THE SEMIADDITIVITY OF CONTINUOUS ANALYTIC
CAPACITY AND THE INNER BOUNDARY CONJECTURE

XAVIER TOLSA

ABSTRACT. Let a(E) be the continuous analytic capacity of a compact
set £ C C. In this paper we obtain a characterization of « in terms
of curvature of measures with zero linear density, and we deduce that
« is countably semiadditive. This result has important consequences
for the theory of uniform rational approximation on compact sets. In
particular, it implies the so called inner boundary conjecture.

1. INTRODUCTION

The continuous analytic capacity a was introduced by Erokhin and Vi-
tushkin (see [Vi]) in the 1950’s in order to study problems of uniform rational
approximation in compact subsets of the complex plane. Up to now, the geo-
metric properties of the capacity « have not been well understood. It has
been an open question if « is semiadditive as a set function, that is to say,
if

a(EUF) < C(a(E) + a(F)),

for arbitrary compact sets E, F' C C, where C is an absolute constant. It
was known that an affirmative answer to this question would imply impor-
tant results on uniform rational approximation, such as the so called “inner
boundary conjecture” (see [VM, Conjecture 2]). In this paper we will show
that « is indeed semiadditive. As a consequence, the inner boundary con-
jecture is true. Our proof of the semiadditivity of a does not follow from
the recently proved semiaddivity of analytic capacity v in [To5]. However,
some of the ideas and techniques of [To5] are essential for the results of this
paper.

To state these results in more detail, we need to introduce some notation
and terminology. The continuous analytic capacity of a compact set £ C C
is defined as

a(E) = sup|f'(c0)],
where the supremum is taken over all complex functions which are contin-
uous in C, analytic on C \ E, and satisfy |f(z)] < 1 for all z € C; and
f(00) = lim, o 2(f(2) — f(00)). For a general set F, we set a(F) =
sup{«a(F) : E C F, E compact}.
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If in the supremum above we don’t ask the continuity on C for f (we only
ask f to be analytic on C\ E and |f(z)| <1 for all z € C\ E), we obtain
the analytic capacity v of the compact set E. For a general set F', we set
v(F) =sup{vy(E) : E C F, E compact}.

Our main result is the following.

Theorem 1.1. Let E;, i > 1, be Borel sets in C. Then,

a([j El) < Ci a(Ey),
i=1 i=1

where C' is an absolute constant.

The semiadditivity of continuous analytic capacity was already known in
some special cases. Melnikov [Mel] proved it for two compact sets E, F' sep-
arated by an analytic curve. Vitushkin [Vi] extended the result to the case
in which the curve which separates F and F' is piecewise Lyapunov. Davie
[Dve| showed that it is enough to assume that the curve is hypo-Lyapunov.
On the other hand, Davie also proved in [Dve] that the semiadditivity of v for
arbitrary compact sets (recently proved in [To5]) implies the semiaddivity of
a for disjoint compact sets. However, as far as we know, the semiadditivity
of a for arbitrary compact sets (which is needed for the proof of the inner
boundary conjecture) cannot be derived directly from the semiadditivity of
. Melnikov, Paramonov and Verdera [VMP] also proved the semiadditivity
of ary (which is a variant of « originated by Cauchy transforms of positive
measures) in several cases (in particular, for bounded Borel sets F and F
which are relatively open in the topology of E'U F)).

We need now to introduce some additional terminology in connection with
uniform rational approximation. Given E C C compact, we denote by R(E)
the algebra of complex functions on E which are uniform limits on E of
functions analytic in a neighborhood of E (i.e. each function is analytic in
a neighborhood of E). A(FE) is the algebra of those complex functions on E

which are continuous on E and analytic on é Vitushkin proved that the
following result is a consequence of the semiadditivity of « (see [Vi, p.187]).

Theorem 1.2. Suppose that for all z € OF, with the exception of a set with
zero continuous analytic capacity, we have

Then, R(E) = A(E).

The inner boundary of E, denoted by 0;F, is the set of boundary points
which do not belong to the boundary of any connected component of C\ E.
The inner boundary conjecture is a corollary of the preceding theorem:

Theorem 1.3 (Inner boundary conjecture). If a(0;E) = 0, then R(E) =
A(E).



THE SEMIADDITIVITY OF CONTINUOUS ANALYTIC CAPACITY 3

In the special case where dim(0;F) < 1 (where dim is the Hausdorff
dimension), Davie and Oksendal [D@] had already proved that R(E) =
A(FE). Another partial result was obtained in [MTV?2] as a straightforward
consequence of the semiadditivity of 7. Namely, it was shown that R(E) =
A(FE) also holds if y(0;E) = 0.

The semiaddivity of « follows from a more precise result which asserts
that o and o are comparable. Further, ay (and also a, because of its com-
parability with «) can be characterized in terms of the so called curvature of
measures, or equivalently in terms of L? estimates for the Cauchy transform.
We now proceed to define the main notions involved in these results.

Given a complex Radon measure v on C, the Cauchy transform of v is

/ dv (¢ z & supp(v).

This definition does not make sense, in general, for z € supp(v), although
one can easily see that the integral above is convergent at a.e. z € C (with
respect to the Lebesgue measure £2). This is the reason why one considers
the truncated Cauchy transform of v, which is defined as

Cov(z) = /| L),

E—z|>e §—2

for any ¢ > 0 and z € C. Given a p-measurable function f on C (where
u is some fixed positive Radon measure on C), we write Cf = C(f du) and
Cef = Co(fdp) for any e > 0. It is said that the Cauchy transform is
bounded on L?(p) if the operators C. are bounded on L?(y) uniformly on
e > 0.

The capacity a4 of a bounded set E C C is defined as

ot (E) = sup (),

where the supremum is taken over all positive Radon measures p supported
on E such that Cp is a continuous function on C (i.e. it coincides £2-a.e.
with a continuous function on C), with |[Cul|pe(c) < 1. Notice that we
clearly have a (E) < a(F), because (Cu) (00) = u(FE).

If in the definition of a4 (F) we don’t ask Cu to be continuous on C, we
obtain v4(F). That is, v+ (E) = sup u(F), with the supremum taken over
all positive Radon measures p supported on E such that [|Culpeo(cy < 1.

A positive Radon measure p is said to have linear growth if there exists
some constant C' such that u(B(x,r)) < Cr for all x € C, r > 0. The linear
density of p at x € C is (if it exists)

_p(B(z,7))
e = lim —————=.
M(m) rl—r>1(1) T
Given three pairwise different points x,y, z € C, their Menger curvature
is
1

C(xvyvz) = Wa
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where R(z,y,z) is the radius of the circumference passing through z,y, z
(with R(x,y,2) = o0, c¢(x,y,2z) = 0 if z,y,z lie on a same line). If two
among these points coincide, we let ¢(z,y,z) = 0. For a positive Radon
measure [, we set

(@) = [ [ ctw.y. 2 duty)autz),

and we define the curvature of u as

) A= [E@dute) = [ [ [ elo.p ) dut)duty)duce).

The notion of curvature of measures was introduced by Melnikov [Me2] when
he was studying a discrete version of analytic capacity, and it is one of the
ideas which is responsible of the big recent advances in connection with
analytic capacity. On the one hand, the notion of curvature is connected to
the Cauchy transform. This relationship comes from the following identity
found by Melnikov and Verdera [MV] (assuming that p has linear growth):

(1.2) ICepl3ag) = 5E2(1) + O((O))

where c2(y1) is an e-truncated version of ¢?(u) (defined as in the right hand

side of (1.1), but with the triple integral over {x,y,z € C : |z — y|, |y —
ol o — 2| > e}).
Next theorem contains the aforementioned characterization of a and a..

Theorem 1.4. For all compact sets E C C, we have
(1.3) «a(F) =~ ay(E)

~ sup{u(E) : supp(p) C B, O,(z) =0 Vx € E, ¢*(u) < u(E)},
with absolute constants.

The notation A =~ B means that A is comparable to B, that is to say,
that there exists a positive absolute constant C such that C~1A < B < CA.

In (2.3) in next section, the reader will find another characterization of «
and o which involves the L? norm of the Cauchy transform.

Let us remark that, by the results of [To4, Section 5], it follows that the
supremum in (1.3) is comparable to

sup{p(E) : supp(p) C E, O4(x) =0 Vo € E,
w(B(z,r)) <rVaz € E,r>0,c*(un) <uE)}.

See Remark 2.2 below for more details. Notice also that the latter supremum
without the condition “©,(x) = 0 Vo € E” is comparable to v, (F) and v(F)
(see [Tod] and [Tob]).

The first step for proving Theorem 1.4 consists of showing that oy is
comparable to the supremum in (1.3). This is done in Section 3. The
difficult inequality is oy (E) > C~'sup.... We will derive it from the fact
that if ©,(z) = 0 p-a.e. in C, then the L?(u) norm of the Cauchy transform
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restricted to a ball B(z,r) tends to 0 as r — 0 (assuming some uniformity
conditions concerning the linear density and curvature of i1). Let us remark
that the same idea was used in [Tol] to prove that the L?(;) boundedness of
the Cauchy transform implies the existence of principal values p-a.e. when
the linear density of u is zero.

The second step for Theorem 1.4 is the proof of the comparability be-
tween o and ay. A possible approach consists of proving that there exists a
measure p supported on E with zero linear density, such that u(E) ~ a(F),
with the Cauchy transform bounded in L?(u) with absolute constants. If
we try to use arguments similar to the ones of [To5] to construct p, sev-
eral difficulties arise. For example, as far as we know, o does not admit
a dual characterization such as the one of 4 in [To4, Theorem 3.3]. This
characterization plays a key role in the proof of v =~ v;. To overcome these
difficulties we have introduced in Section 4 some auxiliary capacities 4" and
vh associated to a gauge function h that measures how fast u(B(z,r))/r
tends to 0. The comparability of a and a4 is then a consequence of the
comparability between " and fyfﬁ for each h. Some properties of 4" and
7_’}_ are shown in Sections 5 and 6. They will be used in Section 7 to show
that v* ~ 'yﬁ, by arguments analogous to the ones of the proof of v =~ v4 in
[To5].

