now estimate the second term on the right hand side of (19). As before, given j and
x € 2R;\ 2Q;, let {€,}mez be a decreasing sequence of positive numbers (which depends on
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j and x, i.e. €, = €,(j,z)) such that
1/p
Vo T <2 1Ktz w)@l?)
meEZ
Since p > 2, V, o 7, is sublinear, and since Vg = w;v — b, for x € 2R; \ 2Q); we have
(Vo 0 To) (@) < (V, 0 Tp) (w »u)(m) (Vo o T)(bj) ()

<2 Y |(Kp,, + (wr)(@)] + (V0 T2, ()
meZ

S W@ = 27" + (Vp 0 Tg)bj(),

where z; denotes the center of @, as before. Since V, o 7}' is a bounded operator in L?(u)
by Theorem 3.2, using the estimate above and Cauchy-Schwarz we have

Z/ (V,0T,) ubdM<Z/ 1ri(Qy). +Z/ (Vp 0 TH)b; dp
2R;\2Q;

2R;\20; Iw - Z]|n 2R;\2Q;

NZI !Q;
<Z|u| Q;) +Z\|b ||Loo(u>n <Z|u| Q) < vl

Finally, applying this estimate and (24) to (19), we obtain (18), and Theorem 2.5 is proved.

+ZH (Vo o TE)bjll p2uyn(2R;) 2

4. IF p 1S A UNIFORMLY n-RECTIFIABLE MEASURE, THEN
V,0T4 : LP(u) — LP(p) 1S A BOUNDED OPERATOR FOR 1 < p < o0

The purpose of this section is to obtain the following theorem and the subsequent corollary.

Theorem 4.1. Let p be an n-dimensional AD regular Borel measure in R? and let p > 2.
Assume that there exist constants Cy and Cy such that, for each ball B centered on suppy,
there is a set F' = F'g such that:

(@) W(F A\ B) > Con(B).
(b) V, 07T, is bounded from M(R?) to LY*°(H') with constant bounded by Cy.

Then V, 0T, is bounded from M(R?) to LV*°(u), and V,0 T} is a bounded operator in LP()
forall 1 < p < .

Corollary 4.2. If p is an n-dimensional AD reqular uniformly n-rectifiable measure, then
V,0T4 is a bounded operator in LP(p) for all1 < p < co and p > 2. Moreover, the operator
V, 0T, is bounded from M(R?) to L*°(u), so V, o T} is also of weak type (1,1).

Proof. Recall from [DS2, Definition 1.26] that a Borel measure v in R? has BPLG (big
pieces of Lipschitz graphs) if v is an n-dimensional AD regular measure and if there exist
constants C7 > 0 and 6 > 0 such that, for any x € suppr and 0 < r < diam(suppv), there is
(a rotation and translation of) an n-dimensional Lipschitz graph I' with constant less than
Cy such that v(I' N B(x,r)) > 6r". Thus, if v has BPLG, the assumption (a) of Theorem
4.1 is satisfied for v by taking F' = T", and Theorem 2.5 gives us the assumption (b) with a
uniform constant (since the slope of the Lipschitz graphs is uniformly bounded), so Theorem
4.1 can be applied. Therefore, we deduce that, if v has BPLG and p > 2, then V, 0 7, is
bounded from M (R?) to L (v).
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Similarly, a measure v has (BP)?LG (big pieces of big pieces of Lipschitz graphs) if there
exist constants Cy, 0, and 0 < a < 1 so that, if B is any ball centered on suppv, then
there is an n-dimensional AD regular set ' C R? (with constant bounded by Cy) such that
v(FN B) > av(B) and, for each x € F and 0 < r < diam(F), there is an n-dimensional
Lipschitz graph, say I', with slope bounded by Cy and such that H"(F NI'NB(x,r)) > 0r".
Notice that, any of those sets F have BPLG, so V, 07T, is a bounded operator from M (R%)
to Ll’OO(H%), by the comments above. Hence, we can apply once again Theorem 4.1 to v
(now (b) is satisfied for the big pieces F' of v), and we deduce that, for any measure v which
has (BP)2LG, V, o 7, is bounded from M(R?) to LY*°(v). Similar arguments yield that
V, 07} is a bounded operator in LP(v) for all 1 < p < oo.

Finally, from [DS2, page 22| and the remark given in [DS2, page 16], we know that if
@ is an n-dimensional AD regular uniformly n-rectifiable measure, then u has (BP)2LG.
Therefore, the corollary is proved by applying the comments above to v = pu. O

Since the arguments for proving Theorem 4.1 are more or less standard in Calderén-
Zygmund theory, for the sake of shortness we will only sketch its proof (see [DS2, Proposition
1.28 of Part I] for a similar argument).

Sketch of the proof of Theorem 4.1. The proof follows by the technique known as the
good X\ inequelity method. Fix p > 2. Let M* denote the Hardy-Littlewood maximal operator
given by
M"y(x) := sup 7|1/|(B(:c,r))7
r>0 ,U/(B(x’ T))
The good A inequality: one shows that there exists some absolute constant 17 > 0 such that
for all € > 0 there exists 0 := d(e) > 0 such that

p({z e R . (V, 0T )v(z) > (14 €)X, MFu(z) < 6A})
<A -npp({zreR?: (V,0T,)v(z) > A})
for all A > 0 and v € M(RY). It is easy to check that this implies that V, o 7, is bounded
from M (R?) to L1*°(u), and that V, 07} is a bounded operator in LP(u) for all 1 < p < oo,
by standard arguments (recall that M* is bounded in these spaces).
The proof of (25) is quite standard. The interested reader may look at [M] for the detailed
proof, or to [To5] for similar arguments. The only point that we should mention is that,

in order to pursue the good A inequality method, one needs the following estimate: let
v € M(R?), consider a ball B C R? and take x,z € B. Then,

(26) (Vo 0 To) (Xavanv) (@) = (V, 0 Tp) (Xraropv)(2)| S M"v(w).

We finish the sketch of the proof of Theorem 4.1 by showing (26). Since x,z € B and V, 07,
is sublinear and positive, by standard computations,

‘(Vp ° %)(XRd\wV)@) — (Vo Teo)(XRd\wV)(Z)‘

1/p
- <sp ( S 1K, * (xamasn)(@) — (Ko, » <de\23u>><z>rﬂ)

for v € M(R?) and z € suppy.

(25)

meZ
P\ 1/p
< sup ( 3 ( [ Ve B ) - ke - z|d|u|<y>) ) ,
€m meZ B (z,2)

where B, (z,2) := (R?\ 2B) N (supppem,  (x — ) Usupppem, (2 — +)) and ug »(y) is some

€m+1
point lying on the segment joining z and z. For each z and z, let €, = €,(x,2) be a
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sequence that takes the supremum in the right hand side of the last inequality in (27).
Given em > 0, let j(e;,) deonte the integer such that e, € € [279(em)=1 9=i(em)) For j € Z we
set I; := [27771,277). We decompose Z = S U L, where

S = U Sj, Sji={meZ: en,ems €I},
JEZ
L:={m€eZ: ey€l;ens €1jfori<j}.

Notice that if 2772 < r(B), where r(B) denotes the radius of B, then B, (v.z) = ) for
all m € §;. Therefore, we can assume that j < logy(4/r(B)). If m € S;, then By, (x,2) C
B(z,277%%), and for t € supp(p¢m, K) we have that [V(em, K)(t)] < 2004 e, — €pn]

(see (22) and (23)). If m € L, we easily have |V (pim K)(t)| < [t|™"!. Therefore, using

Pepmia
(27), that p > 2, that the sets By, (x, z) have bounded overlap for m € £, and that |z — z| <
r(B), we have

|V 0 Tp) (XparanV) () — (Vp © To) (Xar28v) (2)]
DY Y lz =220y — e dlv|(y)

j<logy(4/r(B)) mES; B(z,2-9+3)
meL B (z,2)
’ dlv|(y)
< rB2J(”+1)/ duy+7~3/ Cdvly)
> ) sy WA T®) [

j<logy(4/r(B))

r(B)2 ,
DY 1(Blx, 279)) /B(m,zm) dlv|(y)

j<logy(4/r(B))
By / _drly)
i1 2 2r(B) |- y|>2k () [z =yt

< MPu(z +Z
o1

dlv|(y) < M*Pv(x).
B(z, 2k+2 (Bi))) /B(x,2k+2r(3)) 1(w) (@)

O

Remark 4.3. Notice that, to prove (26), it is a key fact that we are considering smooth
truncations (given by ¢r) in the definition of 7;,. These computations are no longer true if
one replaces 7, by 7.

5. IF 1 IS A UNIFORMLY n-RECTIFIABLE MEASURE, THEN
V,o0T#": L*(u) — L?(p) 1S A BOUNDED OPERATOR

This section is devoted to the proof of the following theorem and, because of its consider-
able length, it will be splited in several subsections.

Theorem 5.1. Let p > 2 and let u be an n-dimensional AD reqular Borel measure on RY.
If p is uniformly n-rectifiable, then V, o TH is a bounded operator in L2 ().

5.1. Beginning of the proof of Theorem 5.1. Given j € Z, set I; := [27771,277). Then,
using the triangle inequality, we can split the variation operator into the so-called short
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variation and long variation operators, i.e., (V, o0 TH)f(z) < (V;,S oTH)f(x)+ (Vpﬁ oTH)f(x),
where we have set

1/p
(V5 o T#)f() := sup (Z S KX, <fu>><w>\p) ,
{em} JEZL €m,em41€1;

(28) . 1/p

VEorf@=sm (X U@, (@)

{em} \ ez em€lj, em41€ly
for some j<k

and, in both cases, the pointwise supremum is taken over all the sequences of positive numbers
{€m }mez decreasing to zero.

5.2. L?(1) boundedness of VpﬁoT“. The L?(u)-norm of the long variation operator VlfoT H
can be handled by comparing it with its smoothed version V, o 7%, using Corollary 4.2, and
estimating the error terms by the short variation operator. More precisely,

(V5 oT#)f(x))” = sup > [(Exe,y * (f)) ()]

{ﬁm} meZ: 6m61j7 5m+lelk
for some j<k

Ssup Y <\(K(X§Z+1 — i ) x (fu)(@))P + [(Kgem,, (fu))(w)!”)
(29) {em} meEZ:
em€lj, em41€l,
for some j<k

< sup > (KO, = em ) (fr) @) + ((V, 0 TE) f(2)) "

{Em} meZ: Gmeljy 5m+lelk
for some j<k

For simplicity, we denote by ((Vlf o 7;:@) f (m))p the first term on the right hand side of the
last inequality in (29). Notice that, given €,6 > 0, we have x? — ¢® = (xc — @e) — (X5 — ¥s)-
Recall that, in the definition of ¢g in Definition 2.1, we have taken X[4,00) < ¥R < X([1/4,00)
(this precise numbers are taken just for definiteness). Hence, given ¢ > 0,

4 4
XR(t) = PR () = X[1,00)(t) — /1/4 PR (5)X[s,00)(t) ds = /1/4 PR () (X[1,00) (1) = X[s,00) (1)) ds

(that is, xr — ¢r is a convex combination of X1 o) = X[s,c0) for 1/4 < s < 4), and thus, by
Fubini’s theorem,

(K (Xe—pe) * (fu)) (x) = /(Xe(lw —yl) — ez —yN) K(z —y) f(y) du(y)

(xr(|z — y*/€*) — pr(lz — y*/€*)) K (z — y) f(y) du(y)
4

70 [ (xno = 2/) = oo =911 Ko = )1 ) d) s

4
PR (s) / XV (x — y) K (x = y) f (y) duly) ds

/4

4

RO+ (F) @) o

I
— T T
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Then, by Minkowski’s integral inequality, if {r;};cz denotes a given sequence such that
rj € Ij, we have

(Zl(K(er—sorj)*(fu))(ﬂf)l”)l/p / BIONT R >)<x>|p>1/pds.

