CHARACTERIZATION AND SEMIADDITIVITY OF THE
C'-HARMONIC CAPACITY

ALEIX RUIZ DE VILLA AND XAVIER TOLSA

ABSTRACT. The C'-harmonic capacity ¢ plays a central role in problems of approx-
imation by harmonic functions in the C' norm in R"*!. In this paper we prove the
comparability between the capacity «¢ and its positive version x. As a corollary,
deduce the semiaddititvity of k°. This capacity can be considered as a generalization
in R™*! of the continuous analytic capacity o in C. Moreover, we also show that the so
called inner boundary conjecture fails for dimensions n > 1, unlike in the case n = 1.

1. INTRODUCTION

In 1992 Paramonov [P] introduced the notions of Lip;-harmonic capacity x and C!-
harmonic capacity «°. He showed that these capacities are useful in connection with
problems of approximation in the C!' norm by harmonic functions. In [MP] some of
their geometric properties were studied and the capacities 4 and k¢ were introduced.
A.Volberg proved in [V] the comparability between x and s, i.e. that there exists a
constant C' > 0 such that for any compact set £ C R*!

C 'k (E) < K(E) < Cry(E).

As a corollary one deduces that x is semiadditive, that is to say, there exists an absolute
constant C' > 0 such that for all compact sets £, F C R,

K(EUF) <C(k(E)+ k(F)).

However, as shown in [P], for the problems of approximation mentioned above the
capacity k¢ is more useful than the capacity x.

In this paper we will show that results analogous to the ones of [V] for the capacity
 also hold for the capacity k. To state them in detail we introduce some definitions
and notation. We denote by Lip;,.(R"™1) the space of locally Lipschitz functions.

Definition 1. Given a compact set E C R"™ we define

R(E) = sup{[(Af, 1)| : f € Lipioe(R™"), supp(Af) C E,[|V flloo < 1},
K(E) = sup{[{Af,1)| : f € C'R™), supp(Af) C E,[[V ]l < 1}.
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2 A.RUIZ DE VILLA AND X.TOLSA

We also set
ki (B) == sup{[(Af, 1)] : f € Lipioe(R"™), supp(Af) C B, |V flloo < 1,
Af is a positive measure},
R(E) = sup{[(Af,1)] : f € C'(R"™), supp(Af) C E, [V flloo < 1,

Af is a positive measure}.

In the preceding definition A f must be understood in the sense of distributions and
(-, ) stands for the usual duality between distributions and test functions. An immediate
consequence of the definition is that s, (E£) < k(F) and x%(F) < r°(F).

Our main result is the following.

Theorem 1. There exists an absolute constant C' > 0 such that for any compact set
E Cc R*L,

K(E) < CkS.(E).

Thus, k° and k< are comparable.

The Lip;-harmonic and C!-harmonic capacities can be considered as generalizations
in R™™ of the analytic and continuous analytic capacities in C (denoted by v and «,
respectively). The second author proved in [T2], [T3] the comparability of both analytic
capacities with their respective positive versions: there exists a constant C' > 0 such that
for all compact set £ C C, y(F) < Cv4(F) and a(F) < Cay(E). From those results
it turns out that there exists an absolute constant C' > 0 such that for all compact set
E C R* C7'k(E) < y(E) < Ck(E) and C7'x%(E) < a(E) < Ck“(E). Also, let us
remark that in the work [MPV] the capacity xS was also studied, and it was shown to
be useful in connection with problems on C! approximation by subharmonic functions.

Now we are going to introduce one of the main tools used to study the capacities x
and k¢. Given a finite measure p and a function f € L?(u), the Riesz transform of f
with respect to u is
ol — g

Rl f(x) = Wf(y)dﬂ(y),
for j =1,...n+1 and z ¢supp(fdu). Also, for x € R" and € > 0, we set
, 2 — g
Rfa= [ fduty)
lx—y|>e |$ - y|

Finally we denote R, f(z) = {R} f(z)}; and R/u(z) = Rj1(x). Notice that the integral
defining R7u(x) is absolutely convergent for x ¢supp(p), but not if x €supp(u) in
general. However, using Fubini it is easy to check that it is absolutely convergent for
almost every x € R™"! with respect to the Lebesgue measure. We say that R, is
bounded in L?(p) if all the operators R, . are bounded in L?*(p) with norm bounded
above by some constant independent of e.

Consider the fundamental solution for the Laplace equation Af = 0 in R**,

—Ltlogt n=1,
o(a) = { o f n>2, @

- (n=1)opt1lz[n=1
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where 0,1 stands for the n-dimensional surface area of the unit sphere in R"™!. Given
a measure y supported on E, take f(x) = ¢ * pu(x) and notice that (Af,1) = u(E) and
V f = Rpu. This leads us to give an equivalent of s, and xf.

Definition 2. Given a compact set E C R"™, we set

ki (E) := sup{u(E) : supp(p) C E, || Rpl| oo nrry < 1},
kG (E) = sup{u(E) : supp(p) C E, ||Rpp|| oo mni1y < 1, Ry is continuous }.

To prove theorem 1 first one needs to obtain a new characterization of x%. To this
end, we introduce a new capacity 5. Given a Radon measure p, we denote

0,(x) = lim “BE7))

r—0 rn

whenever the limit exists. We set
Ko(E) = sup p(E),

where the supremum is taken over those positive measures supported in E such that
| Ryl 22,02 < 1 and for all z € R™™ and r > 0, u(B(z,r)) < r" and §,(x) = 0.

Theorem 2. There exists a constant C' > 0 such that for any compact set E C R,
'K (E) < w(E) < O (B).

It is easy to check that x{ is countably semiadditive, and k< because of the previous
theorem too. From this result and theorem 1 we deduce the countably semiadditivity
of K¢

Corollary 1. Let E;,i > 1 Borel subsets of R**! such that \J; E; is a bounded set. Then

K€ (U Ez) S CZ:‘QC(EZ'>,

where C > 0 is an absolute constant.

In this paper we also show that the so called inner boundary conjecture fails for
n > 1, unlike in the case n = 1. To state this result in detail, we need to introduce
additional terminology. Given a compact set £ C R"" denote by C!(F) the Banach
space of functions which have a C' extension' to some neighborhood of E, and let h!(E)
be the closure in the C' norm of the subspace of functions which are harmonic in some
neighborhood of E. Also, let C*h(E) be the subspace of functions in C'(E) which
are harmonic in E°. Clearly we have h'(E) C C'h(F). In 1992, P.V. Paramonov [P]
characterized the compact sets E satisfying the equality h'(E) = C'h(E) in terms of
the capacity k¢ (see theorem 11 below).

Denote by 0, F the set of points in the boundary of E that also belong to the boundary
of a connected component of R"™\ E, and by 9;E = dF\0,E, the inner boundary of E.
In the case n = 1, the inner boundary conjecture asserts that, given £ C C, if «(0;F) =
0, then every function f analytic in E° and continuous in E can be approximated

LA precise definition will be given in section 9.
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uniformly in £ by functions analytic in a neighborhood of E. This conjecture was
proved to be true in [T2], as a corollary of the semiadditivity of the capacity «.
For n > 2, we have the following result.

Theorem 3. For everyn > 2 there exists a compact set K C R"™! satisfying k°(0;K) =
0 and h*(K) # C'h(K).

2. PRELIMINARIES

For any set A C R™ we denote by |A| its Lebesgue measure and by H*(A) its
s-dimensional Hausdorff measure. We say that a measure p in R™*! has polynomial
growth of order n and constant C (or simply, polynomial growth) if for all z € R™*!
and r > 0, u(B(z,r)) < Cor™. We will denote by M(E) by the set of Radon measures
supported on E. We will also denote ¥"(E) the set of all positive Radon measures
supported on E with polynomial growth of order n and constant Cy = 1.

We will say that a ball is u-doubling with constant C' if p(B(x,2r)) < Cu(B(z,1)).
The measure p is doubling if all the balls centered in supp(u) are doubling with a
uniform constant.

We consider the maximal operator Mv(z) = sup,, Wi%, for any measure v.