2. PRELIMINARIES

Let M be the maximal radial Hardy-Littlewood operator:

B
M) — sup M)
r>0 r
[if © were a complex measure, we would replace p(B(z,7)) by |u|(B(z,1))],

and let c,(x) = (ci(:v))l/Q. The following potential was introduced by
Verdera in [Ve2]:

(2.1) Un() := Mp(z) + cu(),
We recall that v, and - can be characterized in terms of this potential:
Y(E) = v4(E) =~ sup{u(E) : supp(p) C E, U,(z) < 1Vz € C}.

From Theorem 1.4 (see also Remark 2.2 below) we infer that o and a4 also
can be described using the potential U,,:

(2.2)

a(E) = ay(E) = sup{u(F) : supp(p) C E, O,(x) =0, Uy(x) < 1Vx € C}.

Moreover, using the identity (1.2), with arguments analogous to the ones for
v+ in [To2] and [To4], it can be shown that (1.3) and (2.2) are equivalent to
(2.3)

a(E) = ay(E) ~ sup{u(E) : supp(n) C E, Ou(z) =0, [|Cll 2, 12w < 1}-
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Given two positive Radon measure v and u, we set

) = [ [ ety 2P doo) dutz).

Remember the following maximum principle for curvature of measures (see

[To2] and [To4]).
Lemma 2.1. Let p and v be positive Radon measures such that

Az, v, p) < B for all x € supp(v).
Then,

A(x,v,p) <28+ Cy Mu(z)- sup Mu(z) for all z € C.
z€supp(v)

If ci(x) < B for all x € supp(u), then
ci(;v) <28+ Cy Mu(x)* forallz eC.

Remark 2.2. If p is such that ©j(z) := limsup,_,u(B(z,7))/r < 1 and
cu(z) <1 for all z € supp(u), then there exists some absolute constant C
such that U,(z) < C for all x € C. This follows from Lemma 5.2 in [To4],
which asserts that if v is a positive Radon measure supported on B(z, R)
with ©%(z) < 1 v-a.e. and c¢*(v) < v(B(zg, R)), then there is some absolute
constant My such that v(B(xo, R)) < MyR. Indeed, from the condition

cu(z) <1 for all = € supp(p)
we deduce
02(,u|B(:1:,r)) < u(B(x,r)) for all x € supp(u), r > 0,

and so Mu(x) < My for all € supp(p). Thus U,(x) < Mg+ 1 for all
x € supp(y), and then, by the maximum principle above, U, (x) < C for all
z e C.

This is the reason why the statement “u(B(x,r)) < r” can be avoided in
(1.3).

Let us recall the definition of the maximal Cauchy transform of a complex
measure v:

Civ(z) = sup [Cov(x)|.
e>0

If f is a p-measurable function (for a fixed measure p), we set Cif
Ci(f dp).

Let 1 be a C* radial function supported on B(0,1), with 0 < ¢ < 2,
|V9]|oo < 10, and [ dL? = 1 (where £? stands for the Lebesgue measure).
We denote . (z) = e 2¢(z/¢). The regularized operators K. are defined as

1
Kv:=1:%Cv =1 % —x1.
z
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1
Let k. = 1. * —. It is easily seen that k-(z) = 1/z if |z| > e, [|ke||oo < C/e,
2

and |Vke(z)| < C|z|72. Further, since k. is a uniformly continuous kernel,
K.v is a continuous function on C.

Notice that if |Cv| < B a. e. with respect to Lebesgue measure, then
|K.v(2)| < B for all z € C. Moreover, we have

(2.4) |Kev(z) — Cov(z)| =

/| | ke(y —x)dv(y)| < C Mv(x).
y—x|<e

We will also use the notation k.(x,y) := k.(y — x).
The corresponding maximal operator associated to K. is

K,v(x) =sup |K.v(zx)|.
e>0

Given a p-measurable function f on C, we write K. f = K.(fdu) and K, f =
K. (f du) for any € > 0.

Observe that the definitions of K.v and K,v also make sense if v is a
distribution with compact support instead of a measure.

By a square (rectangle) @) we mean a closed square (rectangle) with sides
parallel to the axes, unless otherwise stated.

Throughout all the paper, the letter C' will stand for an absolute constant
that may change at different occurrences. Constants with subscripts, such
as (1, will retain its value, in general.

3. THE CAPACITY o

In this section we will prove:
Theorem 3.1. For all compact sets E C C, we have
at(E) ~sup{u(E) : supp(p) C E, Ou(x) =0Ve € E, Uy(x) <1 Vx € C},
with absolute constants.

We denote
ag(E) :=sup{u(E) : supp(p) C E, ©O,(x) =0Vx € E, U,(x) <1Vx e C}.
Next lemma deals with the easy inequality of Theorem 3.1.
Lemma 3.2. There exists an absolute constant C' such that

a+(E) < Cag(E)

for any compact set E C C.

Proof. Let u be a Radon measure supported on E such that Cu is a contin-
uous function on C, with [|Cpl[zeocy < 1, and pu(E) > ay(E)/2. Then, for
al x € C and r > 0 we have

-1
(3.1) u(B(w,7)) = Culz)dz < r

2mi |z—z|=r
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(see [Gar, p.40], for example). Also,

CQ(M) < C2M(E)v
by (1.2). By Chebishev, there exists some compact set F' C E such that
ci(x) < 2C5 and p(F) > 4pu(E). We set v = pyp. Since ¢ (z) < 2C; for
all x € F, by the maximum principle for curvature of measures (see Lemma
2.1), we get

(z) < C3 forallzeC.
Thus,
Uy(z) <1+ C§/2 =:Cy forallzeC.
To see that ©,(x) = 0 for all x € E it suffices to show that the same

condition holds for p. Given e > 0, let § > 0 be such that |Cu(z)—Cu(z)| < e
for z,z € C with |z — x| < 4. For r < § we deduce

uBr) = oo cue)a:
= = . (Cuta)~Cuta iz < o

That is, u(B(x,r))/r <eif r <6, and so O,4(x) = 0.
Therefore, we have

at(E) < Cv(E) < Cap(E).
U

The proof of the inequality ap(E) < Cay(FE) involves the regularized
operators K. introduced in Section 2. The following lemma concentrates
the main technical difficulties of the proof.

Lemma 3.3. Suppose that lim,_o pu(B(x,r))/r = 0 and lim,_ ci|B(z77‘) (x) =
0 both uniformly on E. Let f be a positive bounded function supported
on E, such that ||Kyf| @) < 0o. Given any 7 > 0, there exists some
§ > 0 and some function g supported on E such that [gdu = [ fdpu,
0<g<|fllpeeq + 75 1Kegllpoec) < N[ EKaflloe(cy + 7, and moreover

(3.2) |K.g9(x) — Keg(y)| <7 for |z —y| <6 and all € > 0,

and

(3.3)

|K.g(x) — Kog(y)| < SUI()) |Ko f(x) — Ko f(y)|+ 7 forallz,y € C, e > 0.
e'>

In a sense, this lemma asserts that under the appropriate assumptions,
given a positive bounded function f such that K. f is bounded, one can
construct another positive bounded function g with [ gdu = [ fdu, with
the L*° norms of g and K,g very close to the corresponding L°° norms of
f and K, f, such that the term |K.g(x) — K.g(y)| is very small when z and
y are close enough (by (3.2)), and such that the same term is also under
control if we don’t assume z and y to be close (by (3.3)).
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Before proving Lemma 3.3, we will show how one can deduce the inequal-

ity ap(F) < Cay(FE) from it.
Lemma 3.4. There exists an absolute constant C' such that

ag(E) < Cay(E)
for any compact set E C C.
Proof. Let p be a Radon measure supported on E such that u(E) > ag(E)/2,
with ©,(x) =0 for all z € E, and U,(z) < 1forallz € C. Let F C E a
compact set such that lim, o u(B(z,r))/r = 0 and lim,_,o ci‘B(x " () =0
both uniformly on F, with u(F) > wp(E)/2. Since the Cauchy transform
is bounded on L?(y), there exists a function f; supported on F, with
0<fi <1, [[Kifillpoe(cy <1, and [ frdu > C7'pu(F). We set 6 = 1.

For n > 1, we set 7, = 27", and given a positive bounded function
fn supported on F' and §, > 0, by means of Lemma 3.3 we construct a
function f,41 also supported on F, so that [ fny1du = [ fndu, 0 < frpq <
[ fnllzee ) + s [ K frstlliee(c) < 1K fnllpec(c) + 7n, and moreover

(34)  |Kofnt1(z) = Kefnt1(y)| <7 for |z —y| < dpy1and alle >0

(where 6,41 < d,, is some constant small enough), and
(3°5) |K5fn+1($) - Kafn-&-l(y)‘ < Su% |K6’fn($) - Ka’fn(y)‘ + T
>

for all z,y € C, € > 0.
Let f be a weak * limit in L*°(u) of a subsequence {fy, }x. Clearly, f is
a positive bounded function such that

/fd,u,: /f1 dp > Clag(E).
Also, for each ¢ > 0 and z € C,
K. fn,(x) = K.f(x) as k— oo.

Since
n—1

1Kz fullpoe (o) < NEufillpoeqe) + D270 <2
j=1
for all n, we deduce || Ke f||po(c) < 2.
On the other hand, by (3.4), if |z — y| < d,, then

|K€fn(x) - stn(y)| S 2—n
for all € > 0. From (3.5), for k > n we get

k—1
e (@) = Kefuy)] < sup | Kerfu(@) = Ko fuly)| + > 27k <o
e'> j=n

assuming |z — y| < J,,. Thus,

(3.6) |Kof(x) = Kef(y) <2777 if o — y| < 6,
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Consider now the family of functions {K.f}.~o on B(0, R), where R is
big enough so that £ C B(0, R — 1). This is a family of functions which is
uniformly bounded and equicontinuous on B(0, R), by (3.6). By the Ascoli-
Arzela theorem, there exists a sequence {e, },, with £, — 0, such that K. _f
converges uniformly on B(0, R) to some continuous function g. It is easily
seen that g coincides with Cf £2-a.e. in B(0, R) and 9]l Lo (B(0,R)) < 2-
Since Cf is also continuous in C\ B(0, R), we deduce that Cf can extended
continuously to the whole complex plane. Therefore,

oap(E)>C1 /fd,u > C lag(E).