JEZL JEL

. . r 1
One can easily verify that supy, cr. jez) (2]62 (K “[ *(fu))(2)]P) /e < (V;,S oTH)f(x)
for all s € [1/4,4] with uniform bounds. Therefore, by applying the triangle inequality and
Minkowski’s integral inequality once again, we have

1/p
|r<v§occmf\\L2<msa\ sup <Z\(K(Xsm—%m)*(fu))(x)\”>

{em€lm:meZ} \ = L2(p)
4 1/p
(30) <2 ) s (Z (Koo s ( >><m>rﬂ) s
1/4 {emEIm: meL} meZ L2(u)

4
<c / RO T sz ds < OUVS o T Sl

Finally, using (29), (30), and Corollary 4.2,
I(VE o T) fllz2guy S NOV5 o T ) fllr2guy + 1 (Vo 0 T) fll 22
SO o T*) ez + 1 2o

Thus, to prove Theorem 5.1, it only remains to show the L?(x) boundedness of V;)S oTH,

5.3. L?(i) boundedness of V;)SOT #. We are going to show that the short variation operator
V;)S o T* is bounded in L?(u). Given f € L?(u) and = € suppy, let {e, = €, () }mez be a
decreasing sequence of positive numbers (depending on z) such that

(VS o) <23 3 ((ExG, * (fu) (@)%
JEZ €m,em+1€1;

Given D € Dj and = € D, we set Sp(x) :={m € Z : €y, €ms1 € I;}. Since p > 2, we have

1VS o T Fl22y < IV 0 T) 2 < / SO IEx,, < (f) @) dule)

JEZ €m,em+1€1L,

S X [ OX I, et

JE€Z DeD; €m,€m+1€1;
=S [ % NG < )@ duta).
DeD P meSp(x)

Let 1 and 0 be two positive numbers that will be fixed below (see the proofs of Claims 5.2
and 5.3). Consider a corona decomposition of pu with parameters n and 6 as in Subsection
2.4. Then, we can decompose D = BU (g S), 50

5 0 )51y 5 3 [ > R (U@ o)

DeB mESD

DID3 / S KX, * () @) dta).

SeTrs DeS’ P mesp ()

(31)
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Since the p-cubes in B satisfy a Carleson packing condition (see (b) in Subsection 2.4), we
can use Carleson’s embedding theorem to estimate the sum on the right hand side of (31)
over the p-cubes in B. More precisely, if we set mf, f := w(D)~! fD fdu for D € D, we have

>/ N CEMC RIS

DeB meSp (z

(32) < Z/ > (/emHSlmy|§€m\K(w—y)!\f(y)\du(y)>2du(w)

DeB meSp(x)

<Y [ (o Ifldu> dur S (o F)20(D) S 171220

DeB DeB

We are going to estimate now the second term on the right hand side of (31), that is the
sum over the p-cubes in S, for all S € Trs. In order to do this, we need to introduce some
notation. Given R € D; for some j € Z, let P(R) denote the p-cube in D;_; which contains
R (the parent of R), and set

Ch(R) := {Q € Dy : Q C R},

(33) V(R) = {Q € D;: QN B(y.((R)) # 0 for some y € R}
(Ch(R) is the children of R, and V(R) is the vicinity or neighborhood of R). Notice that
P(R) is a p-cube but Ch(R) and V(R) are collections of p-cubes. It is not hard to show that
the number of y-cubes in Ch(R) and V' (R) is bounded by some constant depending only on
n and the AD regularity constant of u. If R € S for some S € Trs, we denote by Tr(R) the
set of p-cubes Q € S such that @ C R (the tree of R). Otherwise, i.e., if R € B, we set
Tr(R) := (. Finally, if Tr(R) # 0, let Stp(R) denote the set of py-cubes @ € BU (G \ Tr(R))
such that @ C R and P(Q) € Tr(R) (the stopping p-cubes relative to R), so actually @ C R.
On the contrary, if R € B, we set Stp(R) := {R}.

Fix S € Trs, D € S, and x € D. In order to deal with the second term on the right hand
side of (31), we have to estimate the sum -, s o) |(Kxerm, | * *(fp)(z)?. By the definition

of Sp(z), we have

(34) Yo KX+ (fu)@)P = Y (Exa,, * (xpfu) @),
meSp (x) meSp ()
where D := U ReV(D) R. Since this union of p-cubes is disjoint, we can decompose the
function x 7 f using a Haar basis adapted to D in the following manner:
(35) Xpf = > ((msgfm + Y Aof+ Y &gf),
ReV(D) QETx(R) QEStp(R)

where we have set

Aof =Y xulmff—mbf), and Aqf:= > xv(f—mhf)=xelf —mhf).

UeCh(Q) UeCh(Q)

We will split the right hand side of (34) into the different parts given by (35) and, in the
following subsections, we will estimate each part separately.
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. em 2
5.3.1. Estimate of ZmESD(x)‘ZREV(D) ZQeTr(R)(KX5m+1 * (AQf,u))(:n)‘ . Let Cp > 0
be a constant small enough. Given m € Sp(x) set A (z) = A(x, €mt1,€m), and given

R € V(D) let

Ty = 1{Q € Te(R) : QN Am(z) # 0, £(Q) > Colem — em1)},
Il = {Q € Te(R) : QN Ap(x) # 0, £(Q) < Co(em — €mt1)}-
<

For Q € 735", we write |(K e, * (Mg fu))(@)|
claim will be proved in Subsection 5.3.2 below.

(D)X A (2)AQf L1 (). The following

Claim 5.2. The following estimate holds: ZQ€J1,R ()12 < (D)2,

Using that V(D) has finitely many elements (depending only on n and the AD regularity
constant of 1), Cauchy-Schwarz inequality, Claim 5.2, and the estimate above it, we obtain

>

meSp ()

2

Do (Kxam, x (Agfm)(@)

ReV(D) QejL®

2
Z Z ( Z E(D)_nHXAm(x)AQfHLl(H)>

ReV (D) meSp(z) ~Qejl®

_ XA () AQ SN
0Q)™ 1/?)( (u)>
) RE;(D) meSZD () <Q§1,;R @ Qzuz E(D)QnE(Q)nflﬁ

m

”XAm Ao fl
Z Z Z n+1/2g Q)il({%

ReV(D) meSp(z) QETr(R

12| A0S 21,

S22 < > f(D)”f(Q)’z'

REV(D) QETI(R)

We deal now with the py-cubes @) € JER Let z¢ denote the center of Q. Since [ Agfdu =
0 by construction of the Haar basis, we can decompose

(Kxer,  * (Agfu)(z)

~ [ (K @ =) = Xt (20K (@ 20)) B0 (0) duy)
(37) — [N (K@~ 9) - K (o~ 20)) Ao f () duty

# [ (X0 0) = Xt 00) ) K o~ 20020 (0) )
= T (Ba)(@) + T2 (Aef)(x).

For the first term on the right hand side of the last equality, we have the standard estimate
(by assuming Cy small enough, so any @ € JE! is far from x)

— L
Trden@Is [ )M 80| dul) S g erlanedas s
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Therefore, using this estimate and Cauchy-Schwarz inequality,

o X D ThMAe)()

meSp(z) ' ReEV(D) Qe

2
s 2% (3 gppmbaeeivg)

RGV(D) meSp(z) " QesF

l
S Y (s X mdef o)
ReV(D) \QETH(R) meSp (z)

HQr I80/I:
5Z<Ze<>n+l><ze o)

ReV (D) “QETr(R) QeTr(R)

2

2

. n+1 Y/ n+1
Since {(R) = {(D) for all R € V(D), we have > cry(p) (H) <> 0ep.Ocr (%) <
1. Thus, using that ¢t < v/t for all t < 1, we conclude

. 280 f(131,
@ XY T e s Y 2 (i) o

meSp(z) ' REV(D) Qegit RGV(D QEeTr(R

We deal now with the second term on the right hand side of (37). Given @ € JuE
since supp(Aqf) C Q, if Q C Ap(z) or Q C (A (x))° then we obviously have x4, () (y) —
XAm(x)(ZQ) =0 for all y € supp(Aq f). Therefore, to estimate the sum of T%“(AQf)(x) over
all @ € Jm 2R , we can replace JEE by

JER = {Q € TH(R) : QN A(z) £0, QN (An(@))" £ 0, (Q) < Colem — emsn)}-
For m € Sp(z) and Q € Ji;™, we will use the estimate T (A f)(z)| < (D) MA@ f L ()
Claim 5.3. The following holds: 3 _ s.r LQ) 2 <UD Hem — €mer) 2.

Hence, using that V(D) has finitely many terms, Cauchy-Schwarz inequality, assuming
Claim 5.3 (see Subsection 5.3.2), and using the estimate above it, we deduce

S Y S mese s oy (x Bdliwy

meSp(z)  ReEV(D) Qejit REV D) meSp(x) Qe

n 1/2 1/2 n
<2 X ( />< s 180/ I )
3

ReV(D) meSp(z) " Qejd; R

m

1/2
<Yy (™ ’;) P fim 13 s

ReV D) meSp(x)

i Q em — €mi1 )
Z Z n+1/2 ”AQfHLl Z <7€(D) ) .

ReV (D) QeTr(R meSD(x):Am(m)mQ;é(/),
UQ)<Co(em—€m+1)
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The sum over m on the right hand side of the last inequality can be easily bounded by some
constant depending on Cp, thus we finally obtain

39) D | X > TaMAeN(

meSp(z) ' REV(D) Qe g4kt

1/2 HAQJCHLl(M)
SR IRpY ( ) “Qyrepy

ReV(D QeTr(R

Finally, combining (36), (37), (38), and (39), we conclude

(40)

V2| Aq Il
E X 3 o e zz( ) o
meSp(z) ' ReV (D) QeTr(R REV ) QETr(R)

Since [[AQ fllpi) S ||AQf||L2(H)€(Q)"/2 by Hélder’s inequality, since V' (D) has finitely many
terms, and since ¢(R) = £(D) for all R € V (D), we obtain

SIS D SR ID DD O (iR, + (Bl

SeTrs DeS meSp(x)' ReV (D) QeTr(R

yy vy (52 1ot

(41) S€Trs DES ReV (D) QeTr(R)

XX > s (i) et

SeTrs QeS ReD: ROQ DeV(R)

SN Y 180 g < D 180 20 < 1F 1132

SeTrs Qes QeD

2
dp(z)

This last estimate will be used in combination with (34) and (35) to bound the last term on
the right hand side of (31). For proving (41), it only remains to show Claims 5.2 and 5.3.

5.3.2. Proof of Claims 5.2 and 5.3. First of all, we need an auxiliary result whose proof
will not be given, it is left for the reader.

Lemma 5.4. LetT := {x ¢ R? : x = (y, A(y)), y € R"} be the graph of a Lipschitz function
A R" — R¥™ such that Lip(A) is small enough. Then, HX(A%(z,a,b)) < (b — a)b"™! for
all0<a<band z €.

Remark 5.5. Actually, to obtain the conclusion of the lemma, one only needs Lip(A) < 1
(see [M] for a proof). Let us mention that this last assumption is sharp in the sense that
if Lip(A) > 1 then the lemma fails. However, we don’t need this stronger version for our
purposes.

Claims 5.2 and 5.3 follow from the next lemma, which will be proved using Lemma 5.4.