A kernel k(-,-) : L (R xR"™\{(z,y) : * = y}) — Ris called a Calderén-Zygmund

loc

kernel if for all x # y,

o [k(z,y)| < 5=

e there exists 0 < § < 1 such that if |x — /| < |z — y|/2, then
jz — ')

_ / - ' < [T
k() = k(&' )] + Ik, 2) = h(,a)| < O — o

The Calderén-Zygmund operator (CZO) associated to the kernel k(-,-) and a measure
1 is defined as

Tf(z) = / K, 9) f (9)n(y).

The above integral may not be convergent for some functions f, so one introduces for
e >0,

i@ = [ ke )

and one says that T is bounded in L?*(p) if all the operators T. are bounded in L?(u)
with constant independent of e. We also set
T.f(z) = sup [T f(z)|.
e>0

The Riesz transform is a particular case of CZO.

In some cases we will need a regularized version of the Riesz transform. Take ¢ €
C>(R™1), 0 < ¢ < 1, radial, satisfying ¢ = 0 in B(0,1/2) and ¢ = 1 in R""\ B(0,1).
Given € > 0, define

Ronf@) = [ ("20) [ s Fwhuto), for £ € La),

3
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and

R.p(z) = R, 1(x).
# is continuous with respect to x, we can deduce that
}_%5, x(2) is a continuous function. If the measure ;o has polynomial growth it is easy to
check that for all z € R"™ and f € L'(u),

|R“5f(x) — Ry f(2)] < CM(fdp)(z). (2)
Given a,b > 0 we use the notation a < b if there exists an absolute constant C' > 0
satisfying a < Cb. If also b < a then we write a ~ b.

Since the new kernel ¢ (xa;y)

3. THE CAPACITY K
In this section will prove theorem 2.
3.1. The first inequality in theorem 2.
Propostion 1. For any compact set E C R"*1,
K (E) < ().

Proof. Let ;1 be a measure supported on E such that Ry is continuous , || Ryl e mnt1y < 1
and p(E) > k% (E)/2. Let x € R™™ and r > 0 be fixed. We call B := B(z,r) and we
denote by v the normal vector on 9B and by 0, the normal derivative. Take ¢ € C*>
radial, satisfying 0 < ¢, [ p(z)dz = 1, and we denote ¢;(z) := 2 p(2).
(1) In order to prove that u € ¥"(FE), we want to apply Green’s formula to v = ¢ p.
It can be shown that Av = p and Vo = Rp in a distributional sense. Since
o ¥ v € C* by Green’s formula:

| /B o0 x (y)dy] = | / Algo #v)(y)dy

= [ @uxd(s)dH"(s)| < / el Byl (s)dH" (s) < Cr™.
0B 0B

Since limy .o [ ¢ * p(y)dy = p(B), we infer that u(B) < Cr™.

(2) Let us see that ,(z) = 0. Take ¢ > 0 and fix € R""'. We know that for r
small enough if |z — y| < r, |Ru(z) — Ru(y)| < . Define G.(y) = (Ru(z),y)
and observe that V,G, = Ru(z). Then we apply Green’s formula,

/ o x 0,G(s)dH" (s) = / or % AGpdy = 0,
OB B
and

[ eentant =1 [ oir 0= 0,Gan )
< [l ¢ 1v(s) (Ruts) = Ru(w)) k()
OB

<e / lorll i [(8)l|odH™ (5) < eCrm.
oB
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and letting t — co we obtain the result.

(3) We want to see that || R.ft||Le(,) < C with C independent of ¢ in order to apply
a non-doubling version of the 7'(1) theorem (for instance [NTV2] or [T1]). Let
v € R"™' B := B(z,¢) and y € By := B(x,¢/2). Since p has polynomial
growth, it can be shown that if |x — y| < £/2, then

[Ryue(@) = Bue(y) < C.
So if for a function f and a set A we denote ma(f) = ﬁ J4 [(y)dy, then we
have:
| Repl()] < [Repp() — mp, (Rept) | + [mip, (Repp) | < €'+ |mp, (Reps) |

To estimate last term we set,

Rep(y) = Ru(y) — Ru(xs)(y) + Ru(xs) () — Ru(XBw.0) (1Y), (3)
and also
R)) = Rl < [ kw2l

/ k(g 2)|du(2).
ly—z|<e,|lz—z|>e

We deal with both integrals in the same way. Let us proceed with the first one.
Necessarily |z — z| > £/2 and so

1
/ k(. 2)ldp(=) < - p(Bl2.2) < O,
|lx—z|<e,|lz—z|>e/2 €

Integrating (3) in the variable y, using the last estimate and the fact that
| Rpe|| oo mn1y < 1, we obtain

[mp, (Rep) | < €+ |mp, (Ru(xs)) |

m, (Rulxs |B|/32/ (v, 2)du(=)dy|

ep(B)
\32’//32 ‘Q—Z‘ dyd,u( ) ’Bz‘ =

Thus || Rept| () < C uniformly on e and by the T°(1) theorem we deduce that
R, is bounded in L?(u).

Finally,

O

3.2. Technical lemmas. The second inequality of theorem 2 is a little bit harder to
prove. In this section we will provide the necessary technical lemmas. The first one is a

vectorial version of a well known result. The proof can be found with minor modifications
in [MP].
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Lemma 1. Let p be a positive Radon measure on a locally compact Hausdorff space X
and let T; - M(X) — C(X), i = 1,...,n be linear bounded operators. Suppose that each
T« M(X) — Co(X) is (1,1) weak type respect to the u measure, that is to say that
there exists a constant A such that

iz |Tiv(z)] > af < Aoy (4)

fori=1,..n,a>0andv € M. Then, for every T > 0 and every Borel set E C X
with 0 < p(E) < oo, there exists 0 < h <1 satisfying h(z) =0 for z € X\E,

[ bz w(E) /(147

and
ITi(hdp) oo < (n+1)Af7, i =1, ...

Given a measure p with polynomial growth with constant Cy > 0 and a CZO T,
consider the following set:

Xo={z e R T,.(1)(x) > a},
and define
go(x) =sup{e :¢ > 0,|T,.(1)(z)| > a}.
If z ¢ X, we define gg(z) = 0. Consider the exceptional set X = J, .y, B(¥,c0(z)).

Lemma 2. Ify € X, then T.u(y) > o — DCy, where D is a constant not depending on
a neither y.

A proof can be found with minor modifications in [T3], lemma 10.1. We will talk
now about the suppressed kernels. They were introduced by F.Nazarov, S.Treil and
A.Volberg. Given a Calderén-Zygmund kernel k(z,y) and a Lipschitz function, p :
R"™! — (0, +00), we consider the suppressed kernel:

1
L4 K2(z, y)p(z)"p(y)™

Then k,(x,y) is Calderén-Zygmund kernel with constants independent of p (see lemma
8.2 from [V]). We denote by T the associated CZO.

ko(x,y) == k(z,y)

Lemma 3. Let p be a measure with polynomial growth with constant Cy, p a non-
negatwe Lipschitz function, and TY the operator associated to the suppressed kernel.
Suppose that |T.p(x)| < a for some x € R™™ and all € > ry with o > 0. If p(x) > 71
for aT >0, then

TPu(n)] < CoCs +a

for all e > 0, with C, depending only on 7 and the CZ constants of the kernel.

A proof can be found in [V] or [T3]. The following result is one of the key steps for
the proof of theorem 2.
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Lemma 4. Set £ = supp(p) and suppose that 0,(x) = 0 for all x € E. Let T, :
L*(n) — L*(p) be a bounded Calderdén-Zygmund operator with antisymmetric kernel
(k(x,y) = —k(y,z)). Then, given 6 > 0 we can find F' C E with n(E\F) < ¢ such that
a) lim, g w = 0 uniformly on x € R"!,

b) limrﬁo ”T,u|’L2(,u\B(m,r)ﬂF)HLQ(,u\B(x,r)ﬂF) = 0, umformly onx Rn-{-l.

Proof. Let Fy C E such that lim,_, “(quf’r)) = 0 uniformly on = € Fy and pu(F\F)) <
6 and denote ¢ = fyp. There exist some sequence {&y,}m, €, — 0, such that the
operators T, converge to some operator T weakly in B(L?(c))*. Then for all z ¢
supp(f), lim.,, o Ty, (f)(x) exists and coincides o-a.e. with T(f)(x). Let FF C Fy

with o(F1\F') < 0 satisfying

1

i s | T =T ))

uniformly on z € F.