To prove Lemma 3.3 we will need some preliminary results.

Lemma 3.5. Suppose that pu(B(z,r)) < Cor for all v > ro. Then,

1 Co
—d < Cy—
/x_y>r0 |CC — y|2 M(y) >~ U5 o 5

where Cs is an absolute constant.

The proof of this standard estimate follows easily if we split the complex
plane in rings centered at x, for example.

Next lemma deals with a now quite well known dualization of the usual
weak (1,1) inequality for the Cauchy transform, which is a consequence of
its L?(p) boundedness (see either [To2], [NTV1] or [To3], for example).

Lemma 3.6. Suppose that pw(B(z,r)) < eor for all x € C, r > 0, and
ICll22(u),L2(n) < €0- Given T > 0, for all F C C there exists some function
¢ supported on F, such that 0 < ¢ < 1, [pdu > (1 + 1) u(F), and
| Ke@llzoony < C(7,60) for all e > 0. Moreover, for any fived 7 > 0,
C(1,e0) — 0 as eg — 0.

For the proof, see [Ch, p.107-108]. Regarding the fact that ¢ can be
chosen independently of e, an argument similar to the one in [To2, Lemma
4.4], for example, works.

Proof of Lemma 3.3. Consider the grid of all dyadic squares {Q; }icr with
side length ¢. Notice that since ©,(z) = 0 for all z, we have ©(0Q;) = 0 for
all i. Let N be some big integer and &1 < 7/|| |0 (,) some small constant
both to be chosen later. We will take ¢ small enough so that

B
(3.7) MB@) o forallz e B, 0<r < N
r
We also assume that ¢ has been chosen so small that
(3.8) cyq;(z) <er forallz € ENQ;.

Notice that (3.7) and (3.8) imply that

1CN 221 Qi). L2 (ul i) < €25
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with €2 — 0 as 1 — 0 (using Theorem 1.1 of [To2], for example). This will
be the main ingredient of the proof.

Now we are going to start the construction of g. Let (); be some fixed
square of the grid such that u(Q;) # 0. Since the Cauchy transform is
bounded on L?(p|Q;) with a very small norm (assuming ez very small), by
Lemma 3.6 there exists some function ¢; supported on @Q; (not depending
on ¢), with 0 < ¢; < 1, such that

(3.9) [eidn= 040 (@)

and
[ Kepill L= (c) < €3,
with e3 — 0 as [|C| 2 () — 0- We set
gy Jotd
Y [eidp T
Then, by (3.9), we have
d
Jidp

(assuming 7 < 1). We denote g = > ,.; g;.- By construction g > 0, [gdu=
| fdp and, by (3.9),

(3.10)  [|KegillLo=(c) e3 < es(1+ 1) fllzeo(uy < 263l fll oo

lgllzoe iy = S0P llgill ooy < (1 H Tl o0 -

Proof of (3.2). We set § = ¢/2. Let @Q; be some fixed square of the grid.
Notice that if x € Q; and |z —y| < J, then y € 2Q;. We set g, = gx30, and

gb = gXC\3Q; -
First we deal with g,. We have

|Kaga(x) - Kaga(y)|
(3.11)

IN

|Kaga(l‘)| + ‘Kaga(y”

> ([Kegr(@)| + [Kege(y)]) < 3623 £l oo -
k:QrC3Q;

IN

Now we consider the term originated by g5. We have
[Kego(x) = Kego(y)| < Mgl /C\gQ |ke(, 2) — ke(y, 2)| dp(z)

1
< Cflfllg [ dpz).

C\3Q; |z — 2|2
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To estimate the last integral we use that the ratio u(B(z,r))/r is very small
if r < N/. Indeed, by Lemma 3.5 and (3.7) we get

1 1
——=du(z) < / +/ ——=du(z
/<C\3Qi |z — 2|2 =) ( (< |z—z|<NE |w—z|>N€> |z — 2|2 =)

€1 1
Cs| —+—].
g ( ¢t N€>
Therefore, if €1 is small enough and N big enough, then

1
|Kegp(7) — Kegp(y)| < 57'-
Thus, from the preceding estimate and (3.11), we deduce

|Keg(z) — Keg(y)| <,
assuming that e3 < 7/ fl| oo ()
Proof of (3.3). Suppose now that z € @; and y € ;. We write
|Keg(z) — Keg(y)l < [Ke(gxe\3q) () — Ke(gxe\3q,;)(v)]
(3.12) + [K:(9x30:) (@)| + [ Kc(9x30,) (¥)]-

By (3.10), each one of the last two terms is bounded above by 18¢3]| f|| oo () <

7/10. So it only remains to estimate the first term on the right hand side.

We set

(3.13)

|K=(9xc\30:) () — Ke(9xa\30,)(W)] < [Ke(fxevs,) (@) — Ke(fxevs;) ()]
+ [K=(9xe\30:) () — Ke(fxc\30,) ()]
+ |K=(9x\3;)(¥) — Ke(fXx\3Q,) (¥)]
=I+I1I+1I1.

Let us estimate 1. We set ¢’ = max(e, ). First we are going to show that
K- (fxc\3q,)(x) is very close to K./ f(x). We have

(3.14)  |Ke(fxc\sq:) () — Ko f(x)]
<l [ her:2) = bl xcrsa(2)] du(o).

If € > ¢, then ¢ = ¢, and so the integral above equals
L@%mwmmwsMﬁw

If e < ¥, then ko (z,2) = ko(x,2) for z € 3Q;, and so the last integral in
(3.14) now equals

IN

§C€1.

/ ks (2, 2) dpu(2) < 0 B9 < o
3Q; ¢

Thus in any case we have

|Ke(fxe\3@:) (@) — Ko f(2)] < Cerl| fllpeo (-
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The same estimate holds interchanging ); by @; and z by y. Therefore,
I'< sup Ko () — Ker f(y)| + 7/4,
e'>

since e1 < 7/ fll oo ()
Let us turn our attention to I1. We have

T = / e(2,2) [9(2) — £(2)] dp(2)
C\3Q;
ke(z,2)|g(2z) — f(2)| du(z)| =: A,
< kZl/W\m (2 ate) = 1] ) = 3 A

We denote by zp, the center of each square (). Then we get

A < | [ k2l - 1] dute)

hel: th3k+1Q \3kQ;

< 3 / ke, 2) — k(2 2n)| [9(2) — £(2)] da(2)
hel:QrC3k+1Q,;\3kQ; h
14
<cc ¥ i MO =g
hel:QpC3k+1Q,;\3kQ);
M<3k+1QZ)
= Cgkg(gk—&-l@ 11l oo ()

Therefore, assuming that we take N := 3M

we get

, where M is some big integer,

II < <Z3 a1+ C Z 3"“) £ 1l 2o G

k=M+1

< c ( ; ) £l

Thus, I1 < 7/4 if ¢; and N have been chosen appropriately.

The term I is estimated in the same way as I, and so we also have
11T < 7/4. Now, gathering the estimates corresponding to I, 11,111 and to
the last two terms in (3.12), we obtain (3.3).

Proof of ||K.g||re ) < [[Ksfllzo(c) + 7- For x € Q;, we have

[Keg(z)] < [Ke(gxsQ) ()] + [Ke(gxensq.) (@) — Ke(fxe\sg,) (@)

+ K(fxe\3;) (@)-
By (3.10), the first term is bounded above by 18¢3||f|foc(,y < 7/10. The
second one is estimated like the term 7 in (3.13). O

From Theorem 3.1 and the characterization of v in terms of curvature of
measures, we deduce the following result.
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Corollary 3.7. Let E C C be compact. Suppose that v(F) = 0 for any
compact set F C E with H'(F) < co. Then, o(E) ~ v(E).

Proof. Let pi be supported on E such that u(E) ~ v(E) and U,(x) < 1 for
all z € C. Let

E,={z € £:0,(z)>1/n}.
It is easily seen that H!(E,) < oo. Since y(E,) = 0, we have u(E,) =

Thus, O(z) = 0 for p-a.e z € E. By Theorem 3.1, this implies that a4 (E)
C~'u(E) = ~v(E), and so a(E) =~ v(E).

IRAVARS

4. THE CAPACITIES 7" AND %

Let us define the capacity 4" of a compact set £ C C. We consider a con-
tinuous function h : (0, 4+00)—(0, +00) such that h(r)/r is non decreasing
in r,

(4.1) h(r) <r and h(2r) <4h(r) for allr >0,
and moreover
h
(4.2) im ) g,
r—0+ T
We set

YM(E) = sup |f'(c0)],
where the supremum is taken over all functions f € L°°(C) which are ana-
Iytic in C\ E, with f(c0) =0, ||f[|zee(c) < 1, such that

/f&p dr?

for any real function ¢ € C2° supported on some ball of radius r. If f satisfies
all these properties we say that f is admissible for v* and FE, and we write
f e AME).

The capacity ’yﬁﬁ (E) is defined in an analogous way, but we ask an addi-
tional condition on the functions in the supremum above. Namely, f must
be the Cauchy transform of some positive Radon measure supported on F.
We say that f is admissible for 'yfﬁ and E, and we write f € Ai(E)

Let us remark that the doubling property h(2r) < 4h(r), for r > 0, implies
that

(4.3) h(At) <4X%h(t)  forall A > 1 and t > 0.