Lemma 5.6. Let Cy > 0 be some constant depending only on n, d, and the AD regularity
constant of u, and consider x € D € D; for some j € Z. Let e € [27971,277). Given k > j
and R € V(D), set

={QeTr(R)NDy: Q C A(x,e —Co27% e+ Cp27%)}.

Then, 1(Ugen, @) S 27 FUD)" 1 m 27 h=in=1),
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Proof. First of all, we can assume k > j (otherwise, the claim follows easily using the AD
regularity of 11), thus we may assume that dist(z, Q) > 3 e. For simplicity, set S = Tr(R). By
the corona decomposition of u, there exists a (rotation and translation of an) n-dimensional
Lipschitz graph I's with Lip(I's) < n such that dist(y,'s) < 6 diam(Q) whenever y € C..,,Q
and @ € S, for some given constant Cp,,. > 2 (see property (f) of the corona decomposition
in Subsection 2.4). Since x € D and R € V(D), we have z € Crp@ assuming Cl,, big
enough, and so dist(z, FS) < #diam(Q). Hence, if n and 0 are small enough, one can easily
modify I's inside B(z, ) to obtain a Lipschitz graph I'¢ such that z € I'g, and moreover

(42)  Lip(Tg) <7 for some 1’ small enough, and T\ B(z,¢/4) =Tg\ B(z,¢/4).

Using that dist(z, Q) > %e for all @Q € Ag, that dist(y,I's) < fdiam(Q) for all y € CprQ,
and the last part of (42), we deduce that dist(y,I'§) < 6 diam(Q) for all Q € Ay and all y €
Ceor@- Let zg denote the center of @, then dist(zq,I'%) < §diam(Q), so B(zg,# diam(Q)) N
I'% # 0, which in turn yields H"(I'§ N B(zq, 20 diam(Q))) 2 (0 diam(Q))™. Therefore,
since {B(zq, 20 diam(Q))}gea, is a family with finite overlap bounded by some constant
depending only on n, 6, and the AD regularity constant of u, we have

M( U Q> = Z w(@Q) =~ Z )t <o Z H" sNB zQ,QHdlam(Q)))

Q€A Qe QEA QEA
(43) < 9—"71?%( U Bz, 26 diam(Q)))
Q€A

f;6*”$q%(/ux,e—-Cbsz,e+-cb2*k))iggfngfkfﬂnflx

where we used Lemma 5.4 and that € ~ 277 in the last inequality. The lemma is proved,
because 6 is a fixed constant from the corona decomposition. O

Proof of Claim 5.2. Recall that Ja" := {Q € Tr(R) : QN A (z) £ 0, Q) > Colem —
€m+1)}, where R € V(D) and D € Dj. We have to check that ZQEJ}){R Q12 <
¢(D)"1/2. We will split the sum into different scales and we will apply Lemma 5.6 at
each scale.

Given i € Z such that 2% > Co(€m—€m1), the number of y-cubes Q € D such that £(Q) =
27%, Q C R, and Q N A, (z) # 0 is bounded by CL(R)*12:(n—1) ~ 2-i(n=D+i(n=1) "gince
for all these u-cubes, Q C A(x, emi1 — 278 € + 0279 C A(z, € — C27 L ¢, + C277HY)
for some constant C' > 0 big enough, and by Lemma 5.6, M(UQEJ}riRmDi Q) < 27Dyt

Therefore,
Z n 1/2 _ Z 2@/2 Z K(Q)ng Z 22/22726(D n—1

~ 27j/2€(D)"*1 - E(D)n71/2‘
O

Proof of Claim 5.3. Recall that Jo;' = {Q € Tr(R) : QN Ap(z) # 0, Q N (A (z))° #
0, 4Q) < Coleém — €m+1)}, where R € V(D) and D € D;. We have to check that

Z E(Q)nilﬂ S E(D)nil(em - 6m+1)1/2'
Qe

As before, we will split the sum in the different scales and we will apply Lemma 5.6 at each
scale. Given i € Z such that 27 < Co(€ém — €m+1), since for any @Q € JE;{R N D; we have
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QC A, eme1 —C27  emy1 + C2 YU A(x, €y — C27%, €, + C27%) for some constant C' > 0
big enough, by Lemma 5.6 applied to both annuli we have ,u( UQle’y{RﬁDi Q) < 27Dyt
Therefore,

Z E(Q)n_l/Q — Z 2i/2 Z E(Q)n
QeJit i€Z:i>—logy (Co(em—€m+1)) QeJi D,
< > 2720(D)" ! & (e — emy1)20(D)" L

i€ 1>~ logs(Colem—em1))

0

5.3.3. Estimate of }_ ¢ ) ‘ZRE‘,(D) 2 qestp(r) (K Xxen,, * (AQf,u))(x){Q. Given R €
V (D), consider a p-cube @ € Stp(R). If Tr(R) # 0, then Q € BU (G \ Tr(R)), @ C R and
P(Q) € Tr(R) (in particular, @ € R). Take S € Trs such that R € S. By property (f)
of the corona decomposition (see Subsection 2.4), we have dist(y,I's) < fdiam(P(Q)) for
all y € Ceor P(Q). Hence, dist(y,I's) < COdiam(Q) for all y € C¢p-Q, for some constant C'
depending only on the AD regularity constant of x. On the other hand, if Tr(R) = () we have
set Stp(R) = {R}. In this case, we have R € B. Take S such that D € S. Since R € V(D),
we have R C Ceop D if C,pp is big enough, and thus dist(y,'s) < COdiam(R) for all y € C'R,
where C' is as above and C’ depends on C,,,.

Taking into account the comments above, one can prove the following claims using similar
arguments to the one given in the proof of Claims 5.2 and 5.3.

Claim 5.7. Let z € D € D, R € V(D), and m € Sp(z). If we set J™ := {Q € Stp(R) :
QN Am(x) # 0, E(Q) > CO(Em - €m+1)}a then ZQeJ}n’R E(Q)n_l/Q S E(D)n_l/Q'

Claim 5.8. Let z € D € D, R € V(D), and m € Sp(z). If we set Jo™ := {Q € Stp(R) :
QN Ap(z) # 0, QN (An(2))” # 0, 6Q) < Colem — emr1)}s then 3 sn Q)" S
g(D)nil(fm - 6m-i—l)l/2-

The only properties of Agf that we used to obtain (40) were that Agf is supported in

Q and that [Agfdp = 0. The function KQ f is also supported in ) and has vanishing
integral. Thus, if we replace Tr(R) by Stp(R), Claims 5.2 and 5.3 by Claims 5.7 and 5.8,

and Agf by Agf, the same arguments that gave us (40) yield the following estimate:

(44)
Z(Q)>1/2”AQJCH%1(H)
A .
e;() RE%(:D)Qeg: K Bafw)| £ 3 2 <€(D) (Q)e(D)"
meSp(x p(R) REV(D) QeStp(R)

We can easily estimate

2
HAQHEWMKQ)”==<L;f—wn5ﬂdu>€@®”

s(éuwmv%mmwﬂmm*swwm%@y

Notice that, by the definition of Stp(R) and since the corona decomposition is coherent
(property (d)), any @ € Stp(R) is actually a maximal p-cube Qg of some S € Trs or
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Q@ € B (and in this case Tr(R) is empty). Hence, if we integrate (44) in D, we sum over all
D € S € Trs, and we change the order of summation, we get

SY [ Y Y Y i, Befn)e)

SeTrs DeS’ P mesp(x) ' ReV(D QEStp(R

(Q)\ 21801131
S22 2 2 (f(D)> ()

SeTrs DeS ReV (D) QeStp(R)

UQ)\ (w112
Y Y S (8 embues

DeD ReV (D) SeTrs: QsCR

LD IEDINEDY

DeD ReV (D) QeB:QCR

(7
=D D DI ol CU=) RNERHICHES
(i

SETrs RED: ROQs DEV(R)
°Q 1/2
) sl

D INDIEDS
QeB ReD: RDQ DeV(R
Finally, using that V(R) has finitely many terms, and that the maximal py-cubes Qg with
S € Trs and the p-cubes ) € B satisfy a Carleson packing condition (so we can apply
Carleson’s embedding theorem), (45) yields

2
dp(x)

14
14

) sl £1) (@)

2

>/ E X 3 i, Gan)] aio
SeTrs DeS meSp(z) ' REV (D) QeStp(R)
1/2
<y (mgs|f|)2u<cgs> Yy e
(46) SeTrs ReD: RDOQs ( )
1/2
S ST RIS
QeB ReD: RDQ ( )
<N (b D) 1(@s) + D (M) 1w(@) S 1132,
SeTrs QEB

. 2 .
5.3.4. Estimate of }_ s ) { > rev(p) (KX, * ((m‘éf)XRu))(x){ . We will need the
following auxiliary proposition, whose proof is given despite we think it is already known.

Proposition 5.9. Given D € D and f € L*(n), set ap(f) = Y gpey(p) Impf — mpfl-
Then, there exists C > 0 depending only n and the AD regularity constant of u such that

> (ap())’u(D) < ClIf I72(-

DeD

Proof. By subtracting a constant if it is necessary, we can assume that f has mean zero
(notice that ap(f) = 0 if f is constant). Consider the representation of f with respect to
the Haar basis related to D, that is f = zer Aqf. For m € Z, we define the function

Um = Y 0ep,, Dof, 50 f =3,z um and the equality holds in L?(u). Given j € Z, define
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the operator
1/2
500 += (X o)
DEDj

We will prove that there exists a sequence {o(k)}rez such that

(47) Y ok)<C<oo and [IS;(um)llr2(y S ollm = jI)llwmll L2
kez

Assume for the moment that (47) holds. Obviously, S; is a sublinear operator for all j € Z
(because of the subadditivity of ap and the triangle inequality). Then, using Cauchy-Schwarz
inequality and the orthogonality of the w,,’s (inherited from the Haar basis),

S (an(£)?*u(D) = 3 / S (an(h)Pxpdi = S 1850 20

DeD JELY DED; JEZ

-y @(%Zum) 2 <Z<Z|ys )l 21 >

jez L2(w)  jez “mez

<3 (S ottm=30) (X atlm =0 1S5 el )

JEZ “m€EZ meZ

S > ollm—=iDllumliag = Y lumlzagy D o(m =)
JEZ mEL meZ JEL

S lumllFag = 1£1172,
meZ

and the Proposition is proved, except for (47). Let us verify it. By definition,

s Gy

Assume first that m > j. If D € D;, R € V(D), and Q € D,y, then either QNR =0 or Q C R.
In both cases, since Agf has mean zero and is supported in @, we have [ Agf xgrdu = 0.
Thus, the right hand side of (48) vanishes (obviously D € V(D)), and (47) follows.

Assume now that m < j. Set D := UREV( ) B Recall that Agf = ZUGCh XU(me
méf), so Agf is constant in each U € Ch(Q). Hence, if for some U € Ch(Q) we have DcU
or D C suppp \ U, then (RUD) Cc U or (RUD)NU =0 for all R € V(D), and so

/XU<mé}f - méf)(% - %) d = (mf; f — méf)/U <% - %) dpp =0

for all R € V(D). Therefore, if we set mZQf = (mf f— m‘éf), using that V(D) has finitely
many terms and that [|u(R)"xgr — u(D) txp|du < 2 for all R € V(D), we deduce from

(48) 195 (um) 22 = D (

DEDJ'

ReV (D) ' QEDm,
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(48) that
155 (um) H%am

-y (=

DED; N ReV(D)

2
> / 2 xv mﬁ@f(:éz) N /j((g)> e D #(D)
QEDm " UeCh(Q): DNUD,
DNU<£D

CURETS SN (D ST SR ) 7t

DeD; ~QeDnm UeCth):ﬁmU#@,
DNUC#)

=y (X rmz,P(U)f\)2u<D>.