Claim 1. For all n with 0 < n < 2, there exists R > 0 small enough such that for all
xg € Fy, setting B := B(xo, R), for o-a.e. © € FN B we have

|Toc(x28) (%) = T (x28)(x)| < Cn, if e <nR. (5)

We will prove the claim below. Fix 0 < n < 2 and suppose that R is small enough
such that ZB@n) < n for all » < 2R and all x € F. Let zy € F and B := B(xg, R)

rn

fixed. Then, for x € FFNnB we have that

|Toc(x2nB ()| < Cin, Ve >0, (6)
since:
a) if € > nR, then |T,(xa)(x)| < TG < On;

b) if e < nR, applying the preceding claim,
| To.e(X208) ()| = |To(Xanp\B2.)) (@) = |To(X2yp\B@nr)) (2) + To(XBEar)\B@.e) ()]
< |To(Xenp\Baar)) (@)| + [To.c(X28)(2) = Tomr(x28) (2)]

o(2nB)
(nR)™

We wish to apply the T'(1) theorem. To this end we would like the last estimate
to hold for all z € R*"". We will solve this question by means of the technique of
suppressed kernels of [NTV2] and [V]. Let us denote v = fpn2,8 = 0j2np and

Xo={z e R . T,,.(1)(z) > Cin+ Dn}
where C appears in (6) and D in lemma 2. For z € X fixed, let
go(x) =sup{e: e > 0,|T,(1)(x)| > Cin+ Dn}.

If v ¢ Xo we set eg(x) = 0. Consider the exceptional set X = (J,x, B(z, (7)) and
define

S |TU(X2nB\B(x,nR))(x)’ + 2077 S + 2077 S CT]

p(x) = d(z, R"™\ X).
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This function is Lipschitz and satisfies p(x) > go(x) for all z. Indeed, if =z ¢ X,
go(z) = 0; and if z € Xy, B(x,e0(z)) C X. Finally define

_ k(z,y)
bl = T, ey o)
and denote by T the associated operator.

The kernels k(-,-) and k,(-,) coincide in nB N F, since p(x) = 0 for all z € nB N F.
Indeed, lemma 2 tells us that for all y € X, T, .(1)(y) > Cin. But if z € nBNF, by (6)
we have T,,.(1)(z) < Cin. So, nBN F C R"1\ X and p(x) = 0.

By lemma 3, for all z € R, T (1)(z) < Cn. Then, by the non-homogeneous 7'(1)
theorem (for example [NTV2] or [T1]), 7% is bounded on L?*(v) with norm < C7. Thus
T, is bounded in L*(j,pnr) with norm < Cn because T coincides with 7, in nB N F.
This proves the lemma. O

To prove claim 1 we need to introduce the notion of thin boundaries. Given some
positive constant C3, and some Borel measure p, we say that the ball B(z,r) has thin
boundaries if

p{x € B(z,1.5r) : d(x,0B(z, 1)) < A} < CspAu(B(z, 1.57)). (7)

Of course not all the balls satisfy the preceding condition. However as the following
lemma shows, there are many balls with thin boundaries. See [NTV1, Lemma 2.8] for
the proof.

Lemma 5. Suppose that Csq is big enough. Given any Radon measure ji in R™ ! and
any ball B(x,r), one can find B(xz,r") with thin boundaries with v’ € [r,1.1r].

In the rest of the paper, when talking about the thin boundaries condition, we assume
that (g is big enough so that the conclusion of the preceding lemma holds.
The proof of next lemma.can be found in [NTV1, Lemma 2.9].

Lemma 6. Let B(x,¢) be a ball in R"™ with thin boundaries and p a positive measure
with polynomial growth with constant Cy. Then

1
/ / _dp(2)du(y) < CoC(Blz, 1.52)).
B(z,1.5¢)\B(z,e) J B(z,e) ‘y - Z’

We will also need the following well known technical result.

Lemma 7. If a measure p has polynomial growth with constant Cy, for ro > 0 we have

1
/ ———du(z) < CCy/ry.
lz—2]=>r0

|ZL‘ _ Z|n+l

Proof of claim 1. The arguments are quite similar to the ones for the proof of Cotlar’s
inequality. However, instead of the L? boundedness of T, we will use its antisymmetry.
Fix n > 0, and take R > 0 small enough such that for all 0 < » < 2R and =z € F),

o(B(x,r)) < nr", and
Me,B@n (17 (1) — T(1)(x)] <, (8)

where mg,B(z,r)(f) = 'U(B(lx,r)) fB(m) fdo.
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Recall that for any positive Radon measure with polynomial growth, fixed x € R**!
and a constant C’ > 2"*! we can find a sequence of doubling balls with constant C”
centered in x and radii tending to zero. For x € F and ¢ < nR fixed, let g5 < € be
the maximal & < ¢ such that B(z,&) is o-doubling with constant 272 (it is easy to
check that indeed this maximum exists). Let €3 € [e2, 1.1e9] such that B(x,e3) has thin
boundaries for o.

We now proceed as follows:

Toe(X2p) () — T (Xop) ()| < |Toe(X2p) (@) — To ey (X28) (2)]
+ | Toe, (X28) (%) — T5.1.505 (X28) (7))
+ [ T5,1.5¢5 (X2B)(x) Mo B(w €3) T;U(X B)|
+ Mo Baen) T5 (X2B) — T (X28) (2))]
=L+ L+13+ 1,

We will see that I; < Cnforv=1,...4.
First we deal with I;. Denote &} = 2e5, and consider N > 0 such that 2V -1}, < e <
2Nl Then,

1 1
L S/ —nd0(2)+/ ~do(z).
ea<|r—2z|<é€) |JZ - Z| eh<|x—z|<e |.17 - Zl

We estimate the first integral:

/ 1 da(z) < CM < Cn.
e2<|r—2z|<¢el

e — 2| (2e9)"  —

If &), # ¢, then B(z,2%¢}) is non doubling for 0 < k < N — 1, and so o(B(x,2ks})) <
o(B(x,2Neh)) /22N =F) for these k’s. Thus,

1 1
/ ~do(z) < / ~do(z)
eh<|z—z|<e |£L‘ - Z| eF Tl <la—z|<elk |$ - Z|

0(B(2,255)) _ 20 No(B(w, 2Veh))

M= I

< <
o (2k—1gl)n p 2(k=1=N)n (Nl )n
o mQN N\ V < /1\"
-2 () sy (p) =©
k=1

=1

The estimate of I, is straightforward:

= | k(x,z)do(z)| <

— <(C—Fpr——<
ea<|o—2|<1.5e3 ) (2e9)"
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To deal with I3 we will argue as in the proof of Cotlar’s inequality: for all o a.e.
y € B(x,e3) we have
|Ta,1.553(X23)(93) - T;U(X2B\B(x,1.5sg))(y)‘

| k(z,z)do(z) —
|z—zo|<2R |z—z0|<2R
|z—x|>1.5e3 |z—x|>1.5e3

<c / B op(z) < O,
1

bez<|z—zx| |ZE - Z|n+1

k(y, z)do(2)|

by lemma 7. Then,

[To.1.505 (X2B) (%) = Mo, B2.23) (15 (X2B\B(2,1.523)))| < C. (9)
From the antisymmetry of 7% we have fB(x 3) T (X B(x,e5))dp = 0, and since o(B(x,0)) <
no", for & < 2R,

|ma,B(x,ag)(T;U(XB(x,LE)ag)))| = |ma,B(x,83)(T;U(XB(z,l.E)ag)\B(x,e;;)))|
1
B o(B(x,e3)) | /B(x,1.563)\B(x,€3) Lo Xpwen)do ()]
Since B(x,e3) has thin boundaries and B(x,e2) is doubling, from lemma 6 we deduce
1
o(B(x,¢3)) | /B(x,1.553)\B(:c,83) T;}(XB(x’ES))dU(y”
1 1
= o(B(z,¢e3)) /19(;3,1.563)\3(35,53) /B(z,sg,) ly — Z|"d0<z)da(y)

o(B(x,1.5¢3)) o(B(x,2¢e3))
< Cn o(B(z,e3)) = Cn o(B(z,e2))

< Chn.