< h(r)rl|Vells

Lemma 4.1. There exists an absolute constant C' such that for any compact
set F,

a(E) < Csupy"(E),
h

with the supremum over all continuous functions h : (0,+00)—(0,+00)
satisfying (4.1) and (4.2), with h(r)/r non decreasing.
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Proof. Let f be a continuous function on C, analytic in C \ E, such that
[ fllzoo(@y < 1, and |f'(00)] > a(E)/2. Let wy(r) be the modulus of conti-
nuity of f, that is
wi) = swp (@) — f)]
z,y:lz—y|<r

Notice that |ws(r)| < 2 for all 7 > 0, wy is continuous, non decreasing, and
by the triangle inequality wy(2r) < 2wg(r). We set h(r) = rwy(r)/2, and
so h fulfills the properties (4.1) and (4.2). Then, if ¢ is a real C* function
supported on B(xg,7), we have

‘ [roeacz| = | [(1@) = 10 dota) a0
< 1) |Vl = 20h(r)r|[Violls.
Thus (27)~1f € AM(E), and so a(FE) < Cy"(E). O

To deal with the capacity m}ﬁ it is useful to introduce the potential U[} of
a measure j. We consider the maximal operator M":

u(B(=x,1))
MPu(w) = sup == (5=

Then we set

Ul (@) = M (@) + c,(x).
Notice that, since M"u(z) > Mu(z), we have U[j(w) > Uy(x).
Lemma 4.2. For any compact set E, we have
(4.4) VH(E) ~ sup{u(E) : supp(p) C E, U}!(x) < 1Vx € C},
with absolute constants (independent of h). Also,
(4.5) ay(E) ~ Sup YL (E),

with the supremum over all continuous functions h : (0,+00)—(0,+00)
satisfying (4.1) and (4.2), with h(r)/r non decreasing.

Proof. First we will show that
VH(E) > C~ ' sup{u(E) : supp(p) C E, Uji(z) <1 Va € C}.

Take p supported on E such that U, Z}(w) < 1 for all x € C. Since the Cauchy
transform is bounded on L?(u) (with absolute constants), there exists some
function f, with 0 < f <1, [ fdu > p(E)/2, such that [|C(f dp)l|pe(c) <
Cs. Then, C7'C(f du) € A% (E) for some constant C, since for any real
function ¢ € C* supported on B(zg,r) we have

‘/C(fdu) D dL?

wf fsodu’ < 7u(Bro,) gl < ChIY V]
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To see the opposite inequality in (4.4), take p supported on E such that
w(E) > 41 (E)/2, with Cp € A" (E). Let ¢ be a C* function supported on
B(x0,2r), with Xp(zm) < ¢ < 1, and [|[Ve|loe < Cr~!. Then,
w(B(xg,m)) < /godu = Wl/Cu&pdﬁ2 < 7 h(2r)27 ||Vl loe < Crh(r).
Thus, M"u(xg) < Cr. Also, from (1.2) we deduce c?(u) < Cgu(E). Then,
by Chebishev, there exists a compact set F' C E such that u(F) > u(E)/4
and ci‘F(:z) < ci(:v) < 2Cg for all x € F. By the maximum principle (2.1),
we get,

CZIF(x) < Cy forall zeC.

Thus, U£|F(x) <Cr+ C’;/Q for all x € C. So some appropriate multiple of

pr fulfills the properties in the supremum on the right hand side of (4.4).
This completes the proof of (4.4).

Let us turn our attention to (4.5) now. By Theorem 3.1 and (4.4) it is
clear that

ay(E) > Ctsupyi(E).
h

The opposite inequality follows like the proof of Lemma 4.1. We have to
change o by ay, v* by ’yﬁ, f by Cu (where p is some Radon measure
supported on E), |f'(c0)| by u(E), ete. O

We will show in Section 7 that " ~ 7—? with constants independent of h.
Then, from the Lemmas 4.1 and 4.2 we will get

a(E) < Csupy"(E) ~ supy(E) ~ a; (E).
h h

5. SOME PROPERTIES OF "
Lemma 5.1. (a) For any compact set E C C we have
Y(E) < Croh(diam(E)).
(b) For any closed disk D, of radius r we have
V1 (Dy) %A (Dy) ~ h(r).
(¢) If R is a rectangle with side lengths L and ¢, with L > ¥, then

7" (R) = A (R) ~ L —~.

Proof. (a) Suppose that £ C B(zg,r). Take a function ¢ € C* sup-
ported on B(zg,2r), With XB(ze,r) < ¢ < XB(zo,2r)> and [Vl <
Cr~1. Then, if f € AME),
C / fopdc?

|f'(o0)] = < Ch(2r)r|[Veelloo < Chr).
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(b) We only have to show that v (D,) > C~'h(r). Consider the measure
h(r
dp = ;2) ALty .

Then, forallz € Cand 0 < s < r,

82
WB(z,5)) < —5h(r) < Ch(s).

The last inequality follows from (4.3). In the case s > r, we have
u(B(z,s)) < u(Dr) = wh(r) < whs).

It is also straightforward to check that Cu is a bounded function
(with absolute constants). So there exists some constant C' such
that C~1Cu € A" (D, ), and then % (D,) > C~pu(D,) = C~th(r).
(c¢) This statement will be proved after Lemma 5.2 below.
O

Notice that, unlike for the usual analytic capacity ~y, in general, for A > 0,

VH(AB) # M (E).

In next lemma we show that Vitushkin’s localization operator V,,, defined
by

Vof =+ (00f) = pf — — = (f3p),

where ¢ is a compactly supported C*° function, behaves well with respect
to fyh.

Lemma 5.2. Let E C C be compact and f € AME). Let ¢ be a C*® function
supported on B(xg,r), such that ||¢lle < C11 and ||Vl < C1ir~t. Then
there exists some constant C' depending on C11 such that C'_lVSDf c AMEN

B(xzg,71)).

Proof. 1t is well known that if f € AM(E), then Vi, f is a bounded function
analytic in C\ (E'N B(xg,r)). So we only have to check that

(5.1) \ [ Ver dvac?| < hs)s| Vil

for any C* function 1) supported on a ball B(yp, s). We denote by (-, -) the
pairing between the space of distributions D’ and D := C°(R™). We have

[ Vet dvdc = ~(@V,g), v) = ~(05. o) = [ 1000 ac*
Thus, if we denote d = diam(supp(pv))), we get

'/ Vil 94 dL%| < Ch(d)d |V (90 |
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We have
IVl < Nl 170l + Il [Vl
CIVele + OV oes) - < O (14 2) V0]

Notice that d < min(2s,2r), and since h is non decreasing, we get h(d) <
h(2s) < 4h(s), and then

‘/V¢f5¢d£2

A

IN

< C(h(d)d+ h(d) ds)\lvwlloo < Ch(s)s.

0

Proof of Lemma 5.1 (¢). Given a rectangle R with side lengths L and ¢,
with L > £, we have to show that
h(£)

7
If R is a square, then from (b) in Lemma 5.1, it easily follows that "(R) ~
h(?), and we are done.

Suppose now that L = N¥, where N is some positive integer. So R =
UZ]\; 1 @i, where each Q; is a square of side length ¢, and different squares
Q; have disjoint interiors. Let ¢;, 1 <17 < N, be non negative C*° functions
such that, for each i, supp(w;) C 2Q;, [|[V@illoo < C¢71, and Zf\il pi=1
in a neighborhood of R. If f € A*(R), then C W, fe AM(2Q;) and so

(Ve /) (00)] < C7*(2Qi) = h(e).

Y"(R) =7} (R) = L

Thus,
N
Z (Voo f)' (00)| < CNh(L),

which yields v"*(R) < CNh(K).

For a general rectangle R, let N be the least integer such that N > L/¢.
Let Ry be a rectangle containing R with side lengths N/ and ¢. Then,

h(¢
Y(R) < 4"(Ry) < CNh(¢) < CL ;)

Let us see now that v (R) > C~1Lh(¢)/¢. We will use (4.4). Consider

the measure ho)
W= —p £|R

Then pu(R) = Lh(¢)/¢, and also it is easy to check that c,(z) < C for all
x € C. Further, for any ball B(x,r) we have

h(¢
p(B(a,r)) = "
Thus, if r > ¢,

L%B(z,r)NR) <

p(B(a.r)) < MO L MO _ gy

<
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since h(t)/t is a non decreasing function of t. If r < ¢, we get

2
w(B(z,r)) < Chéf) < Ch(r),

by (4.3). So M"u(z) < C for all 2 € C. Therefore,
VE(R) > C™'p(R) = C'Lh(0) /1.

O

Using Lemma 5.2, we can prove the semiaddivity of v in some special
cases:

Lemma 5.3. (a) For a compact set E C C and a closed disk D C C,
we have

Y (BUD) < C(y"(B) +~"(D)).

(b) Given two rectangles R,T C C (we do not assume their sides to be
parallel to the axes),

PRUT) < C(Y"(R) +~"(T)).

Proof. Take f € A"(FEU D) such that v*(EUD) < 2|f(c0)|. Let ¢ € C* be
supported on 2D such that ¢ = 1 in a neighborhood of D, with ||[V||e <
Cr~1, where r is the radius of D. Now set f1 = V,f and fo = f — fi.

By Lemma 5.2, C~'f; € A"(2D) for some constant C. So we deduce that
C~'fy € AM(E) for another constant C. Therefore,

V(B U D) < 2(|f{(c00)] + |f3(c0)]) < C("(2D) ++"(E)).

Then (a) follows from the fact that v*(2D) ~ h(2r) =~ h(r) = y*(D).

Consider now the rectangles R and T. Let Lg,fr be the side lengths
of R, and Ly, {r the side lengths of T. Suppose fr < Lgr and f7 < L.
Assume first that Lgr = M/fr and Ly = Nfp with M, N € Z. So we can
write R = Uf\il P and T = U;VZI Qj, where P; and @); are squares of side
lengths £ and ¢ respectively. Take positive functions ¢; € C*, 1 <i < M,
with supp(g;) C 2P; for each i, satisfying M, ¢; <1on C, M o, =1
on R, and ||V;|le < ClR". Let 95, 1 < j < N be the analogous functions
for T'. Suppose that £r > f7. Set Jj = %(1 — Zf\il <p¢). Then,

M N _
D pit) vi=1
i=1 j=1

on RUT and so, given f € A"(RUT), we have

M N

F=Y Vol +) Vgl
=1 J

—1
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Moreover, for some C' > 0, CV,, f € A"(2P;), and also CVij e AM2Q);)
(because [|1h]loo < 1 and [|Ve;]lec < Cl71). Thus,

- M N
/()] <> A"2P) + > "(2Q;)
i=1 Jj=1

< O(Mh(t) + Nh(tr)) < C(3"(R) +7"(T)).