DeD; “UeDyyy1: DNUAD,
DNU#p

It is not hard to show that, since m < j and D € Dj;, the number of p-cubes U € D, 41

such that DNU # () and DNU*® # () is bounded by some constant depending only on n and
the AD regularity constant of p (in particular, this constant does not depend on the precise
value of m). Hence,

2
S0 /)i Y X e o)

DED;j “UeDyny1: DAUAD, DED; UeDyni1: DNUAD,
DNU°#p DNU°#D

- Z |mllLJ,P(U)f|2 Z (D)

(50) U€Dm+t1 DeD;: DNU#D,
DNUCe£)

= Z ‘mﬁp(U)fP,U'( U D>

U€Dm11 DED;: DNU#D,
DNU#£0)

Fix U € Dy41. Recall that D := Urev(p) B so diam(D) ~ diam(D). Hence, there exists a
constant 79 > 0 such that

U D C {zx € U : dist(z,suppp \ U) < 10¢(D)}
DeD;: DNU#D, DNU#)
U{z € suppp \ U : dist(z,U) < 10l(D)}
= {2 € U : dist(z,suppp \ U) < 7027 T1(U)}
U {z € suppu \ U : dist(z,U) < 1027 T1(U)}.

If m < j, then 7 := 792™ /™! < 1, so we can apply the small boundaries condition (9)
of Subsection 2.3 to obtain M(UDEDjlﬁﬂU¢®,50U07£@ D) < C7rY/€2=mn On the contrary, if

1/C ~ ~ ~

/¢~ 1, so0 IU’(UDEDJ-:DOU#(Z),DOUC#(Z) D) <
w(CU) <27mn T1/€2=mn for some big constant C'; > 0. Thus, in any case, we have seen
that s D) < 2m=3)/C¢U)", and combining this estimate with (50)

m and j are not far one from the other, then 7

UDE'Djz DNU#0, DNU ()
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and (49) we conclude that, for m < j,
1 (um) 172 S 207N i f = mby g FPEU)"

UeDm+1

~ 9 (m— J/C/ Z XU’me mp f‘QdM

UEDm+1
— o(m—j /C/

Z Z XU me me) dM_Q fm= ]l/C”um”m(u)a
which gives (47) with o(k) = 9=3¢ and finishes the proof of the proposition. O

QEDy, UeCh(Q)

Recall that, given D € D, we have set D= UReV(D) R. We have

2
> 2 (KX + (0 Ixcmm)) (@)

meSp(z) ' ReV (D)
€m 2
(51) N Z ‘(KXem+1*((m%f)Xf)M))(m)‘
meSp (z)
2
+ > > (Kxam,, o+ ((mlpf — miy f)xam)(x)
meSp(z) ' REV (D)

We are going to estimate the two terms on the right hand side of (51) separately. For the
second one, recall also that, given m € Sp(z), we have also set A,,(x) := A(z, €mt1,€m)-
We write

(Bxem, (s — m F)xau) ()] < s f —mb f] /A K = 9)xa() duty)
< mf — m | (A () N RYL(D) ™

Therefore, interchanging the order of summation,

>

meSp ()

2

> (KX, * ((myf —mip f)xrm))(z)

ReV (D)

2
s( DS Im‘éf—m’éflu(Am(w)ﬂR)f(D)")

meSp(z) REV (D)

(3 s 2N (S it f1) = (an()?

= R E(D)n ~ R D — \4D )
ReV(D)

ReV (D)

where ap(f) are the coefficients introduced in Proposition 5.9. If we integrate on D and sum
over all D € S and S € Trs, we can apply Proposition 5.9, and we finally obtain

PN A 2

Xem ., * ((mpf —mlp f)xrp))(@)| du(z)
(52) SecTrs DeS mESD

ReV(D)

S D (an(f ) S £

DeD
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Let us estimate now the first term on the right hand side of (51). Let Lp be a minimizing
n-plane for a,, (D) and let L, be the n-plane parallel to Lp which contains z. Given z € R4,
let p§ denote the orthogonal projection onto L¥,. Let gi,92 : R — [0,1] be such that
suppg: C (—2¢l(D),2el(D)), suppga C (—4(D)e, ¢(D)e)¢, and g1 + g2 = 1, where € > 0 is
some fixed constant small enough. For z € R?, consider the projection given by
639 ) = (o4 056) ) = )l e) — o) + )95 —

PG (2) — =
Since suppgs does not contain the origin, p® is well defined. Moreover, if z € R? is such that
ga(1p (=) — @) = 1, then |z — 2| = [p*(=) — .

Let C, > 0 be a small constant which will be fixed below. Assume that aﬂ(l()D) > C,.

Then, we can easily estimate

K X5 2= Imh f)? K(z—y)d
mgw\( xem s (m Px ) (@)]* = s 7] m;@ /A L0

(54) <\me\2( >/ . —y)!du(y)>2

meSp(z)

2

2
N \m%f\2</f)€(l?)‘" du(y)> < [mhy f12 < imf Py (10D)2.

From now on, we assume that o, (10D) < C,. It is not difficult to show that then the

distance between D and L7, is smaller than ¢(D)/1000, by assuming C, small enough. More-
over, p® restricted to {y € A, (z) : dist(y, L)) < ¢(D)/1000} is a Lipschitz function with
Lipschitz constant depending only n, d, and the AD regularity constant of u. Furthermore,
by taking £ small enough, we have

|2 — x

(55) p*(2) = (x + (pj(2) — )m

for all z € {y € DN Ay (z) : dist(y, L%) < £(D)/1000} C suppp.
Recall that D € S for some S € Trs. Let Qg be the maximal y-cube of S, and set
Vg = pj (Xa0Qs#)- Then, since suppp N Ap (2) C D by the construction of D,

(EX (s F)x ) (@) = (mls ) / K(x — ) du(y)
Am(z)

(56) ~ iy | K== n)) + () / K=y )

= Ul () + U2 ().
Notice that, by (55), y € A,.(x) if and only if p*(y) € A, (x) in the integral defining
Ulp(z). Since |y — p*(y)| < dist(y, LY)) < dist(y, Lp) + dist(x, Lp) for all y € T,
U] < iy /A KG9 K@=y )l duty

< P PJv

— dist(y, Lp) + dist(x, Lp)) du(y).
e [ @, Lo) + s L)) du)
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If L}, denotes a minimizing n-plane for 31 (D), one can show that disty(LpNCD, LENCD) <
au(D)U(D), so dist(y, Lp) < dist(y, L}) + a,(D)¢(D) for y € CD NT. Therefore,

2
Z UL (z)> < < ‘mDnJl Z / o (dist(y, Lp) + dist(z, LD))du(y)>

meSp ()

2
(57) < Im’l‘)f|2<f(D)”1 [ aisitLo) + dist(x,LD»du(y))

< [mlp £ (mw)? +au(D)? + (%)3

Let us consider U2,,(z) now. We can assume that v, is absolutely continuous with respect
to Hﬁ% (for example, by convolving it with an approximation of the identity and making a

limiting argument). Let h, be the corresponding density, so v, = hm’H%g]5 . We may assume
that h, € L?( %%). Then,

U2a) = i) [ Kl =) (5) = o) /. K= 0ha(y) e ()

At this point, we need to introduce a wavelet basis.

Definition 5.10. Let D™ denote the standard dyadic lattice of R™. Let {ng}ern,k:17...72n,1
be an orthonormal basis of C* wavelets on R™ in the following manner (see [Da, Part 1]):

(a) wg :R™ = R is a C function for all Q € D" and k=1,...,2" — 1.

(b) There exists C > 1 and g : [0,C]" — R with ||voll2 = 1, ||Yollec S 1, and such
that, for any Q € D™ and k = 1,...,2" — 1, there exists | € Z"™ such that wg(y) =
bo(y/6(Q) = UQ)™™/? for all y € R™,

(@) gl = 1, [¢gdL™ = 0 and [$HyRdL™ = 0, for all Q,R € D" and k,| =
1,...,2" =1 such that (Q, k) # (R,l), where L™ denotes the Lebesgue measure in R™.

(d) suppwg C CwQ for allQ € D" and k = 1,...,2" — 1, where Cy, > 1 is some fized
constant (which depends on n). In particular, for any j € 7 the supports of the
functions in Uern °(Q)=2 J{wg}k 1,..on—1 have finite overlap.

(@) [¥6lloo S UQ)™? and [V loo S (62)_"/2_1 foralQeD", k=1,...,2" - 1.

(f) If h € L2(L"), then h = > 0eDn k=1...27 1 A’éh, where Agh = (fhwg dﬁn)zbg.

In order to reduce the notation, we may think that a u-cube of D™ is not only a subset
of R™, but a couple (@, k), where @ is a subset of R” and k = 1,...,2" — 1. In particular,
there exist 2" — 1 p-cubes in D™ such that the subsets that they represent in R™ coincide.
We make this abuse of notation to avoid using the superscript k£ in the previous definition.
Then, we can rewrite the wavelet basis as {1g}gepn, with the evident adjustments of the
properties (a), ..., (f) in Definition 5.10.

Let DY be a fixed dyadic lattice of the n-plane L%, and let {Q,Z)Q}ern,o be a wavelet
basis as the one introduced in Definition 5.10 but defined on L7, Denote by Ef the n-
dimensional vector space which defines L%, and let {Qg}kez be a fixed sequence of nested
dyadic p-cubes in E7, having the origin as a common vertex and such that E(Qg) = 2% for
all k € Z. Given s € E%, set Dy° == {s+Q : Q € DZ’O} (notice that, for any k € Z,
the family {Q € DI : £(Q) = 2%} is periodic in the parameter s), For any Q € Dy and
ye Ly, if Q =s+Q e Dy®, we define ¥ (y) = ¥s19(y) := Yoy — s). Then {¢g}greprs
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is also a wavelet basis defined on L. Consider the decomposition of h, with respect to this
basis,

— Yy (
(58) he= 3 Abhe= Y A} he,
QeDy”’ Qep™°
where Aw = ([ ha(y)o(y — s)du(y)) Yo(z — s) (recall that, for any Q € Dy,
[ d'HL% = 0) We set J(QS) = —logy(£(Qs)), and given Q € Dy°, we set J(Q) :=

—1og,(¢(Q)) and J'(Q) := max{J(Qs), J(Q)}. Given Q C EY,, denote by mscqg the average
of a function g : Ef, — R over all s € ) and with respect to H"%. Then, by the periodicity

of {q}gepre in the parameter s (recall Definition 5.10(b)) and (58), we can write

_ _ AY
hy = Mseo J@Qg) (hr) - Z MgeQo J(Qg ) Q s 5’3 - Z mSEQJ/(Q) Q;s h )
Qepp® QeDp°

Set J :={Q € Dy : supp¥g(- —s)N suppr_ﬁ_l(ﬂ: —+) # () for some s € QOJ,(Q)}. Recall
that D € D; and m € Sp(z). Since x € D and £(D) =277, if Q € J, then D C B(z,Col(Q))
or Q C B(xz,C,l(D)) for some constant C, > 0 big enough. In particular, if £(Q) = ¢(D) then
D C B(zg,Col(Q)), and if £(Q) < C4(D) with C > 0 small enough then Q C B(zp, Col(D))
and dist(z, suppyg(- —s)) 2 4(D) for all s € Qg/(Q), where zg denotes the center of Q C L7,
and zp € L} denotes the center of D € D.