Therefore, I3 < Cn.
It only remains to estimate ;. For y € B(x,e3), by lemma 7, we have

T (Xr\2) (@) = T3 (Xr\2B) (W)| = | (k(w,2) — k(y,2)) do(2)]

|z—x0|>2R

< 83/ ;da(z) < Cnes/R < Ch.
\

z—z|>R |Z - ‘7’l|n+1
Finally, taking the mean on y € B(x,e3) with respect to o, and using (8), we obtain
Mo, Bz Ty (X2B) — T3 (X28)(@)| < Mo B(a,en) T3 (1) — T3 (1) ()]
+ Mo Bes) 15 (Xr28) — T3 (XF28) (2)] < O
]

We show now the last lemma of this section. This is one of the key steps for the proof
of theorem 2.

Lemma 8. Let F = supp(p) and T = (T, ..., T"™) a vectorial Calderén-Zygmund
operator. Suppose that
w(B(z,7))

rn

a) 0,(z) = lim,_ = 0 uniformly on x € F,
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b) lim, o | Tl 2241 B(@,r)), L2(u| B(z,r)) = O uniformly on x € F.
Let [ be a bounded function supported on F such that |T? f|| a1y < C for all j, e

Then, given 0 < 7 < 1, there exists 6 > 0 and a function g supported on F satisfying
fgdp [ fdp, 0 < g < || flleeeuy + 7 1779l Lo gnrry < [T f|| poen+1y + 7, and also

Tig(x) = TZg(y)| <7, if |z —y| <0 and e >0, (10)

and
T9g(x) — Tlg(y)| < sup|T%f(x) = Tof(y)| +7, Vo,yeR"™e>0, (11)
e’>0

foreach j=1,...n+1.

Proof. Let N be a big integer and ey < 7/||f||r~(.) & small constant, both chosen
below. Consider the standard dyadic lattice made up of cubes {Q;};c; of side length
[. We choose [ so that for x € F, 0 < r < NI we have M < g1 and also
| T 1|l L2 (@i —rL2(ui@s) < €2 with €2 — 0 as &g — 0. Now we construct the function
g. Fix ¢ and @Q; with u(Q;) # 0. Since T is bounded in @;, we can apply lemma 1
and find a function ¢; supported on @;, with 0 < ¢; < 1 and satisfying [ ;dp >
(1+7)"'u(Q;) and [|T? ;]| oo rn+1y < €3, where g3 will be chosen below and 3 — 0 as
TN 22uiQiy 12 uiey — 0. 1 we set

oo Jo. fdun fdu
T e
we get
Jo. fdu
| T2 9:|| oo (rr+1) < fQ;O-du e3 < e3(1+ 1) flleeqwy < 283l f | Lo
We define

g = Zgi-

iel
By construction g > 0, [ gdu = [ fdu and also
191 Loe ) = sup gill Loy < (L4 Tl zoe

Let us prove inequality (10) for 6 = [/2. We call g, = gx30, and g = g — go =
gXrr+1\3q,- Given x € @; and y such that |z —y| < 0, we have

|Tag(x) - ng(y)| < |T£ga($) - aga( )| + |Tagb( ) ngb(y”-

First we estimate the term involving g,:
T29a(2)=T-g0()| < 1 Toga(@) [+ Tega()| < D (ITgal@) | H|Tga()]) < 3" es]|f | Lo
k:QrC3Q;

Now we deal with the other term:

Tegv(x) — Tegp(y)| < Hg||L°°(u)/ |ke(x — 2) — ke(y — 2)|dp(2)
RrH1\3Q;

1
= )

< Cllflli= [

R"+1\3Qi
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We split the last integral into two parts:

1 1
e < ([ [t
/Rn+1\3Qi |z — 2|+ i<jo—z|<Nt Jjo—zsni [T — 2"

We estimate the first integral in the following way. If we take N = 2M

1 il 1
——=du(z) < / T du(2)
/l<|:cz|<Nl |z — x|+t ; ohi< oz <2kt |2 — 2["H]

M

€1 2k+1l e e 1
Z okt = Z_k
k=0 k=0

By lemma 7 we get
1 &1 1
—Fd <C(—=+—).
/RM\P,QZ_ ) SO+ )

Choosing £; small enough and N big enough,

T.gu(w) ~ Tegp(y)] < Ol gofer + ) < 7/2

Thus, if £3 is small enough,

Teg(w) = Teg(y)| < 7.
Now we are going to prove (11). Given z € @; and y € Q;,

Tog(r) — Teg(y)| < Te(gxrrns0,) () — Te(gxmriiso,) (¥)]
+ | T=(gx30:) ()] + 1T (9x30;) (W)

For the second term we have
3n+1

ITe(gxs0:) (2)] < Z T2 (gs ) ()] < 3" 2es| fl] oo (12)

The third term is estimated in the same way. We deal now with the first one:
| Te(gxmrinsq,) (2) = Te(gxmrinse,) ()] < [Te(fXrrisQ) () — Te(fxmeinse,) ()

|

HT=(gxrr+1\3:) () — To(fXror1\30,) ()] + |TE(gXRnr1\30,) (Y) — Te(fXrn1\30,) (Y)]
<I+1T+111.
First we consider /. We set ¢/ = max(e, ). We have

[ T=(fxeminsq) (2) = To (F)(@)] < 1 fllzoe / ke (2, 2) = Ke(, 2)Xmrin\aq, (2)|dp(2).

If e > [, then & = ¢, and we may assume that |z — z| > & > [ in the preceding integral.
In this case we have (SQ )
ke (2, 2)|dp(z) <
3Q;
Ife <, ko(x,2) = ke(x,2) if 2 ¢ 3Q;, |z — 2| > and we get

| ot 2)ldnts) < H39) ¢
3Q; "

< Ce’fl.
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In any case we deduce

| Te(fxmrensQ) (2) — T (f) (@) < Cerl flloe (13)

and so, proceeding in the same way with y, and taking ; small enough
ITe(fxmrmsQ) (#) = Te(Fxmrensq,) W) < sup |Terf (@) = To f(y)] + 7/4.
e>

Both IT and II1 are estimated in the same way:

1 g 615~ S
x,2)(g(z) — f(2))du(z)| =: Ap.

< Z L, 81— SCe) Z k
Calling zj, the center of Qj,, since th g(z th , then k(z, 2, fQ
f)(z)du(z) =0, and so:

Ap < > | [ ke(z,2)(g9(2) — f(2))du(2)]
h: QuC3HHIQ\3RQ; Y @n
< /Q k(%) = k(e ) (0(2) — Sl ()

h: th3k+1Q \3kQ;

l 3k+1 ;
<c ¥ Wu(Qh)HfHLw(u)§C§£(3k+%)\!f\\Lw

h: QpC3k+1Q:\3FQ;

Taking N ~ 3M" with M’ big enough, we obtain

1[<C<Z3 a3 3 )||f||Loo<u>sc<al+1/N>||f||Loo<m

k=M'+1

So we deduce that 11 < 7/4 if we choose €1 small enough and N big enough.
Finally, we consider the last inequality: | T.g||pem@n+1)y < || Tof || pocmntry + 7. Given
e > 0, we set

Teg(x)] < |Te(gxsq) ()| 4+ [Te(gxrrinsg) (2) — To(fXrrt1\30,) (2)]
| Te(fxmrinsg,) (@) — To (f) ()] + To f ().

From (12), the estimate for 11 above, and (13), we get |T.g(x)| < ||T f|| poo(mn+1y+7. O

3.3. The second inequality in theorem 2.

Propostion 2. For any compact set E C R""1,
KS(E) S K(B).

Proof. Let u be a positive Radon measure satisfying

M(E) > KS(E)/Z, n e Zi(E), 9#(1’) =0Vz € Rn+1, HRMHLQ(#),LQ(M) < 1.
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Then, all the operators Ri are bounded in L?*(u) with a constant independent of j.

p(B(z,r)NF;)

By lemma 4 there are subsets F; C E such that lim, o = 0 uniformly on

r € R*"™! and
U | By M2 usnnm), 2B enng) = 0, (14)
uniformly on z € R"™! for all j, so that the set F':= NF; satisfies u(E\F) < e.
Now we wish to apply lemma 1. For technical reasons we need to work with the
regularized Riesz transform R.. By equation (2), R, is also bounded in L*(u), and

this implies (see, for example theorem 1.1 in [T4]) that R. is bounded from M (R"*1)
into LY*°(11). So we have that for any finite measure v,

p{r : |Rov(z)] > A} < A@

with A independent of £ and tending to zero if || R,,|| 12(u)—r2(,) tends to zero and 0, (z) =
0 for all z. We apply now lemma 1, so for each ¢ > 0 we can find 0 < ff < 1,
|Rucf{llpo@nsry < 1, [ fidu > C7'u(F). Applying again the equation (2), since
M, fi(x) <1, we get ||Rycfi|lLee@nty < C. Let fi be the limit in the weak * topology
of L>(u) of a suitable subsequence of {ff}.. It is easy to check that for all ¢ > 0 we
have 0 < fi <1, ||Rucfillpoe ey < C and [ frdp > C~u(F).