Suppose now that R and T are arbitrary rectangles. Let M be the least
integer such that M > Lgr/fg, and N the least integer such that N > Ly /7.
Let Ry be a rectangle containing R with side lengths £ and M{g, and Tj
another rectangle containing 7" with side lengths ¢ and N¥p. Then,

Y(RUT) <A"RoUTy) < C(v"(Ro) +7"(T0)) < C(+"(R) +~+™(T)).
O
Another property of 4" is the following.

Lemma 5.4. Suppose that E C B(xg,0). Let f € A"(E) and consider the
Laurent expansion of f centered at xq:

We have |a,| < Cn(36)""14"(E).

Proof. We argue as in [Vel, p.444]. Suppose for simplicity that 29 = 0. The

function
n—1 @
_ n—1 'l
o) = (1) - X %)
j=1
is analytic outside F and satisfies g(oo) = 0. We are going to show that

g/(Cn(36)"~1) € A"(E) for some constant C. Observe that this fact implies
that

janl = 9/ (00)] < On(36)" ().

To show that g/(Cn3é"~') € A"(E), we intend to apply Lemma 5.2.
Notice that

(5.2) g = 2"Laf = 2" Lpdf,

where p is a C> function supported on B(0, 34), identically 1 on B(0,4),
with [[pllec < 1 and ||Vp|leec < C/0. We denote ¢(z) := In(2).

From (5.2), it follows that

1 n—
n—lz

n(39)

1
S — v
(o) o
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We have supp(¢) C B(0,36), and also

1 1 1
= <-<1
lelloo n(%(;)"*luz Pl = = <
Now it only remains to estimate ||V¢||oo:
1 n—1 n—1
Vel < W(HV(Z )Hoo,B(o,ga)HPHoo + |z Hoo,B(o,ga)”VP”oo)
2
1 3 N2 C
n(39) 2 g
Hence by Lemma 5.2 we are done. O

From the preceding lemma we deduce the following property of 4*, which
will be very useful in Section 7.

Lemma 5.5. Suppose that f € A"(E) satisfies f'(c0) = 0. Then, for all
z € C such that dist(z, E) > 2diam(E), we have

diam(E)y"(E
) < o)

Proof. Set § = diam(F). Take xg € E. Then, E C B(xg,d). We consider
the Laurent expansion of f centered at xg:

o an
f(z) = ;(z—xo)”’ |z — xo| > 4.

Notice that if dist(z, E) > 2diam(F), then |z — z¢| > 2 and , from the
preceding lemma, we deduce

0 n—1
) < Z Cn (38)" AM(E) _ CovM(E)
n=2

|z — xo|™ T |z — x|

6. SOME PROPERTIES OF 7/
We denote
S*"(E) = {n € M.(C) : supp(p) C E, M"u(z) < 1Vx € C}.

Lemma 6.1. The following properties of ’y_}ﬁ hold:
(a) For any compact set E C C,

h pu(E)?
YH(E)~ sup ————5—.
- pesh(B)y M(E) + ¢ ()
(b) For any compact set E C C,

V1 (B) < CHL(E).
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(¢c) If E,F C C are compact, then

Y (BUF) < COAE) + 74 (F)).
(d) For any finite Radon measure 1 on C and any A > 0,
Cu(C)
o
(e) Let {Ep}n>1 be a sequence of compact sets in C such that En+1 C Ej,
for alln. Set E =, En. Then, ¥*(E) = lim,—.00 7" (En).

n (b), H%, stands for the h-Hausdorff content. We recall that H" fulfills
the following weak (1, 1) inequality:

Yi{zeC:UMNz) > N} <

Cu(C)

N
for any Radon measure p and all A > 0. This can be proved by means of
the 5r covering theorem of Vitali (using the doubling property of h). Notice
also that the capacitary version (for /%) of (6.1) is (d) in the lemma above.

(6.1) Hfo € C: MPpu(x) > A} <

Proof of Lemma 6.1. (a) follows from the characterization (4.4) of v". The
arguments are analogous to the ones for v, in [To2, Theorem 5.1].

The proof of (b) is also derived easily from (4.4), and is left for the reader
again.

Also, (c) is another straightforward consequence of (4.4).

The property (d) is proved as the analogous inequality for ~vy in [To4,
Theorem 3.1]. One has to interchange v by vi, the maximal operator M
by M", etc. Notice by the way that the maximum principle (2.1) (which is
needed in the proof of [To4, Theorem 3.1]) also holds with M" instead of
M, since Mp < M"u for any measure p.

The proof of (e) follows by standard arguments and is left for the reader.

([

The capacities 'y_’f_ also satisfy the following property.

Lemma 6.2. For E C C compact, we have

(6.2) YH(E) ~ inf{u(C) : p € My(C), Uli(z) > 1Vx € E}.

The constants involved in (6.2) do not depend on h. The lemma is proved
by arguments analogous to the ones of [To4, Theorem 3.3]. It follows from
(c) in Lemma 6.1 and next lemma applied to a suitable discrete version E

of .

Lemma 6.3. Consider a grid of squares of side length 6 > 0 in C with sides
parallel to the azes. Take a finite collection of closed squares {Q;}icr of the
grid. For each i € I, let P; be the closed square of side length /4 concentric

with Q; (and sides parallel to the azes). Set E = Uies Qi- Let SH(E E) be the
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subset of Eh(E) of measures p of the form p =3 ., aiL','QP_, a; > 0. Then
there exists a measure o € L (E) such that

L O 1
p

loll +c2(0)  Lesae lull+ (1)
The mazimal measure o satisfies c2(o) < 2||o|| and Ul(z) > Cia for all
x € E, where Cio is some absolute constant.

This lemma follows from a variational argument analogous to the one of
[To4, Lemma 3.6]. The details of the proofs of this lemma and the preceding
one are left for the reader again.

7. COMPARABILITY BETWEEN " AND "

In this section we will prove the following result. This will be the last
step of the proof of Theorem 1.4.

Theorem 7.1. There exists an absolute constant C (not depending on h)
such that

Y (B) < CYL(E)
for any compact set E C C.

The proof of this theorem is quite similar to the proof of the comparability
between v and «; in [To5, Theorem 1.1]. We must show that there exists
some measure u supported on E, with u(E) =~ v"(E), such that u(B(z,r)) <
h(r), and with the Cauchy transform is bounded on L?(u) with absolute
constants. In order to construct u, we will need to apply an induction
argument: We will prove that 4"(E N R) ~ 7 (E N R) for all the rectangles
R, by induction on the size of R.

7.1. The First Main lemma. Next lemma, which is one of the main steps
for the proof of Theorem 7.1, deals with the construction of an intermediate
set F' and some measures ;1 (non negative) and v (complex) suitable for the
application of a T'b theorem. Unlike in [To5, Lemma 5.1], we do not assume
FE to be made up a finite union of segments, or squares, or rectangles, etc.
Now F is supposed to be an arbitrary compact set.

Lemma 7.2 (First MainLemma). Suppose that v (E) < Cyzh(diam(E)),
with C13 > 0 small enough. Then there exists a compact set F' = J,c; Qi,
with Y .c; x100; < C, such that

(a) ECF and ¥} (F) < Cy(E),

(b) Yier vH(E N2Q;) < CYI(E),

(c) diam(Q;) < {sdiam(E) for everyi € I.
Let A > 1 be some fized constant. Suppose that Y"(EN2Q;) < Ay"(EN2Q;)
foralli € I. If y"(E) > Ayh(E), then there exist a positive Radon measure
u and a compler Radon measure v, both supported on F', and a subset H C

F', such that
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Ca'M(E) < u(F) < Cay"(B),
(e) dv =bdpu, with |[b|| e () < Cb,
(

(dg
f; v(F)| = +"(E)/2,
)

(&) Jp\u Csvdp < Cop(F),

(h) |[edv| < Ch(r)r||Ve|ls for any function ¢ € C* supported on a
ball of radius .

(i) If p(B(z,7)) > Crh(r) (for some big constant Cy), then B(z,r) N
F C H. In particular, u(B(z,7)) < Cph(r) for allz € F\ H, r > 0.

() H is of the form H = U, B(wk, 1) N F, with 3 cp h(rg) <
ep(F), for 0 < e < 1/10 arbitrarily small (choosing C, big enough).

The constants Ci3, C, Cy, Cy, C., Ch, €, § do not depend on A. They are
absolute constants.

Let us insist on the fact that all the constants different from A which
appear in the lemma do not depend on A. This will be essential for the
proof of Theorem 7.1. We have preferred to use the notation C,, Cy, C., Cj
instead of C1y,...,C17, say, because these constants will play an important
role in the proof of Theorem 7.1. Of course, the constants Cy and C, do not
depend either on b or h (they are absolute constants).

The set I has to be understood as an approximation of E' at an interme-
diate scale. The first part of the lemma, which deals with the construction
of F' and the properties (a)—(c), is proved in Subsections 7.2-7.4. The choice
of the squares @); which satisfy (a) and (b) is one of the key steps of the
proof Theorem 7.1. Notice that (a) implies that the squares @); are not
too big and (b) that they are not too small. That is, they belong to some
intermediate scale. The property (b) will be essential for the proof of (d).
On the other hand, the assertion (c) will only be used in the final induction
argument, in Subsection 7.14.

The properties (d), (e), (f) and (g) are proved in Subsections 7.5 and
7.7. These are the basic properties which must satisfy p and v in order to
apply a T'(b) theorem with absolute constants. To prove (d) we will need
the assumptions in the paragraph after (c) in the lemma. In (g) notice
that instead of the L>(u) or BMO(u) norm of Cv, we estimate the L'(u)
norm of C,v outside H. The statement in (h) prevents v from being too
much concentrated, in a sense. It is a smooth version of the inequality
|v(B(z,7))| < Ch(r), which we don’t know if it holds.