We define J; := {Q € J : £(Q) < CUD)} c {Q € DI’ : Q C B(zp,Cul(D))} and
Jy = J\J1 c{Q € D’ : D C B(zg,Col(Q))}, thus dist(z, suppipo(- — s)) > (D) for
all Q € J; and s € Qg/(Q) Then, using the previous comments, that suppxgmﬂ(x - C
suppxg:jj_l(x — ) for all m € Sp(x), that fAm(x) x—y)dHs (y) = 0 by antisymmetry,
and that J'(Q) = J(Q) for all Q € J; (because D C Qg), if 2’ denotes some fixed point in
Az, 27971277y N L%, we have

U2 (z) = (m* (AY hy(y)) dHEs
o) =mh) [ K =) 3 Mt (B 785 0
_ I _ E : Aw . n
(59) ol )/Ammmx y)QeJ MaeQ ) (Balts W) MLy (1)
H }: _AY (2 n
+(mpf) /Am(m) QEJ; mseQ”(Q) h ) Q’Sh (2 )) dHLD(y)

=: U3 (x) + Udyy ().

Let us estimate U4,,(z). By property (e) of the wavelet basis in Definition 5.10, we have
AL o)~ AL, ha(2)] < [IV(AL )l — 3] S 1A%, o2~ y1£(Q) /2" Moreover,
if y € Ay (), then |2’ — y| < (D). Therefore,

<Y b / Dy, (18 halv) — A hala')]) dHz; (1)

QeJ2

S D Imipflmaeqn, (185 hall) €(D) Q)2 Hy (Am()),
QeJ2
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and then, by Cauchy-Schwarz inequality and since Jo C {Q € DY D C B(zq,Cl(Q))},
(60)

n/2+1 2
S @R (XY i, , (1850l R i (o))

mESD(:L‘) mESD ) QEeJ2

2
< (X ImtpSmica , (185, hell)aD)e(@ >+ )

QeJ2
e<D>>< o ey D) )
: <QZJ @)\ g "I e 1. le) g
(DY " 2
< ms P (—) (Q) " (myeen 1AL hll2)’.
D Q%;Q Q) Ry Te

We are going to estimate U3,,(z) with techniques very similar to the ones used in Sub-
sections 5.3.1 and 5.3.3. First of all, let b, > 0 be a small constant which will be fixed
later on, and consider the family P := {Q € Dy’ : ¢(Q) < ¢(D)}. Let Stp denote the
set of p-cubes Q € P such that there exists Rg € D with {(Rg) = ¢(Q) and such that

10Rg N (p*)~t(suppg) # 0, and
(61) > a,(10R) > b, but > o, (10R) < b,.

ReD: RoCR, £(R)<{(D) ReD: P(RQ)CR, £(R)<((D)

Observe that if Q and Q' are different and belong to Stp, then Q@ N Q" = (). Notice also
that D ¢ Stp because we assumed o, (10D) < C,. Finally, denote by Tr the set of u-cubes
@ € P\ Stp such that R ¢ Stp for all R € P with R D Q. Then P = Tr U{Jgeg, IR € P :
R C Q}. By taking C, small enough we can assume that, if R € J;NP and R C @ for some
Q € Stp, then @ € J;. So we write

Y
Z sEQI(Q)(AQ7th)

QeJr
— Y (]
- Z mSEQ(}(Q) (Asth$) + Z Z mSng(Q)(ARvshx)
QeJiNTr QeJiNStp ReJ1NP: RCQ

Set Aé she =2 pep. RCQ AR shz. Then, using the definition of J; and .J, we can split

Usn(a) = (mip) | ()K(m—y) S mcog, (A% he(v) M ()

QeJiNTr
62
(62) + (1 f) )Y meean, (B ha(y) Ay (v)
A J(Q) D
m(”ﬁ) QEJlﬂStp
= U3 (z) + U3 (z).

Notice that, since L7, is flat and contains x, we have H”xD(Am(x)) < (em — emar1) (D)L

Moreover, Mseqo (Ag Jha) is a function supported in CQ and has vanishing integral, be-

J(Q)
cause the same holds for each Aashx with s € Q?](Q). Hence, the sum }_, cs ) |U32, (x)|?

can be estimated using arguments very similar to the ones in Subsection 5.3.1 (see (40)),
and the analogues of Lemma 5.4 and Claims 5.2 and 5.3 for H"% follow easily. One obtains
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the expected estimate

(Q)\" -

a 2 wop2 P 2 n

) X UBR@PSE Y (5] I, @mIBD)
meSp(x) QeJ1NTr

(for simplicity of notation, we have set || - ||, := || - ||Lp(’}—[z%)).

Since Mseqo (Q)(ﬁé ;he) has vanishing integral and it is supported in a neighbourhood of

Q, the term U3% (z) can be estimated in the same manner (but now we don’t use the estimate

HmseQJ(Q)(Aashm)H% < E(Q)numsEQg(Q)(Agshm)H%), and one obtains (compare with (44))
AW h 2
o)\ V2 Imseqs , (Bg sha) 7
4 b 2 < 1% 2 (Q) .
(64) E U3, ()7 < [m'p f] § : <€(D)> ((D)y(Q)"

meSp(x) QeJiNStp

Recall that we have fixed x € D € § € Trs, and we denote by Qg the maximal p-cube
in S from the corona decomposition, so D C Qg. The following lemma yields the suitable
estimates for mSngl(Q)(Agsth) and mSngl(Q)(Aéshw).

Lemma 5.11. Assume that o, (D) < Cx, for some constant Cy, > 0 small enough. Given
Q € DY, there exists constants C1,Cy > 1 depending on C, and b, (see (61))such that,

(0) if Q € Jo and £(Q) > (Qs), then myeqn,  (1AG hall2) S UQs)"UQ) ™7,
(b) if Q € Jo and £(Q) < £(Qs), then
dist(z, Lp)

MseQS) 0, (\IAéshm\lg) < ( Z a,(C1R) + W)g@)n/?’
ReD: DCRCB(ZQ,C&((Q))

(c) if Q € Jy NTr, then there exists Qo = Qo(x,Q) € D depending on x and Q € pm0
such that Qo C CaD, £(Qo) = £(Q), Qo N (p*) " (suppipq) # O and
dist(x, Lp)

P < W HD) n/2
ey A5kl s (0 aylcam+ S Q 2 and
ReD: QoCRCC2D

(d) if Q € JOStp, then [myegn (A o)l < Q)™

Proof of Lemma 5.11(a). By Definition 5.10(e), for any s € Qg/(Q) we have
188 el S [ )@ S UQ™ [ oty = 0@ [ v,

_ - ((Qs)"
Q)™ [ dtfOviosn) = 6@ [ g S
Fes 40Qs HQ)r
Hence, HAw,thHQ < HA%J@|]oo£”(suppws+Q)1/2 < U(Qs)™(Q)~™? for all s € Qg,(Q),
where L™ denotes the Lebesgue measure on the n-plane L), and Lemma 5.11(a) follows by
taking the average over s € Qg/(Q). ]

Proof of Lemma 5.11(b). Since D C B(zq,Col(Q)), D € S, and {(D) S ¢(Q) < 4(Qs),
by taking C.,, big enough (see property (f) in Subsection 2.4), we can assume that u is well
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approximated by I'g in all the intermediate scales between Qg and D. We are going to show
that, for each s € Qg,(Q),

S N R R G R e LR
RED: DCRC B(20,C14(Q))
and Lemma 5.11(b) will follow by taking the average over s € Qg/(Q).
Fix Q € Ja, so D C B(zg,Cut(Q)) with £(Q) < ¢(Qgs), and s € Q?],(Q). Take Q' €
D such that ¢(Q) = ¢(Q') and Q C B(zg,3((Q)). Recall that suppysig C CQ and
IVisrol S Q) ™27 Let ¢psigr : R? — R be such that supppsior C By C RY,

IVosio| S Q)21 and ¢yiq = siq in LY,
Let Lg: be a minimizing n-plane for o, (C1Q"), where C; > 1 is some big constant to be
fixed below, and let Lg, be the n-plane parallel to Lo which contains x. Let o¢g := cQ/HﬁQI

be a minimizing measure for o, (C1Q’) and define o), := cQ/Hﬁg - Finally, set 0 := cq/HJs .

Since 151 has vanishing integral in L%, we also have [ ¢si ¢ dHﬁ% = 0. Hence,

185 dhalls = b Vsl = Kb burall = | [ duio(u) dvato)
(66) b

—| [ busarto) s — )| £ @) distiy .0,
We can assume that

) > acmen,
ReD: DCRCB(2q,C14(Q))

otherwise Lemma 5.11(b) follows easily. By assuming (67) one can show that the angle
between LT, and LmQ, is small. By the triangle inequality, we have

(68) distBQ, (Vg,0) < distBQ, (Ve pgag/) + distBQ, (pgfag/ ,0).

To deal with the first term on the right hand side of (68), let h be a Lipschitz function
such that supph C B¢ and Lip(h) < 1. Then, using that suppu is well approximated in C'Q’
by a Lipschitz graph I'g with small slope, the function A op” restricted to suppuU LmQ can be
extended to a Lipschitz function supported in Be, o/ (if Cy is big enough) with Lip(h o p*)
bounded by a constant which only depends on n, d, and Lip(I'g). Therefore,

‘ / hd(ve — pfogy)
(69) BQ/

< diSthlQ/ (,u, O'Q/) + diSthlQ/ (O’Q/, 0'6/) S Oélu(ClQ/)f(Q)n—i_l + dist(m, LQ/)E(Q)”
Since z € D and D C C1Q' (if C1 > C}), by [To4, Remark 5.3] we have

(70) dist(z, Lgr) < > au(R)E(R) + dist(z, Lp).
ReD: DCRCC1Q’

= ‘ / hop™d(p—o0g)| < diSthlQ/ (1, 00)
Ble/

Taking the supremum over all possible Lipschitz functions & in (69) and using that ¢(D) <
/(R) < 4(Q') in the sum above, we get

) . @ n dist(xz, L n
(71) dlStBQ,(VJ;,pﬁ O'Q/) < Z au(C1R)UQ") 1y W (o Lans
ReD: DCRCC1Q’
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To estimate the second term on the right hand side of (68), notice that pio=o0 because
p®|rz, = Id. Hence, as in (69),
distp,, (Pfody, o) = distp,, (Pfodpio) S distBCIQ, (00,0)
< distp, (G, 0q) + distp,, ., (ogr,0)
S distp,, (Hﬁg p HZQ,) +dists, (HzQ/ yHE,) +diste, o (ML, HEs)
< dist(z, Lo )0(Q")" + distBCIQ, (H%Q, ,HT ) + dist(z, Lp)e(Q")".

The term distp o Q,( 2@/’ zD) can be estimated using the intermediate u-cubes between

D and C1Q’ (similarly to (71)), and we obtain
distpe,o(Mig i) S D ou(CIRIQ"™
ReD: DCRCC1Q
Thus, by (70) and since ¢(D) < 4(Q'),
dist g, (Pjody, 0) S > a, (C1R)N(Q')"+! + dist(x, Lp)¢(D)~1(Q")" .
ReD: DCRCC1Q’

Then, (65) follows by plugging this last inequality and (71) in (68) combined with (66), and

recalling that £(Q) = £(Q’). Thus we are done with Lemma 5.11(b).
O

Proof of Lemma 5.11(c). Given @ € J; N Tr, using (61) we have

> a,(10R') < b,
R'eD: RCR',¢(R')<{(D)
for all R € D with ¢(R) = ¢(Q) and such that RN (p®) ! (suppysiq) # 0 for all s € QS(Q)'

By assuming b, small enough, we are going to show that for some Qo(x,Q) € D and all
s € Q?](Q) we have

() 86l (S aulcar)+ TG Q)

ReD: QoCRCC2D
As before, Lemma 5.11(c) will follow by taking the average over s € Qg(Q), and noting
that Hmsle’,(Q)(Aé,shx)H? < msng(Q)HAashmﬂg by Minkowski’s integral inequality.