Define 7, = 2™ and applying lemma 8, we can construct a sequence {f,}, in a

way such that [ fridp = [ fndp, 0 < frpr <\ fmllzeg) + Tms 1T fmitllpoe@nny <
| T fn || Loo (Rn+1) + T, and also

| Bpefm(@) = Buefm(W)] < Ty if |2 =y < by € >0,

and

|Rycfn(®) = Ryuc fn(y)| < sup |Ryer frn1(2) — Ryer ot ()| + Ty Va,y € R £ > 0.

>0
Moreover, we assume d,, < d,,—1. Since for all m, || filloo < 2, we know that there exists

a subsequence, which for simplicity we also call { f,, }., converging to f in the weak x*
topology of L*(u). Then we have

Ru,efm(x) I ngf(l‘)
when m — oo. The function f also satisfies ff = ff1 > C~1u(E) > C'k4(E)/2, and
| Rppe fll oo 1y < C since

m—1

| By fnlleeeny < [ Ry fall + 27 < C.

=1

On the other hand, if |z — y| < ,,, we have that |R, . f(2) — R, fm(y)| <27 for all
g, and for £ > m

e'>0

E—1
|Rpefr(®) = Rucfr(y)| < sup |Rye fn(z) — Ruer fin(y)| + Z 27t <27,
l=m

So,
|Ru,sf(x> - Rmef(y)| < 2_m+27 if |x - y| < O
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By now we have found a measure dv = fdu with v(E) > u(E)/C, || Rev|| oo @ntty < C
for all £, and the family of functions R.v(z) is equicontinuous in z. Since Ry (z) is well
defined almost everywhere with respect to the Lebesgue measure, it coincides with
lim. o R.v(x) for almost every x, so ||Rv||pec@n+1y < C. We also have that Rv(x) is
continuous in x ¢ supp(v). It remains to see that Rv(z) coincides almost everywhere
with a continuous function on E.

Consider the family of functions {R, . f}. on B(0, N), where N satisfies E C B(0, N).
This family is uniformly bounded and equicontinuous on B(0, N). Applying the Ascoli-
Arzeld theorem, we can find a subsequence {ey}g, with ¢, — 0 in a way such that
{R,.., f}r converges uniformly to a function g continuous on B(0, N). Since Rv(x)
coincides almost everywhere with respect to the Lebesgue measure on x € B(0, N) with
lim._¢ R.v(z) = g(x), we obtain the result. O

3.4. Some consequences.

Corollary 2. Let E;,i > 1 Borel subsets of R"** such that \J; F; is a bounded set. Then

K (U E) < Z K5 (Ey).

Proof. Let it be a measure supported on | J; E; with 8,(x) = 0 for all z, || R, || L2(n)—r2(n) <
1 and p(U; E5) > £5(U; E;)/2. Then the measures p; := pg, are supported on Ej,
0,,(x) = 0 and || R, || 22 () —r2(us) < 1, and so:

RS (U Ez) < 2u (U Ez) < QZM(Ez‘) < 22"08(&‘)
Applying theorem 2 we obtain the result.

Corollary 3. Let E C R""!. Suppose that for any compact subset F C E with H"(F) <
oo we have that k(F) = 0. Then

k(E) =~ k°(E).

Proof. We only have to prove that x(E) < k°(E). By Volberg’s results in [V], there
exists a positive measure p € X" (F) satisfying u(E) > x(E)/2 and ||R,||L2(u),22(0) < 1.
It is enough to see that 6,(z) = 0 p-almost everywhere. For each k£ > 1, consider the
sets

Ey={rx e E: 0,(x)>1/k}.
These sets satisfy H"(Ej) < oo, so we have that £(Ey) = 0. Using the fact that R, ,

is bounded on L*(pp,) with norm equal or less than 1, we deduce that u(Ej)) = 0 and
the corollary follows.

0

Next results are about a generalization of the 1/4 planar Cantor set in R? (see [M]).
We construct this set as follows: consider a sequence A = (Ag)g, 0 < A\, < 1/2; and in
the first generation take the 2" cubes contained in Fy = [0, 1]"*! with sides parallel
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to the axes, with side length Aq, in a way such that each cube contains a vertex of Ej.
For each cube repeat the process using \o. In the k-th generation we will have 21k
cubes of side length o = AjAs...\;. Denote by Exy = En(A1, Ag, ..., A\x) the union of
these cubes and set C(A\) = [, Ex. Denote py = Hfg“;/H”“(EN) and let p be the

weak limit of the sequence {py}y. We need to recall two theorems before stating our
result.

Theorem 4. [MT] Let E(\) with 2-"+D/m < X, < \g < 1/2 be a Cantor set as above.
There exists a constant C, only depending on \g and n, such that for all N =1,2, ... we
have

N ) 1/2 N . 1/2
1
C (Z (Qk(n—i-l)O']?)Q) < HRPNHLQ(pN)*LQ(pN) <C (Z (2k(n+1)aﬂ)2> :

k=1 k=1

Theorem 5. [MT] If for all k, 2=(+D/m <\, < N\g < 1/2, then for all N = 1,2, ...

N —1/2 N o
o (Z ﬁ) < ki (Bx(N) < R(Ex(V) < C (Z ﬁ) |

k=1 k=1

From theorems 4 and 5 and theorem 2 we deduce:

Theorem 6. Let A be such that 2-™H)/m < N\ < \g < 1/2, then:

~ 1/2
KEN) ~ r(EOV) ~ (Z W) .

k=1

Proof. In [P] it is shown that if { A}, is a decreasing sequence of sets with A = limy, Ay,
then k(A) = limy k(Ag) and so from theorems 4 and 5 it follows that, if

. . 1/2
o (Z <2k<"+1>a;;>2> |

then
C'r < || Rpllregy—r20) < C7 and C7'7 < ki (E(N)) < k(E(N)) < CT.

The inequality k°(E(\)) < k(E(\)) follows by definition. To prove the converse inequal-
ity consider y := p/7. Then it is easy to check that 6,(z) = 0 for all z € R™™! and by
theorem 4, | R, | r2(m—r2(y < C. We also have that u(E£(\)) = 1/7 and so, applying
theorem 5,

and by theorem 2,
H(EN)) S r6(E(V) S RL(EN)) < RS(E(X)).
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4. THE CAPACITIES K"

In order to prove theorem 1 we need to introduce some new capacities. Let h :
(0,400) — (0,400) be a function satisfying the following properties (we will call them
h-properties): for all » > 0, h(r)/r™ is nondecreasing, h(r) < r", h(2r) < 2"Hn(r),
lim, g+ h(r)/r™ = 0.

Definition 3. Given a compact set E C R"", we set

(B = sup |(AF1)]
feAN(E)
where A"(E) is the class of Lipschitz functions satisfying supp(Af) C E, |V f|lr~ <1,
and for any ball B(xg,r) and any ¢ € C°(B(xo, 1))

| / £ (@) Ap(@)da] < h(r)r?] Age.

If, in addition, f = ¢ where p is a positive measure supported on E, we will say that
fe AL (E) . We also define

KE(E) = sup [(AL1)]
feAl ()
Given a positive Radon measure p and a function h satisfying the h-properties, we say
that p € X" if M"u(x) == sup,~, “(lzgf)’r)) <1 for all z (notice that X" C X"). We write
p € XM(E) if moreover supp(p) C E.

The following result relates the new capacities x" with x°.

Lemma 9. For any compact set £ C R,
K(B) S sup 1 (E),
h

where the supreme is taken over all functions h satisfying the h-properties.