Roughly speaking, the exceptional set H contains the part of u where the
measure f is too much concentrated. The properties (i) and (j) describe H
and are proved in Subsection 7.6. Observe that (j) means that H is a rather
small set, in a sense.

7.2. The construction of F' and the proof of (a) in First Main
Lemma. Let 0 € M, (C) be a measure satisfying o(E) ~ v"(E) and
Uh(z) > 1 for all z € E (recall Lemma 6.2). Let A\ be some constant
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with 0 < A < 10~® which will be fixed below. Let ) C C be the open set
Qy:={zeC: Ulx) > \}.

Notice that E C ), and by (d) in Lemma 6.1 we have

(7.1) YH) < OA'o(E) < OA 'YL (E).

Let Q) = U;cs @i be a Whitney decomposition of €2, where {Q;}ics
is the usual family of Whitney squares with disjoint interiors, satisfying
20Q; C Qy, RQ; N (C\ Q)) # @ (where R > 20 is some fixed absolute
constant), and ), s X100, < C.

Let {Q;}icr, I C J, be the subfamily of squares such that 2Q; N E # .

We set
el
Observe that the property (a) of First Main Lemma is a consequence of
(7.1).
On the other hand, since FE is compact, it is easy to check that the collec-
tion of squares Q;, ¢ € I, is finite, and as a consequence, F' is also compact.

7.3. Proof of (b) in First Main Lemma. Let us see now that (b) holds
if A has been chosen small enough. Arguing as in [To5, Subsection 5.2], one
can check that if x € E' N 2Q); for some i € I, then

(7.2) U£\4Qi (z) > 1/4,
assuming that A is small enough. This implies £ N2Q; C {U £| a0, > 1 /4}
and then, by (d) in Lemma 6.1, we have
YHEN2Q;) < Co(4Q;).
Using the finite overlap of the squares 4Q);, we deduce
> HEN2Q:) < CY 0(4Qi) < Co(E) < CHIL(E).
iel icl

7.4. Proof of (c) in First Main Lemma. Now we have to show that

1
(7.3) diam(Q;) < ﬁdiam(E).
It is immediate to check that
100 (E)
h(dist(z, E))
for all z ¢ E. Thus, for z € Q) \ E we have

100(E)
A<US@) < e B

Ul (z) <
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Therefore,

h(dist(z, E)) < 10A"'o(E) < CATY(E)

1 . diam(F)
< Eh(dlam(E)) < h(T>,

assuming (73 in First Main Lemma small enough for the third inequal-
ity, and using (4.3) in the last one. Since h in non decreasing, we deduce
dist(z, F) < diam(F)/10.

As a consequence, diam(£2)) < gdiam(E). Since 20Q; C Q) for each
1 € I, we have

20 diam(Q;) < diam(Qy) < gdiam(E),
which implies (7.3).

7.5. The construction of y and v and the proof of (d)—(f) in First
Main Lemma. It is easily seen that there exists a family of C*° functions
{gi}ies such that, for each i € J, supp(g;) C 2Q;, 0 < g; < 1, and ||V gi|loc <
C/0(Q;), so that >, ;g; = 1 on ). Notice that by the definition of I in
Subsection 7.2, we also have » ,.;g; = 1 on E.

Let f € A"(E) be such that f’(co0) > +"(E)/2. In a sense, the measure v
will be a suitable approximation of the distribution 7=!df [remember that
f = C(x10f)).

First we introduce the measure pu. For each i € I, let A; be a disk
concentric with @Q;, of radius r; such that h(r;) = 7"(E N 2Q;)/(103C1o)
(this radius exists by continuity). Using Lemma 5.1 (a), it is easy to check
that A; C %Qi for each 7. We set

Z £2 £2|A

el

Observe that
(D) = h(ri) = YEN2Qi) = p(Ay).

Let us deﬁne vV NOW:

=3 gy (08 £ = X sy | Fomact -2,

el

_
103010

Notice that supp(v) C supp(u) C F. Moreover, we have v(Q;) = (m—10f, g;),
and since ) ,.;g; = 1 on E, we also have v(F) = >, ., v(Q;) = f'(c0) >
YM(E)/2 (which yields (f)).

We have dv = bdu, with b = (7710f, gi) on A;. To estimate [|b] (.,
notice that ||V, fllec < C, and so

(7.4) [(x710f, gi)] = (Vg f)' (00)] < CHM(EN2Qs) = Ch(ri) = Cp(Ay).

As a consequence, ||b]| () < C, and (e) is proved.
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It remains to check that (d) also holds. Using (7.4), the assumption
YH(EN2Q;) < Ay} (EN2Q;), (b), and the hypothesis Ay (E) < +"(E), we
obtain the following inequalities:

<Y [=7'9f, gi)]

Y(B) <2f(00)] = D (x7'f, gi)
el el
< C) A(EN2Q:) =Cu(F)
i€l

< CAY YHEN2Q;) < CAYL(E) < Cy(B),
el

which gives (d) (with constants independent of A).

7.6. Construction of the exceptional set H and proof of (i)—(j). Let
C', be some big constant to be fixed below. Following [NTV2], given x € F,
r > 0, we say that B(z,r) is a non Ahlfors disk if u(B(x,r)) > Cyh(r).
For a fixed x € F, if there exists some r > 0 such that B(z,r) is a non
Ahlfors disk, then we say that x is a non Ahlfors point. For any = € F,
we denote

R(z) =sup{r > 0: B(z,r) is a non Ahlfors disk}.

If x € F is an Ahlfors point, we set R(z) = 0. We say that R(x) is the
Ahlfors radius of z.

Observe (d) implies that u(F) < Coy"(E) < Coy"(F) < Crah(diam(F)).
Therefore,

p(B(z,7)) < p(F) < Crah(diam(F)) < Cish(r)

for r > diam(F)/100. Thus R(z) < diam(F')/100 for all x € F, if we choose
Ch > Cis.

We denote

Hy= |J B(zR@).
z€F, R(xz)>0

By Vitali’s 5r-Covering Theorem there is a disjoint subfamily { B(zy, R(x)) }
such that Hy C U, B(z, 5R(x1)). We denote

(7.5) H = | B(a, 5R (1))
k
Since Hy C H, all non Ahlfors disks are contained in H and then,
(7.6) dist(z, FF\ H) > R(x)
forall x € F.

Since u(B(zk, R(zk))) > Crh(R(xy)) for every k, we get
(7.7)

thxk <CZh (z1)) <7Z,,L (21, R )))SCC*;M(F)’

with & o arbitrarily small (choosing C}, big enough).
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7.7. Proof of (g) in First Main Lemma. In this subsection we will show
that

(7.8) Civdp < Cou(F).
F\H
We will work with the regularized operators K. introduced in Section 2.
Remember that [C(7710f)(z)] < 1 L%-a.e. z € C. Thus,
IE=(m 0f )1 = [l +C(x 0 f)|[pe <1

and so K,(m7'0f)(z) < 1forall z€ C, e > 0.

To estimate K,v, we will deal with the term K,(v — 7~ 19f). This will
be the main point for the proof of (7.8).

We denote v; := v|Q;.

Lemma 7.3. For every z € C\ 10Q;, we have

L ClQ; i
(7.9) K. (v — 7 gi0f)(2) < m

Proof. We set a; = v; —n'g;0f. Notice that o is a distribution supported
on (EN2Q;)UA,. We have to show that

CUQi) 1(Qi)
(7.10) |Keai(z)| < dist(z, 20102

for all ¢ > 0.
Assume first ¢ < dist(z,2Q);)/2. Since |Ca;(w)| < C for all w ¢ supp(«;)
and (o, 1) = 0, we have

C diam(supp(ey;)) v (supp(ey))
dist(w, supp(a;))?

(7.11) ICai(w)] <

)

by Lemma 5.5. On the other hand, by Lemma 5.3, we have

Y (supp(ai)) < A"((EN2Qi) U A;) < C(Y"(A) +v"(E N 2Qy)).
Therefore, by the definition of A;, we get

(7.12) (AU (EN2Qi)) < Cy"(EN2Qs) = Cpu(Qs).
If w € B(z,¢), then dist(w,2Q;) =~ dist(z,2Q;). By (7.11) and (7.12) we
obtain

< Z VB
| - diSt(Z,2Qi)2
Making the convolution with v, (7.10) follows for e < dist(z, 2Q;)/2.
Suppose now that ¢ > dist(z,2Q;)/2. We denote h; = ). * ;. Then we
have )
Kooy =9 —xoy = C(hz d[,Q)

z

Therefore,

@13)  (Keou@) < [ POl gr26) < Ohalloo 122 (supp(hi))] 2.

€ — 2|
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We have to estimate ||R;]|c and L£2(supp(h;)). Observe that, if we write
¢; = £(Q;) and we denote the center of Q; by z;, we get

supp(h;i) C supp(¢¥:) + supp(e;) C B(0,¢) + B(zi,2¢;) = B(zi, e + 2¢;).

Thus, £2(supp(h;)) < Ce?, since ¢; < € (recall z ¢ 10Q;, € > dist(z, 2Q;)/2)).