Take @ € Jy NTree. Let Cy be some big constant which will be fixed later on, and let
Qo € D be a minimal p-cube such that C2Qo contains suppp N (p*)~*(suppstg N L%) for
all s € J(Q). We can assume Qg C CyD if Cy is big enough. We may also suppose that
> ReD: Qoc Recy,p @u(C2R) is small enough, otherwise the estimate that we want to prove
would be trivial; indeed, if C' < 3 pcp g crec,p @u(C2R) for some absolute constant
C’ > 0, then using the comment below (54) and that @ € Tree (thus the left hand side of
(61) holds) one can show that HAgﬁthg < UQ)™?, so

IAY halla S €Q)™* < ()7 > au(C2R)U(Q)™?,
ReD: QoCRCC2D

and we would be done.
One can show that, if 3" pcp. o,crec,p @u(C2R?) < C' with ¢ small enough, then

(73) diam(I' 0 (p")"H(Q N L)) S UQ).
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For the sake of shortness, we will only sketch the proof of (73). Since a,(C2D) is small by our
assumption, then Boo ,(CoD) is also small. Take z1, 29 € suppp N (p%) ™ (suppysio N LE)
such that |21 — 22| = diam(suppp N (p%) " H(suppystg N L%)), and set y; := p®(z1) and
Y2 := p(22). We claim that |21 — 22| < |y1 — y2|. Otherwise, the angle between L., , and
L., ., would be big, where L, , denotes the line passing through the points u,v € R?. Since
Boo,u(C2D) is small by hypothesis, the angle between L., , and L7, is also small. Therefore,
the angle between L., ., and L7, would be big. Since «,(C2Qq) is small by hypothesis (and
the same holds for f,,,(C2Qo)), the angle between L., ., and Lq, is also small, where Lg,
is a minimizing n-plane for . ,(C2Qo). Therefore, the angle between Lg, and L7, would be
big, but this can not happen because that angle is bounded by »_ pcp. QoCRCCaD a,(CoR),
which is small by hypothesis. Hence, |21 — 22| < |y1 — y2|, and this easily implies (73). By
hypothesis, suppu N (p*) " (suppystg N L) C C2Qo and, by (73), £(Qo) =~ ((Q) if C’ is
small enough.

Let Lg, and 0g, := cQO’HzQO be a minimizing n-plane and measure for o, (C2Qo), respec-
tively. Fix zq, € Lg, N Bc,q, and let L, be an n-plane parallel to LT, which contains zg,.

Finally, define the measures o, := cq,H}, and o’ := cq,H}. -

Since ¢’ is a multiple of H"% , similarly to (66) and using the triangle inequality,
) 1A hall20(Q)"/* ! < dist g, (ve, o)
< distp,, (Va, f 0Q,) + dist s, (P 0o, P o) + distr, (pf oy, '),

where we have set Bg := B(zq,30(Q)) C R? (for these computations, we may also assume
that £(Q) is small enough in comparison with ¢(D)).
Arguing as in (69), if C5 is big enough, we have
(75) dist g, (V2 Py 0Q,) = distpg (Pf 1, DY 0 Qo) S au(Cng)E(Q)"H,
and
diStBQ (ng'Qmngr) < diStBCQQO (O’QO, O’r) < diStH(LQO N Beygys Lr N BC2QO)€(Q)H.

Let 7 be the angle between L, and Lg, (which is the same as the one between Lp and Lg,).
Since zg, € Lg, N Ly N Bey,q,, we have disty (Lo, N Bcyqo, Lr N Beyg,) S sin(y)4(Q), and
it is not difficult to show that sin(v) < - pep. goc recyp @u(C2R). Thus,

(76) dist g, (ngQo,pgar) < Z Oéu(C2R)€(Q)n+1-
ReD: QoCRCCaD

Let us estimate the last term on the right hand side of (74). Since cg, < 1, we have
dist g, (p;far,a') S distg, (p? T 2%). Let h be a 1-Lipschitz function supported in Bg
and such that

(77) distp, (pf MY, MY ) ~ ‘ / hd(piH}, —His )|

Set d := dist(zq,,L},). Without loss of generality, we may assume that z = 0 and that

L% = R" x {0}9", so L, = zg, + R" x {0}2~™. Then, if we set 20, = (zgjl, . ,zéo),
we have that d = |z, | and p” restricted to L, can be written in the following manner:

PPy =Y.y 2,) = (F(y' ..., y"),0), where F - R™\ {0}" — R™ is defined by

Pre _ [ @

Fy) =y =y TR
) ] M
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Therefore, fhd(pg” 1) =[hop®dH} = [p.(h op®) (Y, 2g,) dy = Jgn R(F(y),0) dy, and we
also have [ hdHi, = Jzn B((y,0)) dy = [gn R(F(y),0)J(F)(y) dy by a change of variables,
where J(F') denotes the Jacobian of F' (we may assume dist(0,supph(F(-),0)) 2 ¢(D),
because dist(z, Q) 2 ¢(D) and we can assume that ¢(Q) is small enough). Hence, by (77),

distig (7, 1) S [ I(F@LOIIL = J(F)w)]dy.

R

Notice that, because of the assumptions on supph(F(-),0) and since zg, € Bc,q, and
Qo C C3D, we have d < |y| for all y € supph(F(-),0). If F; denotes the ’th coordinate of
F, it is straightforward to check that 9,, F(y) = —d*y'y!|y|~3(ly|* + d?)~1/2 if i # j and
0y Fiy) = (1+d?/y[*)'/2 =d*(y")?|y| = (|y[* +d?) /2. Thus, we easily obtain [1—J (F)(y)| <
d/|ly| < d/¢(D) for all y € supph(F(-),0).

Since diam(supph(F(+),0)) < 4(Q) and h((F(-),0)) is Lipschitz, using the previous com-
ments we have distp, (PfH} ,H]s ) < (Q)"1d/¢(D). Finally, by [To4, Remark 5.3] and
since zg, € Lq,,

d < dist(2g,, Lp) + dist(Lp, L%) < > o, (C2R)A(R) + dist(z, Lp),
ReD: QoCRCC2D
and thus

) dist(x, L n
(78) dist g, (ngzr,Hﬁ%) < Z aH(CgR)Z(Q)nH + % Q)™+,

ReD: QoCRCC2D
Finally, (72) follows by applying (75), (76), and (78) to (74), which yields Lemma 5.11(c).
U

Proof of Lemma 5.11(d). This is the key point where taking averages of dyadic lattices
(with respect to the parameter s) is necessary. More precisely, in the proof of Lemma
5.11(a), ..., (c) we obtained estimates independent of s and then we made an average. How-
ever, in Lemma 5.11(d) the estimate that we want to prove might not hold for a particular
choice of s but, as we will see, it holds in average. Given () € J1 NStp, we have to show that
(A ha)lln S UQ)™. Fix s € Q). Recall that

Ay he= > A}é,shm

”mSEQ(}(Q)

ReP: RCQ
= Y xefRde— ) xeeARle
REP: suppyrNQF#D ReP: suppy rNQAD
(R)ZHQ) ((R)<0Q), RZQ
+ 3 Xsq)e Al he =t Lo+ I+ 11,
ReP:
RCQ

We are going to estimate I, I1;, and 11, separately. For the case of I, we have
Xs+Q h:v = Xs+Q Z Aﬁ7shm + Xs+Q Z A;l%th = Xs+Q I; + Isa
ReD™0: 0(R)>4(Q) ReD™°: ¢(R)<0(Q)

where we have set I, := ZRGD"’O:Z(R)>Z(Q) A}éshx. On one hand, since @ € J; N Stp, (61)
holds. Thus, using that ZRGD:P(RQ)CR, o(m)<e(py @u(10R) < by, one can show that

(79) IXs+@ hellt S €(Q)"
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(see (73) and below for a related argument). On the other hand, since ||xs+ hzl1 S €(Q)",
it is known that then |xs+olil1 S €(Q)" (see [Da, Part I], in particular pay attention

~

to the last sum in equation (46) of Part I). Combining these estimates, we conclude that

L] < Q)™
Let us now deal with I1,. First of all, split I/ into different scales, that is

Z Xs+Q Aﬁ,shm = Z Z Xs+Q Aﬁ,shm'

ReP: suppy rNQ#AD k>J(Q) REP:suppyrNQ#D
L(R)<L(Q), RZQ L(R)=2"% RZQ

Observe that if k& > J(Q), suppr N Q # 0, {(R) = 27% and R ¢ @, then s + R C
Uco-k(s + 0Q), where C' > 1 is some fixed constant and Ugy-«(s + 0Q) = {z € L7, :
dist(z, s + 0Q) < C27%}. Hence, using Definition 5.10(e) and the definition of h,, we have

1Ll < S ALl S Y veUcs-r(s+0Q)).
k>J(Q) REP:suppyprNQ#D k>J(Q)
¢(R)=2"",RZQ
The case of Il can be dealt with very similar techniques, and one obtains the same
estimate. Therefore,

Imaeqs, (B shalln = Imaeqs, (I + Is + IIL) |y = myeqn  [[s + 1T+ 11|

3(@)
(80) <0Q)" + M3l o, < Z Ve (Upo—k (s + 8@))).

k>J(Q)

Using Fubini’s theorem, it is not difficult to show that
Meqpy, e (Uca-i(s + 0Q))) S 27H(Q) ' 1(CQ)

for all for £ > J(Q) (see [To2, Lemma 7.5] for example, for a related argument). Since
@ € Stp, then (61) holds and then, as in (79), we have v,(CQ) < £(Q)" (by choosing the
constants suitably), thus

"MseQ) )

k>J(Q)

Q < > Vx(UCQ—k(S+8Q))> < 0Q)".

If we combine this last estimate with (80), we are done. O

We are ready to put all the estimates together to bound the first term on the right hand
side of (51). From (54), (56), (59), and (62) we have

ST, (il F)xpm) (@) < Iml fPa,(10D)?
meSp (z)
(81)
+ Y (UL (@) + |U3E, (@) + UL, (@) + [Ud () ).

meSp(z)

Let us deal with U1l,,(z) (the term |m%, f|?c,,(10D)? above is handled in the same manner).
If L}, and L% denote a minimizing n-plane for 3y ,(D) and B33 ,(D), respectively, one can
show that disty(Lp N CD,L}, N CD) < «a,(D){(D) and disty (L, N CD,L% N CD) <
Ba2,,(D)U(D), so we have dist(z, Lp) < dist(z, L%) + B2,,(D)(D) + ay,(D)¢(D) for x € D.
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Then, by (57) and Carleson’s embedding theorem,

SY Y

SeTrs DeS meSp ()

(52) <3 [ i P (a0 + (o + (LYY g

DeD

S Im fPUD) (BLu(D)? + au(D)? + B2 u(D)?) S 11172

DeD

For the case of U3%,(x), by (63) and Lemma 5.11(c) applied to the p-cubes in J; N Tr, we
have

Y[ ¥ ws

SeTrs DeS meSp ()

E 1/2”777’5 0 A shx)”2
ST DS (ﬂ‘i) Rl ),f * dyu(a)
DeD QeJiNTr
, n+1/2 2
st S (42) au(Ca)) du(o)
DeD QeJiNTr R D:

Qo(z,Q)CRCC2D

+ > \meP/ 3 (&)"“”(dist((m )Lp)) du(z) = Sy + Sy,

DeD QeJiNTr

f\

Recall that J; C {Q € Dy* : Q C B(zp,Cul(D))}. Then Zerl(f(Q)/f(D))"H/Q < 1,
and since dist(z, Lp) < dist(z, L%) + B2, (D)D) + o, (D)D) for z € D, then Sy <
> pep M 1B, (D)? + oy (D)*)€(D)™, and hence Sy < CHfH%Q(u), by Carleson’s embed-
ding theorem. For S, since 4(Q) ~ ¢(Qo(z,Q)) (recall the definition of Qy = Qo(z, Q) in
Lemma 5.11(c)), Qo(z,Q) C CoD, and every Qo € D intersects (p®)~1(Q) for finitely many
u-cubes @ € Do (with a bound for the number of such p-cubes @ independent of = and
Qo), we have

250 (B, )

QeJiNTr ReD: Qo(z,Q)CRCC2D

DT (9 wen)

PeD: PCC2D QepP: QCB(zp,Cal(D)), ReD: PCRCC>D
Qo(JB,Q):P

S <ﬁ§—§;>n+m< 3 a“(CgR)>2.