Proof. We take f € C', ||[Vflleo < 1, supp(Af) C E, 0 € R*™™ 7 > 0 and ¢ €
C°(B(xg,r)). For s > 0, consider

wyys(s) = sup |Vf(z)—V[(y)l,

|z—y|<s

the modulus of continuity of V f. The function h(s) = S'HL;J‘(S) satisfies the h-properties.
Then, for all ¢ € C°(B(xo, 7)), applying Green’s formula we see that fB(mo " Ap(z)dr =
fB(xo [V (@) - (w — x0)| Apdr = 0, so we get for a suitable & € [z, zo]

\/B( )f(x)Aso(l’)dm\ = | (f(z) = f(xo) = [V f(20) - (x = w0)]) App(x)d|

B(zo,r)

oy / (VF(E) — V() - ( — 20)] Ap(x)da]
B(zo,r)

S wys(r)|A¢lloer™? < h(r)r? [ Ap] .
Therefore f € A"(F) and the lemma follows. O
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Definition 4. For any compact set E C R"™ we set

kg (E) := sup{u(E) : pu positive measure, | Ry 12 120 < 1,10 € Z"(E)}.

Lemma 10. For any compact set E C R**L,
Ky (E) ~ k" (E).

Proof. First we will show
ro(E) S KL (E).

Let p be a measure supported on E such that [|R,|| 2 r2¢) < 1, and Mp"(z) < 1,
for all z € R"". Since ||R,||r2(u),02¢) < 1, applying lemma 1 we find a function f
supported on F with 0 < f <1 Satlsfymg W(E)/2 < [ fduand ||R,f|ls < C. Consider
g=¢x*(fdp), then ||Vg|loo = || Ruflloc < C and Ag = fdu. For each ¢ € C(B(xo,1)),
in a distributional sense,

| [ s@)bta)dsl = | [ Agta)p()ds] < plBlao, el < Chlr)r Al

where we used the estimate [|¢]|o < Cr%|A¢|s. Thus Cg € A*(E) and so &"(E) >
Cu(E).

Let us consider the inequality £ (E) < k{(E) now. Let f = ¢ * p, where p is a
positive measure supported on F such that |V f|le = ||Ru|lz~ < 1, and for any ball
B(zg,7) and all ¢ € C°(B(xg, 7)),

| / F (@) Ap(a)da] < h(r)r?] Age.

Arguing as in proposition 1 we deduce that for all ¢ > 0, ||R,c1||z~ < C and p
has polynomial growth Applying the T'(1) theorem for non doubling measures, we
infer that ||R, ||L2(u 2y < C. Take ¢ € CX(B(xo,2r)) such that xp,r) < ¢ < 1,
|A¢]le < C/r?. Then,

(B (zo,1)) < / = (AT, @) = | / fApdz| < h2r)2r)? | Aglle < Ch(r).

Lemma 11. For any compact set E C R**L,

kS (E) =~ s%p Kl ().

Proof. e k% (E) < Csup, k" is proved as in lemma 9.
e Given h we want to see that & (F) < Ck%(E). From the fact that M"p(z) <1
we deduce Mpu(xz) <1 and §,(z) =0 for all z. Therefore

KL (E) ~ k)(E) < k§(E) ~ i, (E).
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5. PROPERTIES AND FIRST ESTIMATES FOR THE CAPACITIES k"

First of all we want to notice that since h( ) is nondecreasing, for all s > r, h(r) < h(s).
In this section, we will also use the fact that given A > 1, for all ¢ > 0

h(At) < (20)" T (1), (15)

which has a direct proof.
Given p € C*, we consider the following localization operator:

Vof(z) = ¢ (pAf) ().
Propostion 3. There exists C > 0 such that if E C R is compact, f € A"(E) and
© € C>®(B(xzo,7)), satisfying |Ap||e < C/1?, then
CV,f € A"(E N B(xo,1)).
Proof. This is consequence of the following:
o supp(AV,.f) C EN B(xg, ), since AV, f = pAf.
o [[VV,flloo < Awys(r)||A¢|leor? < C. A proof can be found in [P].

o Let v € C®(B(yo,s)) and d = min(r,s). Then, since supp(py) C B(zg,r) N
B(yo, $), in a distributional sense,

| / V,fAvde| = | / Aot da] = | / FA0)de] < B
B2 (1|6 aollelloe + 2ITEVe0loo + [6]cl| Al

2
S S
S MANAY ool @ + &~ + & 5) S 1(5)5° | A |oo.

Of course, in the preceding proposition, balls can be replaced by cubes.

Lemma 12. Let £ C R™™! 2y € R"™ v >0, B = B(xo,r).
a) k'ME) < Coh(diam(E)).
b) K"(B(xo,r)) = K (B(z0,7)) = h(r).
c) Let R be an n + 1 dimensional rectangle ((n + 1)-rectangle) with side lengths
ll S S ln+1- Then

ly...1, H YR
~ %h(h) ln—+(1)h(11)-
1

e) Suppose Ri,...,R,, closed
Con(K"(R1) + oo + K" (Ryp)
f) Let {Ex}r be a sequence of compact sets such that Eypy C Ey for all k. If
E = N, Ey, then k" (E) = limy s (E).
Proof. a) Suppose that £/ C B. Let us take ¢ € C®(B(%0,2r)), XB@or) < @ <
XB(ro,2r)s [|1A¢lle < C/r2 1 [ € AME),

(AF 1) = | / N (2)dz] < h(2r)(2r)2 Al < Ch(r).

d) k"(EU B) < kM E) + k"B).
(n+1)-rectangles and m > 0, then k(R U...UR,,) <
)-
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b) Since & (B) < s"(B) < h(r), we only need to prove h(r) < ' (B). Take du =
h(r) dHﬁBH. We want to see that M"pu(z) < C for all  and ||R,||r2(u).20 < C-

rnt

If s <r, since h(r) = h(Ls) < (5)"T'h(s), we get

u(B(z,5)) < h(r)(s/r)" < h(s).
Otherwise, if s > r,
u(B(x, s)) < p(B(xo, r)) < Ch(r) < Ch(s).
For all x € B(zo,2r) and j =1,...,n+ 1,

1
[Ru(z)| < o) / dy < o) <C.
it g o =yl r

Applying the T(1) theorem, for example, we deduce that ||R,||12(u),r2¢0) < C.
c) Let us see that x"(R) < H?:igR) h(ly).
1

~Y

Case 1. Suppose that I; = ... = l,4; = [, then we can find 2, € R*"! such that
B(xo,1/2) € R C B(xg, %220).

h(l) = h(l/2) = /i]}r(B(.CL’g,l/2)) < m’i(R) < k"R) < K"(B(x, \/751)) ~ h(l).

Case 2. Suppose that for all i = 2,...,n + 1, [; = m;l; with m; € N. Then we can
decompose R in N = my...m,,1 cubes with disjoint interiors R = Ui]ilQi'
Let 1; € C*°(2Q;) be non-negative such that ) .1; = 1in R and [|At);|| <

C/i2. 1f f € AM(R), then C~1V, f € A"(2Q;). Therefore,

[(AVy, £, 1)] = (A f, 1)] S £"(2Q;) = h(ly),
and
ly..l,
(Af,1)] < Z [(WiAf, 1) < Nh(ly) = %hm)-

Case 3. Let m; integers such that I;/l; < m; < 2[;/l; fori =2,..,n+ 1. Consider an
(n + 1)-rectangle Ry D R with sides [y, maly, ..., my41l1. Then

ly 1,
KMR) < KMRy) < ma...mp1h(ly) < 2nl—2 l“h(h).
1 1

It is left to see that Hrll;gR)h(ll) < k"(R). Suppose R centered at the origin.

Consider II = {21 = 0} N 3R and the measure dy = dHjp;. Then, it is easy
to check that R, is bounded in L?*(u) and applying lemma 1 we can find a
function b such that 0 < b < 1, [bdp > p(R)/2 and ||R(bdp)||~ < 1. Take
@o € C*(B(0,1)) with 0 < g < 2 and [ ¢y = 1. Denote ¢(z) = %gpo(lf—l’”),

then [pdr = 1, supp(¢) C B(0,1,/10) and ||¢|l.c < C/I. Define g(x) =

h(l1)
Iy

for a measure v, Rv(x) = T ¥ v(z) (in a vectorial sense), we have that
h(ly)
I

(¢ * bdp)(x) and G = ¢ * g; observe that suppg C R. Since we can express

IV Gl ey = Cll Ry (9) ey = "o o # R(bps) | oe i) < €
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and we also have
<AGJ%:/g@mxzh$%%%H.
1
It remains to see that for any zo € R"™, r > 0 and ¢ € C*(B(zq, 7)),

/ G(2) Ab(z)dz < Ch(r)r?| At oo,

and we will have finished.
(i) Suppose that I; < r, then

h(lh)

[ vt =| [ ac@as < Il [ (o

= ([l — )b(y)du(y)d
1l / e /| )

< Cr?||AY|s b(y)d
avl g [ )

[
< o) a0 < Oy A0,
1

where we used the inequality (1 L) § Wy
(ii) Suppose that r < ;. Then

| / Gla) Ab()dr] < 1

/ [ ele - p)duty)ds
|r zo|<r J|z— y|<l1/10

i [ el 110

h(ll) Tn+1
o

using that p has polynomial growth of order n, |||l < C/I7 and, since
r <1y, h(ly) < 2n (L) Ha(r).