Let us deal with ||hi]lcc now. Let 7; be a C* function supported on
3Q; which is identically 1 on 2Q; and such that [|[Vn;|lcc < C/¢;. Since
(e, 1) = 0, we have

hi(w) = (e * ai)(w) = (i, Pe(- —w)) = (i, Ye(- — w) = (2 — w))
l; 3 4
= 6—3<Ozi, %(1/’5( —w) — Ye(z — w)) 77i> =: 8—3<a,~, i)

We will show below that C~1C(¢,mic;) € A(supp(a;)) for some constant
C'. Assuming this fact for the moment, by (7.12) we deduce

i b Cti Clip(Qs
;3<04z', Ouwhi)| = 630(9%772'04@')’(00)' <3 YA U (EN2Qy)) < €§)
Therefore,
Clip(Q;
Il < FHG),

By (7.13) and the estimates on ||h;||oo and £2(supp(h;)), we obtain
_ CHQM@) _ CHQIMQ)

K.q; .
[Keai2)] < g2 = dist(z, 2Q;)2
It remains to prove that C~1C(p,n;a;) € AP(supp(e;)). Observe that
Clpwniai) = (wwm)(Cozi) and remember that Ca; is a bounded function.
By Lemma 5.2, since supp(wn;) C 3Q;, it is enough to show that
(7.14) [ewnilleo < C
and
C
(7.15) IV Gumlo < 5

()

For & € 3Q);, we have
3
€

low (@)l = | (€ —w) = ¢e(zi — w)| <& [|[Vipe|loo < C,

which yields (7.14). Finally, (7.15) follows easily too:

C

IV(pwii)llo < IVeulloo + llowlloosqill Villo < -

We are done. ]
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Now we are ready to prove (7.8). We write

K.wdp < K.(r7'0f)du + K.(v—7"'0f)du
F\H F\H F\H
(7.16) < Cu(F\H)+) | K.(vi—7 'g:0f)dp.
iel Y F\H

To estimate the last sum of integrals we argue as in [To5]. Using Lemma
7.3 and recalling that ||K.(v; — 7 1g;0f)|| pec(y < C, we get

Ko (v — 7' g,0f) dp < Cu(4Q)
F\H

(see the last part of Subsection 7.3 in [To5] for the details). Thus, by the
finite overlap of the squares 4Q;, i € I, and (7.16), we get

(7.17) Kwdp < Cu(F\H)+C> _ p(4Q;) < Cu(F).
F\H icl
We also have
(7.18) |K.v(z) — Cov(2)| < C Mu(z).
By (e), if z € F\ H, we have Mv(z) < CMu(z) < CM"u(z) < C. Thus
(7.17) and (7.18) imply

C.v(2) du(z) < Cu(F).
F\H

7.8. Proof of (h) in First Main Lemma. For a given function ¢ € C*
supported on some ball B, of radius r, we have to show that

(7.19) ‘ / o dv

First, assume that there exists some square Q;,, iop € I, with side length
0(Qi,) > r such that Q;, N B, # @. Then we have B, C 5Q;,. Thus,

(7.20) #{i: Qi Nsupp(p) # @} < C.

Remember that for each square Q;, u(Q;) = Cy"(E N 2Q;) < Ch(¢(Q;)).
Then, since v = bdu, with b bounded, we get

/ pdv

Remember that p|Q; = h(r;) £2|A;/L%(A;), where A; is a closed disk of
radius ;. Using p(Q; N B,) < Cmin(r?,r2)h(r;)/r2, it follows easily that

‘/ pdv

From (7.20), we deduce that (7.19) holds in this case.

< Ch(r)r(|Vel.

< Cu(Qi N By)[lellee < Cu(Qi N By )r||Ve||so-

< Ch(r)r||Velloo-
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Suppose now that all the squares @Q;, ¢ € I, that intersect B, satisfy
2(Q;) < r. We will prove below that for any collection of points {z;};c; with

z; € in

(7.21) < Ch(r)r(|[Velloo-

Zso(z»v(cgi)ﬁ / fBpdL?

el

Notice that this estimate implies that

> ez

el

< Ch(r)r(| Vel

because f € AM(E). Since V|Q, is a constant multiple of a positive mea-
sure, by continuity there exists some point z; € @; such that p(z;)v(Q;) =
fQi @ dv. From this fact and the preceding inequality, (7.19) follows.

To prove (7.21), we set

(7.22)
> o(zi)v(Qi) / FOdL?| <> |p(z)n(Qi) + / V. f dpdL?|.
el el

For each 7 we have
(7.23)

‘Sp(zi)’/(@i)"i‘ / Vi, f 0pdL?| =

‘ (2 /fagzdc +/fa i) dL2

= 2| [ 130 - eleian ac?|.

We denote v; := [¢ — ¢(2;)]g; and ¢; = £(Q;). Because f € A"(E), the left
side of (7.23) is bounded above by

ChENEVYille < ChEIE(IVgillclle — 0(z)lle 20, + ol Vil
< Ch(li)li]| Vel oo
Taking into account that h(t)/t is non decreasing in ¢ we obtain

ZSO(Zi)V(Qi)—FTlr/f&pdﬁz

el

< C DY )]Vl
Z‘ZQiﬁBrfg
h(r
o Y M.

1:QiNBr#Y

IN

h(r
< ™ 228,) Vel
= OVl

and we are done.
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7.9. The dyadic exceptional set Hp. Remember that in (7.5) we defined
H =, B(zk, 5R(xy)), where { Bz, R(xk)) }x is some precise family of non
Ahlfors disks. For technical reasons, it is convenient to introduce a dyadic
version of H made up of dyadic squares. Let D be a fixed dyadic lattice and
consider the family Dy C D of dyadic squares such that R € Dy if there
exists some ball B(xy, 5R(z)) satisfying

(7.24) B(xg,5R(xr)) N R # @
and
(7.25) 10R (24) < £(R) < 20R ().

Notice that
(7.26) Bk, 5R(x) € | R
k ReDy

We take a subfamily of disjoint maximal squares {R;};jer, from Dy such

that
U = U =&
ReDy J€ln
and we define the dyadic exceptional set Hp as

Hp = | Ry
JEly
Observe that (7.26) implies H C Hp and, since for each ball B(xg, 5R(zy))
there are at most four squares R € Dy satisfying (7.24) and (7.25), by (7.7),
we obtain

(7.27)

S h(U(R;)) < 4 Y hE0R() < Crs Y h(R() < G2 () < euh),
JE€ly k k

assuming Cj, > Cize L.

7.10. The accretivity condition and the exceptional set Tp. We say
that a square R C C is accretive if

(7.28) 1(R) < Calv(R)],

where Cy is some big constant to be chosen later. We denote by Dr the
collection of non accretive squares from D. Let {Rj}ker, C Dr be the
subfamily of disjoint maximal dyadic squares from Dp. The exceptional
set Tp is
%:URk
kelr

From the properties (d) and (f), one can easily infer that |v(Tp)| < 3|v(F)|
if the constant Cy in (7.28) is chosen big enough. However, for technical
reasons (as in [Tob5]), we need to estimate the size of both Hp and Tp
simultaneously. Roughly speaking, Hp is a small set because the measure v
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is “not too concentrated”, that is, because of (h) in First Main Lemma. If
we knew that

(7.29) v(Q)| < Ch(£(Q)) for every square @ C C,

then we would try to argue as in Section 8 of [To5] in order to show that
|v(Hp)| and p(Hp) are small. However, instead of (7.29), we only know
(h), which is a weaker condition. In Section 7.12, instead of estimating
|v(Hp U Tp)| and p(Hp U Tp) for a particular dyadic lattice D, we will
prove that the average values of |v(Hp U Tp)| and u(Hp U Tp) are small
when we take different dyadic lattices D.

7.11. Random dyadic lattices. We are going to introduce random dyadic
lattices. We follow the construction of [NTV2].

Suppose that F' C B(0,2V73), where N is a big enough integer. Consider
the random square Q°(w) = w + [—ZN, 2N)2, with w € [—2N*1, 2N*1)2 =:
Q). We take Q°(w) as the starting square of the dyadic lattice D(w). Observe
that F C Q°(w) for all w € Q. Only the dyadic squares which are contained
in Q°(w) will play some role in the arguments below. For the moment, we
don’t worry about the other squares.

We take a uniform probability on 2. So we let the probability measure
P be the normalized Lebesgue measure on the square (2.

A square Q € D = D(w) contained in Q°(w) is called terminal if Q C
Hp UTp. Otherwise, it is called transit. The set of terminal squares is
denoted by D" and the set of transit squares by D". It is easy to check
that QU is always transit.

7.12. The size of Hp U Tp. The sets Hp and Tp are made up of dyadic
squares. For each dyadic lattice D(w), w € 2, we obtain the corresponding
sets Hp(w) and T'p(w). Notice that for all w € Q, we have H C Hp(w).

Lemma 7.4. If Cy, and Cy have been chosen big enough, then

(7.30) | o) UTow)| dP(w) < Su(F)],
and
(7.31) [ utttnw) UTo(w)]dP(w) < sou(F),

where 09 < 1 is an absolute constant.

Proof. First we will prove (7.30). Let { Rx(w)}ker,,(w) De the subfamily of
different maximal (and thus disjoint) squares from

{ Rk (W) }rery (w) YU {BE(W) Yrerp (w)
so that

Hp(w)UTp(w)= ] Ri(w).
kelgr(w)
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For each w € Q, we have

v(Hp(w) UTp(w))| < Y |w(Re(w))l

kelgr(w)
(7.32) < Y R+ D (Br(w))l.
kely(w) k€l (w)

The last sum above is easy to estimate using (7.28):
Y (Bew)l < Gt Y u(Bi(w))
kelr(w) kelr(w)

(7.33) C'u(F) < 20,05 w(F)| < {W(F),

IN

for Cy4 big enough.

To estimate |v(Hp(w))|, we consider for each square Ri(w), k € Iy(w),
a C*> function ¢} supported on (1 + n)Ry(w) (with 0 < 1 < 1/10 to be
chosen later), such that 0 < ¢}’ < 1, ¢} identically 1 on Ry (w), satisfy-
ing [|[Ve¥ oo < Cn~ (Ri(w))~!. Using the fact that dv = bdpu, with b
bounded, and (h), we get

‘/gp}jdu

ihw(Rk(w))) + Cp((1+n)Ri(w) \ Ry (w)).

v (R (w))]

IN

+ Cp((1 + n)Ri(w) \ Ri(w))

IN

Therefore, by (7.27) we obtain
C
Y W(Brw)] < o F)+C Y p((1+n)Re(w) \ Ry(w)).
kel (w) kelg(w)

We will show in Lemma 7.5 below that

/EQ Z (1 +n)Re(w) \ Re(w)) < Crenu(F),

kely
where C1g is an absolute constant. As a consequence,

[p>

kGIH(’LU)

v(Bi(w)| dP(w) < Cirr (néh T n> W(F).