PeD:PCC2D ReD: PCRCC2D
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By Cauchy-Schwarz inequality,

2ol (Do)

PeD:PCCeD ReD: PCRCC2D

S R i

PeD: PCC2D ReD: PCRCC2D
(53) < > (in) > ooy

PeD:PCC2D ReD: PCRCC2D

2
< ¥ w5 (35)
ReD: RCC2D PeD:PCR

2 . 2
ReD: RCC2D

By standard arguments (using Cauchy-Schwar inequality) one can easily show that these
A1 coefficients satisfy a Carleson packing condition, so by (83) and Carleson’s embedding
theorem we obtain S1 < Y pep [mh fI2U(D)" A1 (D)? < ||f||%2(ﬂ), which combined with Sy <

15135 vields
cn )OI D D DR UE A A
SeTrs DesS meSp(z)

Let us deal now with U3%,. By (64) and Lemma 5.11(d) applied to the u-cubes in .J; NStp,
we have

>3 wa

SeTrs DeS meSp ()

o\ M2 Imseqo  (AG o)}
syt [ 3 (i) — b

DeD QeJiNStp
(@)™
< Ho£12 %)
2 I f'/ 2 (aD)) o
DeD QeJ1NStp

Given D € D, consider the family Ap := {R € D: R = R for some € D and some @) €
J1NStp} (see the definition of R in (61)). Observe that every R € D intersects (p®)~1(QN

L%)) for finitely many p-cubes Q € Dy ¥ such that (Q) = {(R). Thus, simlilarly to what we
did for € J; N'Tr in the case of U3%,, we have

Z |me|2/ Z <§(_g;>n+1/2 N[;JmDﬂZ/ REZA < l};@)nﬂ/zdﬂ

DeD QeJiNStp
/(R n+1/2
<SS s Y (ﬁ) (D)= 3 | FPAo(D)?u(D).
DeD ReAp DeD

where we have set A\y(D)? := Y ReAp (¢(R)/€(D))"+1/2. Since the s satisfy a Carleson
packing condition, it is not hard to show that the same holds for the Ay’s. More precisely,
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since for any R € Ap we have Y- pcp. pep, o(r)<e(p) @u(10R’) = by by (61), then
2 2 /
A2(D)” < by Z <m> Z a,(10R7) ),
ReAp R'eD: RCR',£(R)<{(D)

and we can proceed as in (83). Hence, putting these estimates together and using Carleson’s
embedding theorem on the Ay’s, we obtain

(35) )OI Dl D DAY VI

SeTrs DesS meSp(z)

We deal now with U4,,(x). By (60) and Lemma 5.11(a),(b) applied to the p-cubes in Js,

Y3, X b

SeTrs DeS meSp (z

1/2 Mg o HAwthH 2
5 g ()

SEeTrs DeS QeJs Ha)"
(D) 1/2
i 7 (12
seTrsDZes ¥ / QE Ja: Z(%Q(Q ) “Q)

(o Z g em) (55 o

ReD: DCRCB(2q,C14(Q))

1/2 2n
rE Tt S (G5) G mss,

2
SeTrs DeS Qe 6(Q Qs) K(Q)

For the case of Ss, since dist(xz,Lp) < dist(x,L%) + Bo,u(D)(D) + a, (D)D) for x €
D and ey, (0(D)/0(Q))/? < 1, the second term in the definition of S3 is bounded by
> pep M 12 (B2, (D)? + o, (D)?)€(D)™, and hence by CHfH%Q(M), by Carleson’s embedding
theorem. For the first term defining S3, by Cauchy-Schwarz inequality,

DD SUTYIE D SN €} I (D DR R

SeTrs DeS QREJ2: £(Q)<U(Qs) DcRcﬁgg:CM(Q))

Z Z ‘me‘Q/ Z <%> " log, <%> Z 04M(C’1R)2 du

SeTrs DES Qe Ja: ReD:
HR)<L(Qs) DCRCB(zq,C14(Q))
E(D) 1/4
2 2
< Z Im/ f| / Z (m) Z a,(CiR)* dp
DeD Qe RED:
DC (ZQ C14(Q)) DCRCB(2q,C14(Q))
1/4
< Z ’mﬂ f’2/ Z au C1R Z (%) du
DeD ReD: Qe .
DCR z

RCB(2q,C14(Q))
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Notice that ZQE,DW,O RCB(20.C14(Q)) (¢(D) ) /4 < < (¢D )1/47 thus
(D) 1/2 2
Z Z ’melz/ Z < Q) > < Z aM(C&R)) dp
SeTrs DeS QEJ2: £(Q)<L(Q5) Re
(86) DCRCB(20,C14(Q))
< 12 2 n 2 E(D) 1/4 1] 2 n 2
S ImbfPUD) > au(CiR) @ = Y |[mhfIP(D)" A3(D)?.
DeD ReD: DCR DeD

By standard arguments (using Cauchy-Schwarz inequality) one can show that the A3’s
satisfy a Carleson packing condition, so by Carleson’s embedding theorem, the last term in
(86) is bounded by CHfHLQ(u Thus we obtain S5 < HfHLQ( The estimate of Sy is easier.

We have

) UD)\?0(Qs)*
S1= 2. Z‘me’/ Z <6<Q>> wQe

SeTrs DS QeJa: Qs)
D) 20(Qg)*"
2
S S st [ Z Qe W)
ScTrs DES QEDQ’O:K(Q)>E(QS)7

DCB(zq,C14(Q))

As before, ZQE,DW,O 0Q)~212 < 1(Qg)~2 /2, thus

{Q)>£(Qs), DCB(2q,C14(Q))

(D) 0(Qs)
xS St f S (5g) é%ilnd

SeTrs DeS QeJa: b >0(Qs)
D)\ 2 oD) \ 2
< | ”f|2£<D>"(<—> b FPUD ( )
2 2 m fQs)) =2 2 gy
= 3 i FRUDY M (D).
DeD

Similarly to the case of the A3 coefficients, one can show that the A\4’s also satisfy a Carleson
packing condition, thus Sy < ||f H%Q(u) by Carleson’s embedding theorem. Actually, if one

~

defines a,(Q) =1 if @ = Qg for some S € Trs and @, (Q) = 0 otherwise, using the packing
condition for the p-cubes Qg with S € Trs (see property (e) in Subsection 2.4), one can
easily verify that the a,’s satisfy a Carleson packing condition. Then,

1/2 1/2

SeTrs: DCQs QeD:DCQ

and we can argue as in the case of the A\3’s in (86).
By the estimates of S3 and Sy, we obtain

(7 )OI D M DI CH Y T
SeTrs DesS meSp(z)

Finally, plugging (82), (84), (85), and (87) in (81), and combining the result with (51)
and (52), we conclude that

DI ADS

SeTrs DeS meSp(x)

2

o (Exem, (g f)xrm) (@) du(@) S (1F172(-

ReV (D)




VARIATION FOR RIESZ TRANSFORMS AND UNIFORM RECTIFIABILITY 41

5.3.5. Final estimates. From (41), (46), and (88), we obtain the following:

>/ Z S B, (Behu)

SeTrs DeS meSp(z) ' ReV (D) QeTr(R)

I Z > > (X, (BeNm()

SeTrs DeS meSp(z) ' ReV (D) QeStp(R)

DIDWADS

SeTrs DeS meSp(x)

2
du()

2
dp(z)

2
(@) S 1F 11720 -

Kxem,  * (mp f)xrp)(z)

ReV( )

Combining this estimate with (34) and (35), we deduce

> Z (B, (F) @) din() S 11,

SeTrs DeS meSp (z

Finally, using (31) and (32), we conclude that

IS 0 T flay S / Z ((BXEm o (Fi) @) diala) S 1122,

DeD mESD

As we said below (30), this finishes the proof of Theorem 5.1.

6. IF V, 0 R*: L*(u) — L*(p) 1S A BOUNDED OPERATOR,
THEN g IS A UNIFORMLY n-RECTIFIABLE MEASURE

Let €y, > 0 be the AD regularity constant of an AD regular measure p, that is C; Lpn <
pu(B(x, 7)) < Cur™ for all € suppp and 0 < r < diam(suppp). For simplicity of notation,
we may assume that diam(supppu) = oo (the general case follows with minor modifications
in our arguments). As before, we denote by D the dyadic lattice of u-cubes introduced in
Subsection 2.3.

In this section, we set K(x) = z|z|~" ! for # # 0. Recall that, given ¢ > 0, a Borel
measure p, and f € L'(p), we have set R*f := {RF f}es0, where

RIf(2) = / KG9 dnty).
T—yYy|>€

In order to prove the main theorem of this section, namely Theorem 6.8, we need a known
result concerning Riesz transforms and rectifiability, but first we have to introduce some
notation.

Definition 6.1 (Special truncation of Riesz transform). For e > 0, let ¢, be as in Definition
2.1. Form € Z and x € R? denote Pp(x) = po-m-1(x) — po-m(x). Given a Borel measure
w, we set

Suia(x) = / Bl — 1)K (2 — ) du(y).

Lemma 6.2 (Lemma 5.8 of [DS1]). Given Q € D, there exist n + 1 points xg, ..., Ty in Q
such that dist(x;, Lj—1) > CU(Q), where Ly, denotes the k-plane passing through xo, ..., xy,
and where C' depends only on n and C,,.

Lemma 6.3 (Lemma 7.4 and Remark 7.5 of [To4]). Let Q € D and xo,...,z, € Q be like in
Lemma 6.2. Denote r = diam(Q), and let m,p € Z be such that t > s > 4r fort =27P and
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s = 2"™. Suppose that A(zg,2” ™" Y2 27=mF1/2) N suppyu # 0. Then any point T,,1 € 3Q
satisfies

n+l m 2

: r rs
(89) dist(zn41, Lo) S s Z > [Skul) = Skilxo)| + ~ T
J=1k=p
where Lg s the n-plane passing through xq, ..., x,.

The following proposition is a direct consequence of the techniques used in the last section
of [To4]. We give the proof for completeness.

Proposition 6.4. Given ¢y > 0, there exist do,mg > 0 depending on €y such that, for
all @ € D with B1,,(Q) > ey, there exist k € Z and P € Djim, such that P C 4Q,
|Skp(z)| > 6o for all x € P, and L(P) = £(Q), with the comparability constant depending on
€, n, K, and C,,.