Let f € A*(FU B) and v € C* such that xyz < ¢ < xap, [|A¢%|s < C/r%

We define f; = Vi, f and fo = f — fi. So we have supp(Afs) C E, ||V falloo <

IV flloc + IV filloc. Since for all ¢ € €=, | [ fodg| < | [ FAg| +| [ fidg, we

conclude that C~!f, € A"(E). Using the fact that C~'f; € A"(2B),

(AL D] < [(AfL D+ KAf, 1)] S 6"(2B) + 5"(E) = £"(B) + £"(E).

We will prove the case with only two (n+1)-rectangles R, T". The case with n+1
(n + 1)-rectangles follows from analogous arguments. Let [f < ... < ZR+1 be the
sides of R and I{ < ... <l the ones from 7. First we suppose that [ =mgly,
a € {R,T}, m¢ € Nand i = 2,...,n+ 1. We can decompose R = U} R;
and T = U, T}, where M = 7712R...77”L7}f+1 and N =ml..m], , and R; are cubes
with side lengths {# and T} cubes with sides {{. We also suppose that 7 < [f.

Take functions ¢; € C* satisfying X1, < ¢; < X2r;, 1A¢; ]l < C/(1f)? and

2IIA"erHoo

< Cr A < Ch(r)r?[| A |oc,
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Zj ¢; = 1 in R. Take functions Q;j satisfying analogous properties for 71", and
define o = ; (1 — 3", éx). Then Y73 ¢ +3 "7 ¢ = 1in RUT. If f € A*(RUT),

then
M N
F=Y) Vo f+) Vi f.
k J

We know that C~'V,, f € A"(2Ry) and as [ < I and each ¢, has an overlap
with at most C,, different ¢;,

1A% lloe S 1A%5 o0 + IV 85l (D IVSklloo) + 1 Y- Adulloe < C/U ),
k k

so C7'V,, f € AM2T;). Then

(ALDI< Y Ko f.1)] + Z {381, 1)]

< Mh(Iy) + Nh(If) = £"(R) + &"(T).
In the general case we can find (n + 1)-rectangles Ry D R and Ty D T with side
lengths m1{, o € {Ro, T}, m € N, satisfying m{ ¢ > & > m$/2, and so
KM(RUT) < k"(RyUTy) < K"(Ro) + &"(Th) < K"(R) + &"(T).

f) This proof follows from standard arguments.

0

Now we are going to prove some estimates for f € A" E). Given a = (ay, ..., anq1) €
Z and x € R we set 2@ = 2t an i, ol = aqleagyg!, o] = 30, ap, and 0° =
ﬁ
9 /Oxt...0%+ [0, . We will also denote for 1 <k <n+1, k =(0,...,1,...0) with
the 1 in the k-th coordinate.
If supp(Af) C B(a,d) then, for all x satisfying |x — a| > 3v/n + 16, we can write

fl@) = cadd(z —a),
la|>0

where

—1)lel
o= el ) = AT ), (5~ a)),

in a distributional sense. This result can be found in [P]. The following results also
follow by arguments similar to the ones in [P].

Lemma 13. Suppose that E C B(a, ) and f € A"(E). Then

2
o] < o +1
~ ol

(26)°K"(E).

Proof. Suppose that a = 0. By definition [co(f)| = 5|(Af,y*)|. Consider g = ¢ *
(Y*@Af) = Vyaof, where ¢ € C* satisfies Xp@s) < ¢ < XBa20)s |1A¢]le S 5%'
Consequently

1A 0) oo = |AY™) e + 2VeVy® + y*Ap|le < C(laf? + 1)(26)172,
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and C! FIER: - € A"(E). Since ]co(g | = |ea(f)|, we conclude that

(la2+ )(25 )le
1 co(9) +"(E)
a e | < ar

Lemma 14. If f € ANE), d(z, E) > 7v/n + 1diam(E) and cy = (Af,1) =0, then
diam(E)k"(E)

dist(z, EB)t

Proof. Considering a € E, 6 = diam(F) and |z — a| > 30v/n + 1 we can write

f(z) = Z c0%p(x — a).

o >1

IVf(2)] <

Let us remark the fact that |0%¢(z — a)| < Ca ' (?” T,f 1171‘ Soif 1<k<n+1
al —1)2+1 B 3v/n+ 1)
0@ < 3 le, 70 wchﬂLérﬂwww>( 2

|ae|>2 lae|>2 (a— k)! | — afn= el

kM(E)S |z — al
< LA
—Cu ahﬂmp2 Ble=" > (51)

k"(E)d
<(————.
= a|n+1 Z (lof?) ( > - O|:;c—a|7"“rl

|| >0

6. POTENTIALS

The rest of the paper, with the exception of section 9, is devoted to prove the com-

parability

K R
with constants independents of h. Theorem 1 follows from this result and lemmas 9
and 11.

This section uses some ideas from [V], in particular from chapters 5.1 and 5.2. Our
objective is to describe £ in terms of the potentials &/ which will be defined below. The
results in this section can be easily proved with minor modifications from [V] (theorems
5.3, 5.4, 5.5, 5.7 and lemma 5.6), noticing that X"(E) C X(F), so we skip the proof.

Given a measure o and a CZO operator T, we denote:

k1 (E) = sup{|lof| - o € Eh(E),/EITal\dU < [lorfl}-

Theorem 7. There exist constants Cy, Cs > 0 such that for any compact set E C R"*1,

Cy R (B) < hm mf “E ((E) <limsup s, (E) < Ciry (E)
e—0 ©
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and
Cs'thg < Wiy (B) < Csrig(E).

Once we know the theorem, given any compact set E, we can choose g = gq(E) small

enough such that for S := R., k% (F) < Csr'(E), with Cs depending on Cy, Cs, etc..
Given a measure o define the functional

lo|”

ol + [, [Se1[2do
Theorem 8. Given a compact set E C R"™ 4(E) and S as above,

ko(E) ~ sup F(o),
oexh(E)

F(o)

and the maximum 1s attained.

From now on we will call oy a maximizer of the functional F. From the preceding
theorem we deduce

/ 1S, 1Pdog < ool
E

and consequently F(og) = ||oo]|-
Let us introduce some notation:

SaoSee1(x) = (S3,(55,)(2));,
which is a vector valued operator, and also consider
SUO,*f = S;O,* + + Sgo—:}?
SoxSo0f = S5 (Sepf) + o+ SgIH (ST ).
Finally define the potentials
UM z) = Mo (z) + S (x) + SiS,1(x).
Ue () = UM (z) + M"(|S,1]do) (x).
We will use the following lemma.

Lemma 15. Suppose that H is a positive measure supported on E such that for all
A€ 1[0, M), Ao >0 0y =00+ H € SVE), then

[ooll +2 [5 [Se1[*doyg
||0'0||

Next lemma is proved as inequality (5.39) of [V].

< / (100 12 = 255, S0 1] %.

Lemma 16. Let 0 be a positive measure satisfying [, |S,1?do < ||o|| (and o does).
Then:

Kl ({z e R™ Hg(x) > A} < C’@.
Remark 1. Recall that S, := _0730 depends on £y(E), and so 272 It is easy to check

that lemma 16 also holds if we replace S, by Ry, for any ¢ > 0, and we modify HZ
accordingly.
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Lemma 17. Suppose that E is a finite a union of cubes. Then there exists an universal
constant o > 0 such that
U (z) > a for allz € E.

Recall that oy is a mazimizer of the functional F.