Therefore, if n < 1/8C47 and CY, is such that Ci7/(nCp) < 1/8, then

/ . Z )| dP(w) < [v(F)|/4.

kely

Inequality (7.30) follows from this estimated and (7.33).
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Let us see now how (7.31) is derived from (7.30). We have
/ Q\V(F\ (Hp(w) UTp(w)))|dP(w)
we

> [ (W) = () U To()]) dP(w) > 5P
weN
Thus,

WF) < Cy"(E) < Clu(F)| < C/EQ [v(F"\ (Hp(w) U Tp(w)))| dP(w)

< Cus / O (T () U Tpw) dP(w).

Therefore,

[ wttow) U o) dpw) < (1 - 018) W(F) = dou(F).

It remains to prove the following result.

Lemma 7.5. Let n be some constant with 0 < n < 1/10. Then,

@3 [ S w(+mRu@)\ Ru(w)) < Crom(F).
WEL e Iy (w)

Proof. Let B(zo,70) be one of the balls B(xj,r;) that form the excep-
tional set H, as explained in (j) from First Main Lemma. Denote by
Ry (w), ..., Ry(w) the squares from D(w) such that B(zo,r0) C Uj_; Ri(w),
with 2rg < ¢(Rp(w)) < 4rg (remember (7.24) and (7.25)). Notice that
Ui—, (1+n)Ri(w) C B(wo, 10r¢), and since B(zg, Arg) is an Ahlfors disk for
A > 1, unlike B(x,70/5), we have

(7.35) (B (0, Arg)) < 100A2h(rg/5) < 100A\2u(B(z0,70/5)).
We will show that

4
(7.36) 0 > (14 n)Ri(w) \ Ry(w)) dP(w) < Cn u(B(xo,70/5))-
we k=1

The lemma follows from this estimate and the fact that the balls B(z;,7;/5)
are disjoint.
Let us prove (7.36) now. Let Sy be a square centered at z( of side length
2™ with m € Z such that
B(wo, 107‘0) C S() C B((L’o,307"0).
Let Ly, be the vertical line {(z,y) € C: x =t}. Let (a,b) € C be the lower
left corner of Sp. By Fubini, it easily follows that for all € with 0 < & < 2™,
1

Ce
o 1(Ue(Lyy) N Sp) dt < o 11(250),
2 te(a,a+2m] 2
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where U.(Ly,;) stands for the e-neighborhood of Ly ;. The analogous esti-
mate holds for horizontal lines Ly ¢. Setting e = nf(Ry(w)), which depends
neither on £ nor on w, we obtain

/ S (14 1))\ By 1) ()

Eﬂk 1

/ LVt) N SO) dt + / (UE(LHﬂg) N S()) dt
(a a+2m €(b,b+2m]

M

om 1(2S0) < Cn p(B(zo,70/5)),
by (7.35). 0

7.13. The Second Main Lemma and the Tb Theorem of Nazarov,
Treil and Volberg. The next step consists of proving the following result.
We use the same notation of First Main Lemma.

Lemma 7.6 (Second Main Lemma). Assume 7" (E) < Cizh(diam(E)),
Y(E) > AYI(E), and 4" (EN2Q;) < Ay"(EN2Q;) for alli € I. Then there
exists some subset G C F, with u(F) < Ciou(G), such that p(GNB(z,r)) <
Crh(r) for all x € G, r > 0, and the Cauchy transform is bounded on
L?(p|G) with HCHL?(MGLL?(MG) < COyy. The constants Cy,, Ch3, C1g, Coo are
absolute constants, and do not depend on A.

To prove this lemma we only have to apply a suitable version of a T'b type
theorem of Nazarov, Treil and Volberg [NTV2] to the measure p and the
function b constructed in First Main Lemma. The precise version of the T'b
theorem of Nazarov, Treil and Volberg that we need uses the random dyadic
lattices D(w), w € Q, introduced in Section 7.11 and reads as follows.

Theorem 7.7 ([NTV2]). Let u be a measure supported on F C C. Suppose
that there exist a complex measure v and, for each w € Q, two exceptional
sets Hp(w) and Tp(w) made up of dyadic squares from D(w) such that
(a) Ewvery ball B, of radius v such that p(B;) > Cur is contained in
Hp(w), for all w € Q.
(b) dv = bdp, with ||b]| ey < C.
(c) f(C\HD(w) Civdp < C u(F), for all w e Q.
(d) If Q@ € D(w) is such that Q ¢ Tp(yy, then p(Q) < Calv(Q)] (i.e. Q
is an accretive square).
(€) [eqr(Hp(w)UTp(w)) dP(w) < & u(F),, for some dy < 1.
Then there ezists a subset G C F \ (\,eq(Hp(w) U Tp(w)) such that the
Cauchy transform is bounded on L*(u|G), with the L? norm bounded above
by some constant depending on the constants above.

This theorem is not stated in [NTV2]. However, it can be deduced from
the arguments in [NTV2]. Theorem 7.7, changing the statement (e) by

(€) pw(Hp(w)UTp(w)) < dou(F), for all w € Q and some §y < 1,
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was used in [To5]. In this article, the reader will find the proof of the
necessary modifications in order to derive Theorem 7.7 (changing (e) by
(€)) from the results of [NTV2].

The only change needed in the arguments of [To5] in order to prove Theo-
rem 7.7 with the statement (e) instead of (e’) is a minor modification in the
probabilistic argument explained in [To5, Section 11.5] (which, in its turn,
describes the arguments of [NTV2, Section XXIII]). The reader can easily
verify that the estimates of [Tob, Section 11.5] (or [NTV2, Section XXIIIJ)
hold if one assumes (e) instead of (e’). We will not go into more details.

Proof of Second Main Lemma. This is a direct consequence of First Main
Lemma and Theorem 7.7.
Notice that the set G obtained in Theorem 7.7 fulfills

GCC\ () HpcCC\H,

weld
and so u(B(x,r)) < Cph(r) for all z € G. O

7.14. The induction argument for the proof of Theorem 7.1. The
arguments in this subsection are quite similar to the ones of [To5, Section
12]. The reader can check that the main differences with respect to [To5,
Section 12] appear after Lemmas 7.8 and 7.9, and are due to the fact that
now we are assuming that F is an arbitrary compact set, and not a finite
union of segments, say, as in [To5].

Lemma 7.8. There exists some absolute constant B such that if A > 1 is
any fixed constant and

( ) ( ) < th(di&Iﬂ(E))
(b) YM(ENQ) < AyE(ENQ) for all squares Q with diam(Q) < diam(FE)/5,
(c) h( ) = AVY(E),
) < By} (E).
Proof. By First Main Lemma 7.2 and Second Main Lemma 7.6, there are
sets F, G and a measure p supported on F' such that
(i) EC F and y"(E) = v (F),

(i) u(F) ~ 2" (B),

(ili) G € F and u(G) > Cig w(F),

(iv) p(GNB(x,r)) < Cph(r) forallz € G, r > 0, and |C|| 12(u@), 12 (u6) <
Co.

From (iv) and (iii), we get
YHF) 2 C7 (@) = C7' u(F).
Then, by (ii), the preceding inequality, and (i),
Y(E) < Ou(F) < CyL(F) < By (B).

then v"(E
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As a corollary we deduce:

Lemma 7.9. There exists some absolute constant Ag such that if v"(E N
Q) < A" (E N Q) for all squares Q with diam(Q) < diam(E)/5, then

YM(E) < Ay} (E).

Proof. If ¥"(E) > Cizh(diam(E)), then we get v (E) > Co1v"(E), and
we are done provided that Ag > 02_11. We set Ay = max(l,CQ_II,B). If
' (E) < C13h(diam(E)), then we also have v"*(E) < Agy" (E). Otherwise,
we apply Lemma 7.8 and we deduce v"(E) < By"(E) < Apy" (E), which is
a contradiction. O

Notice that any constant Ay > max(l,C{ll,B) works in the argument
above. So Lemma 7.9 holds for any constant Ay sufficiently big.

Proof of Theorem 7.1. By the approximation property (e) of Lemma 6.1,
if d > 0 is small enough, then v (Uy(E)) < v (E) + ¢, where £ > 0 is some
arbitrarily small constant. Consider the compact set Ey made up of all the
closed dyadic squares (from the usual standard dyadic lattice, say) of side
length d/2 that intersect E. We will show below that v (Ey) < C~y% (Ep).

From this inequality, since E C Ey C Uy(FE), we get
V(E) <A"(Bo) < OV (Eo) < C(YL(E) +e),
and then we are done.
To prove that v*(Ey) < C’yi (Ey), we are going to show by induction on
n that if R is a closed rectangle with sides parallel to the axes and diameter
< 4"=1d, n > 0, then
(7.37) Y (RN Ep) < Apy" (RN Eyp).

Notice that if diam(R) < d/4, then R can intersect at most four of the
dyadic squares of side length d that form Ey. In any case it is easy to check
that RN Ey is either a rectangle or a polygon which can be decomposed as
the union of two closed rectangles Ry, Ry (with Ry N Ry # &). In the first
case, (7.37) follows from Lemma 5.1 (assuming Ag sufficiently big); and in
the second one, by Lemmas 5.3 and 5.1, we have
V' (R1UR2) < C(y"(R1)+7"(B2)) < COE(R)+74 (B2)) < 209% (R1URy).

Let us see now that if (7.37) holds for all rectangles R with diameter
< 4™d, then it also holds for a rectangle R with diameter < 4"1d. We only
have to apply Lemma 7.9 to the set RN FEy. Indeed, take a square ) with
diameter < diam(R N Ey)/5. By the induction hypothesis we have

Y(QN RN Ey) < A" (QN RN Ey),
because @ N Risa rectangle with diameter < 4™d. Therefore,
V(RN Ep) < Ay (RN Eo)
by Lemma 7.9. U
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