Proof. Fix ¢ > 0. Let Q € D such that 5 ,(Q) > €. Take points zg,...,z, in @Q as
in Lemma 6.2 and let m € Z to be fixed below such that diam(Q) < 27™ < diam(Q) and
Az, 2712 27+ qsuppp # 0 (we may assume diam(suppp) = 00). Set r = diam(Q).
By Lemma 6.3, for p to be fixed below (p < m) and all z,, 41 € 3Q,

n+l m
dist(zp41,Lo) S27™ Z Z |Skp(z5) — Spp(zo)| + 2Mr? + 2P~y
=1 k=p
m n+l
S22 Sknlas)| + 270 4 277
k=p 7=0

Then, by integrating on z, 1 € 3Q,

1 diSt(CEnJrl, LQ)
qQr /3Q qQ  mlenn)

<Y (i
k=p

Therefore, for some constant C7 > 0 depending only on n and C,,, we have

€ < ﬁl,u(Q) <

[ St (o) £30 S o)) 42
7=0

By the AD regularity of u, we can take m € Z such that logz(QC =) >m > logQ(zc -)—1=
logs(76+), and then e/4 < C12™r < €p/2. We also set p = m — 1 + [logy(357)], where []

denotes the integer part function (obviously, we can take C7 > 1 and €0 < 1, so logy (58
and then p < m). Hence, ¢/4 > C12P~™, and then

01_12m7‘ (60 — Cl(2m7‘ + 2p7m)) > 60(401)72 =:¢1>0.
Notice that €; only depends on €y, n and C,,. Also, by (90),

(91) 0<e < > (ﬁ/ | Skl dp + Z | Sk %)!)-

k=m—1+[log, (2 J=0

-) <0

acy)]

The previous sum has at most 1 — [log,(;%-)] terms, which only depends on € and Cj.
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Let m —1+ [logy(55;)] < ko, k1 < m and 0 < ji < n be integers such that f3Q |Skott] dp >
f3Q |Skpl dpp and | Sk, p(zj,)| > |Skp(z;)| forall j =0,...,nand k = m—1+[logy(55-)], - - . . m.
Then, by (91), there exists C; > 0 depending on €y, n, C1, and C}, such that

1
92) o < @(W / ISuuldu+ \skluml)r).

We distinguish two cases. Assume first that £(Q)™" ng |Skott| dpe < | Sk, pe(4,)]. Then, by
(92), 1 < 205|Sk, p(z;,)|. Notice that, for |z — x;,| < 27k,

|Sk () — Skyp(jy)| < / 1V (or, K) ooz — 24, | dpa(y)
‘y*xh‘Sﬁikl
S |g — g | duly) < 2M e — 2,1,

ly—x, <2k

thus, if [z — x| < C327F1 for some small constant C3 > 0 (depending only on n, K
and the C),), we have 2C5|Sy, u(x) — Sk, p(xj, )| < €1/2, and then € /2 < 2C|Sy, p(x)|.
Therefore, there exist mg € Z (depending on C3) and P € Dy, 1, such that {(P) ~ 2~k
and €1/2 < 2C5|Sk, pu(x)| for all 2 € P (for example, let P be the biggest p-cube containing
xj, and such that |z — z;,| < C327% for all z € P). Since m — 1+ [logy(75-)] < k1 < m, we
have £(P) ~ 2~™. We can also assume that P C 4Q by taking C3 small enough depending
on €y (notice that r ~ 27™¢p by the comment below (90)).

Assume now that |S, p(z;,)| < £(Q)™" ng |Skott| dpr. Then €1 < €(Q)™™ ng | Skeo t| dpv by
(92), so there exists x € 3Q) such that |S,u(x)| 2 €1, and we can argue as in the previous
case. In any case, given ) € D, we have found k£ € Z and P € Dy, such that P C 4Q),
((P)~ 2% ~r/eg~ £(Q)/eo (50 u(P) =~ u(Q)), and |Sku(x)| > & for all z € P, for some
constant dg > 0 depending on ¢y. Thus the proposition is finally proved.

g

Definition 6.5. Given ¢y > 0, let 6y, mg > 0 be as in Proposition 6.4. Set

B:={QeD: Q) >e} Bi=|J{Q€EDirm, : Sku(x)| > do for all z € Q}.
kEZ

Given P,R € D with P C R, we set F% = ZQEg:PCQCRXQ and FR = ZQEE:QCRXQ'
Lemma 6.6. Let p > 0. Assume that there exists Cy > 0 such that, for all R € D,
2
(93) | d < Cont).
R

Then, there exists C > 0 such that ZQEE:QCRM(Q) < Cu(R) for all R € D.
Proof. Let M > 1 big enough (it will be fixed below). For R € D, set

Tree(R) :={Q € B:QCR, XQFS < Mxq},

Topo(R) :== {P € B : P C R, xpFf > Mxp, and xoF} < Mxo

for all Q € B such that P C Q C R}.

For m > 1, set Top,,(R) = Uperop, ,(r) ToPo(P), and Top(R) := U,,>o Top,,(P).
Notice that if R € B then R € Tree(R), because M > 1. Notice also that

(94) {QeB:QcR}="Tree(R)U <UP6TOP(R)Tree(P)),
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and the union is disjoint.

Fix R € D. Then, by (94),

Y ow@= > w@+ > > @)

( ) QeB:QCR Qe Tree(R) PeTop(R) Q€Tree(P)
95
[ Y xedt [ XY xedn
QETree(R PeTop(R) Q€Tree(P)

Given z € R and P € D such that P C R, by the definition of Tree(P), we have
> xel@) < Mxp(a).

QETree(P)
Therefore, by (95),

0 MM [ ared=y(ume Y Y up).

QcB: P€eTop(R) m=0 P€Top,, (R)
QCR
We are going to prove that, if M is big enough,
(97) S uP) <2 (R

PcTop,, (R)
for all m > 0, and then, by (96), we will finally obtain
> w@) < Mup(R)+M Y 27" u(R) < 2Mp(R),
QeB:QCR m20

and the lemma will be proven. We verify (97) by induction on m, so assume first that
m = 0. Notice that, if P, P’ € Topy(R), then PN P’ = () because of the last condition in the
definition of Topy(R). Hence, 3 pero, (r) XP = XU, Where we have set U := Uperop, (r) £-

If z € U, there exists P € Topy(R) such that z € P, so 1 = xp(z) < M_Q/p(Fﬁ(x))Z/p =
M—2/r (FR(x))2/p and then using (93) we have
/ Z xpdp = / ldu < M2/p/ (FR)** dpu < Co u(R).
U R MZ//)
PETopO(R) PeTopy(

This yields (97) for m = 0 by taklng M > (2Cy)P/2.
Now assume that (97) holds for some m > 0 and let us verify (97) for m + 1. We have

Yoooowp) = > > u(@).

PeTop,,, . 1(R) PcTop,, (R) QeTopy(P)

Similarly to the case m = 0, if we set U := UQeTop (P) Q, by (93) we have

S u@= [ rau<ar e [ (< T ue) < ucp)

Q€Topy(P)

Therefore, by this last estimate and the induction hypothesis (97),

S P <y Y wP) <2 u(R)

PeTOpm+1 (R) PETOpm (R)

and the proof of the lemma is finished. O
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Lemma 6.7. Assume that, for some C; > 0, ZQEg:QCRM(Q) < Ciu(R) for all R € D.
Then there exists Co > 0 such that 3 oep. ocr H(Q) < Cop(R) for all R € D.

Proof. Given () € B, by Proposition 6.4, there exists Py € Dy, for some k € Z such that
Py C 4Q, u(Pg) > Cou(Q), and |Skp(x)| > o for all = € Pg. Thus, in particular, Py € B
for all @ € B. Since Py C 4Q and p(Pg) > Cou(Q) for all Q € B, given P € B there are
finitely many p-cubes @ € B such that Pg = P, and the number of such p-cubes is bounded
above by a constant depending only on n, Cp, and C),. Hence, since 4R is contained in the
union of a finite number of p-cubes of D with side length ¢(R) an this number only depends
on n,

Yo ow@<CGt Y wP)s Y, ulP)<Ciu(R)

QeB:QCR QEB:QCR PeB: PC4R
for all R € D, as desired. O

Theorem 6.8. Let p > 0. Given an n-dimensional AD reqular measure i, if V, o R¥ is a
bounded operator in L%(p), then u is uniformly n-rectifiable.

Proof. 1t is easy to see that, if V, o R* is a bounded operator in L?(p), then RY is also
bounded in L?*(u) (fix € > 0, and show that RY is bounded in L?(p) and that RY <V, o
RM + RE).

By Theorem 1.2 in [DS2, Part III, Chapter 1], in order to show that a measure p like
in Theorem 6.8 is uniformly n-rectifiable, it is enough to show that u satisfies the Weak
Geometric Lemma, i.e., that for any ¢y > 0, the set B is a Carleson set. Thus we have to
show that there exists a constant C' > 0 depending on g such that 3 5. oc g #(Q) < Cu(R)
for all R € D. By Lemma 6.7 and Lemma 6.6, it is enough to show that, for some p > 0,
there exists C' > 0 depending on €y such that, for all R € D,

(98) / (FR)*? du < Cu(R).
R

Notice that, for m € Z and f € L'(p), Sm(fu) = TgQ_m_lf —T5 .. f, where Sy, is

2—m
introduced in Definition 6.1 and T}, is as in Definition 2.1 (remember that now K denotes
the Riesz kernel), thus

(99) SISk @) < (Vso T f())”

kEZ

Since the £°(Z)-norm is bigger than the ¢#(Z)-norm for p < p, if V,0R* is bounded in L?(y)
for some p > 0 then there exists p > 1 such that V; o R* is also bounded in L?(p). Since
@R(22mt2) is a convex combination of the functions X (4R s>e}(t) for € > 0, using that p > 1

and Minkowski’s integral inequality, it is not hard to show that the L?(x) boundedness of
V5o R* implies the L?(1) boundedness of V5o T (see Subsection 5.2, or [CJRW1, Lemma
2.4], for a similar argument). Therefore, for any M > 0, we have

(100) (V50 %‘)XMRH%Q(H) < Cu(MR) < Cu(R) for all R € D.

Fix ¢y > 0 and let dg,mg > 0 be as in Proposition 6.4. Let R € D. Given x € R and
k € Z, for any Q € Dyym, N B such that z € Q C R we have |Syu(z)| > &. Notice that,
since () € Dyim, and Q C R, there exists M > 1 depending only on n and mg such that
do < |Skp(x)| = |Sk(xarrp)(z)|. Therefore, using (99) and that for each k € Z there is at
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most one p-cube Q) € Dy, such that x € Q C R,

FR(z) =% 3 xo(@) <Y 3 55 P 1Sk (xarrp) ()7

(101) k€L QeDyym,NB:2€QCR k€Z QeDyypm,NB:2€QCR
<602 D ISktxarrm) (@) < 857 (V5 0 TH)xmr())”
kez

and then, by (100),

/R (FR)*Pdp < 65 /R (Va0 Txar)” dp < 652 (V5o TL)xmrll72(, < Cu(R)
for all R € D. This yields (98), and the theorem follows. O

Remark 6.9. Let {r;,}mez C (0,00) be a fixed decreasing sequence defining O. If there
exists C' > 0 such that C~tr,, < rp, — Tmt1 < Crp, for all m € Z, then the last inequality
in (101) still holds if we replace V; by O (by taking from the beginning p = 2). Hence,
Theorem 6.8 still holds replacing V, by O for this particular sequence {7y, }mez. However,
we do not know if it holds for any {7, }mez C (0, 00).
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