7. FIRST PART OF THE PROOF OF k" & k!

Roughly speaking, the arguments in this section correspond to the ones of the First
Main Lemma in [T3] for the capacities 7".

Consider the measure oq given in the previous section and, for a small A > 0 which
will be fixed below, the open set

Oy = {z e R U (2) > A},
By lemma 17, if A is small enough, £ C (2. Consider the Whitney decomposition
Q) = UjGJ Q; into cubes with disjoint interiors satisfying 20Q; C €, 1000,/nQ; N
(R™1\Qy) # 0 and > i X100y, < C. Among these cubes choose a finite subfamily
I C J such that 2Q; N E # () for all ¢ € I and define

el

By construction E C F and, applying lemma 16, &/ (F)) < £%(Qy) < §|loo]| = SKL(E).

Lemma 18. Suppose that k" (E) < Csh(diam(E)) with Cs small enough. Then the
compact set F' = U;c1Q; defined above satisfies:

(a) ECF and &".(F) < Ck"(E),

(b) 32, &"(EN2Q;) < Crl(E),

(c) diam(Q;) < diam(E)/10 for alli € 1.
Proof. As explained above, the first statement is proved choosing A small enough. Let
us see (c¢). Observe that for = ¢ E, Hio < Coo(E)/h(dist(z, E)). In fact,

h =  su oo(B(z,7)) oo(F)
M UO(x) B 'r>dist(I;,E) h(’l") = h(dlSt<x7 E>>

and for € > ¢y(E) ,
o(E) o(E)
R0l /Iso( ) k(z,y)|do(y) < CdlSt(ZE By = Ch(dist(x,E))'

We can estimate the terms that are left using the inequality [}, |S,,1|(x)doo(z) < 0o(E).
For z € Q,\ £ we have,

CO'()(E>
~ h(dist(z, F))
Therefore, if Cj is small enough, applying (15),

, Coo(E) _ Ck"(E) _ h(dist(z, E)) i
h(dist(z, F)) < 3 < ;) < @20y <h (T) :

>\<L{ (x) <
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So dist(x, F) < diam(F)/10 and diam(£2y) < 6diam(£)/5. Since 20Q; C 2, for all i,
20diam(Q;) < diam(Q2,) < 6diam(F)/5,

which proves (c).
In order to prove (b) we need two more results related with some localized potentials.
Denote o; = oojaq, and

Wh () = M"a;(x) + S; 1(x) + S}, Sae1 () + M"(|Sy1]do;) ().

Notice the difference between ng and HZ],. Arguing as in [V], p. 39-41, (using also
remark 1) with minor changes we get,

Lemma 19. Let o be the constant in lemma 17. Then there exists a constant oy
depending only on n such that

W;Lj (x) > aqa forallz € 3Q; N E.
Using the same arguments as in lemma 16 (see also (5.50) of [V]) we can prove that
the following estimate holds:
sl + W[ Sa0 Ldo 1)
) :
Applying lemma 19 we have that 2Q; N E C {z € R***: Wc}jj(a:) > ajar}, So:

kl({r € RM: Wf;](x) > A} < C'(

C
R (2Q;NE) < = Ulosll + 1[1Seo]doy])-
1
Thus

C C C
> K52Q; N E) < = S (losl+ 11w dos) < 2 = (ool + [ 1Suy1ldow) < <]
J J

Thus (b) in lemma 18 follows.
O

Lemma 20. Let A be a fized constant. Suppose that k"(E N 2Q;) < Ak"(EN2Q;) for
alli € I. If "(E) > Ak".(E), then there exist measures p and v, both supported on F
satisfying:

(d) u(F) = &"(E),

(e) dv = bdp and ||b|| gy < C,

() [v(F)| = s"(B)/2.

(g) For any function ¢ € C*(B(zq,7)), | [ pdv| < Ch(r)rQHAgoHoo.

Proof. For each i € I choose a function g; € C*®(2Q;), 0 < g; < 1, [|Agilloe < C/1(Q;)?
and >, ¢; = 1 on Q. Take also f € A"(E) with [(Af,1)] Z ( )/2 and A; a disc
concentric with Q; and radius r; < 1(Q;)/2 satisfying h(r;) = k"(EN2Q;)/C. We define

h(ri) n+1
U= 2 e (ay S,
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and

<Af7 gZ> n+1
v =D Ay s,

%

Observe that " (A;) = h(r;) = p(4;) and supp(v) C supp(p) C F. Let us prove (f):

()| = |Z(Af,gi>| = [(Af,1)] = k"(E)/2.

Defining b = % on A; and noticing that [(Af, g:)| < Ck"(E N 2Q;) = Ch(r;), we

obtain (e). The first statement (d) follows from:
KE) < 2UAL L) =21 (Af.g) 2> [(Af.g)| <CD KMEN2Q;)

= u(F) <CAY wi(EN2Q;) < CAY(E) < CM(E).

Now we are going to prove (g). Take ¢ € C*(B(zg,7)). We distinguish two different
cases.

Suppose that there exists a cube @;, with side length 1(Q;,) > r, Qi N B(xo,7) # 0.
Then B(xg,7) C 5Q;, and by the finite overlapping of the 10Q;, #{i € I : Q;Nsupp(p) #
0} < C. So, if we see

| /Q odv] < Ch) | A] e,

we will have finished. Let us prove this inequality:

min(r, 7;)" T h(r;
[ vl < Cul@nBlao )il < CEREEE I Al < CHO)PAGl,

)

using (15) in the last estimate.
If otherwise 1(Q;) < r for all 4 such that Q; N B(xg,r) # (), we will prove that for all

{Zl}Z with Z; € Qi,
| [ gz = 3 pla)(@0)] < C Y B

This fact together with f € A"(E) implies | >, p(2:)v(Q;)| < Ch(r)r?[|A¢||oo. Observ-
ing that by the definition of v and by continuity for each i € I there exists z; € Q);
satisfying p(z;)v(Qi) = |, o, Pdv, the statement follows. We also have

[ s = Y elan@)] < 301 [ VafSpds - olz)v(@)

-y / FA(p — (z)]gi)dal
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We call ¥; = [¢ — ¢(2:)]gi, which is supported on 2@Q);. Since f € A"(E), just checking
|AY|loo < C||Ap||e the proof is finished; in fact

h
[ #0e = 3 o) < €T MM < Clldple 30

h
< O3By, Ol A < CHEY? | Al
but
186 < 9:A¢ oo + 20V Vg1l + (0 — 9D A < CllAG] .

[l

Now we need to introduce a modified version of the Riesz transform and proof a
technique lemma. Take ¢ € C*°(B(0,1)) radial, 0 < ¢ < 2, [¢dx =1, |A¢]le < C.
Define () = s2r1p(%) and

K.(z) = ¥ % Ro(x) = v % —2— % v(z).

’y|n+1
We define the maximal operator in the usual way:
K.v(x) = sup |K.v(x)|.

e>0

Lemma 21. Leti € I, z € R"\14v/n + 1Q;, and v; = vg,. Then
HQi) (@)
d(Z, 2@1')""’_1 ’
Proof. 1f we set a; = v; — ¢;Af, then supp(o;) C (EN2Q;) UA; and (a;,1) = 0. To
estimate K. («a;)(z) we will distinguish two different cases:
(a) e < dist(z,20Q);)/4.
Remember from proposition 3 that ||R(g;:Af)|le < C. We can also easily see
that [|[R(v;)]|c < C and so |R(«;)(w)| < C for all w €supp(«;). By lemma 14,

diam (supp(a;))s" (supp(e;))
dist(w, supp(a;))"+t
for all w such that dist(w,supp(«;))> 7v/n + ldiam(supp(«;)), in particular for
w € B(z,e). But by statement (d) of lemma 12, x"(supp(a;)) < s"(A;) +
KMEN2Q;) S p(Qy), since kM(A;) =~ h(r;) < CkM(EN2Qy)). If w € B(z,¢),
then dist(w, 2Q);) ~ dist(z, 2Q);) and consequently
HQi)p(Qi)
d(z,2Q;)"+
Making the convolution with ). we obtain the required estimate.
(b) e > dist(z,20Q);)/4.
If we define h; = 9. * a;, then K.o; = R(h;dH™). Observe that since
l; =1(Q;) < ¢ (in this case),

supp(h;) C supp(¢:) + supp(a;) C B(0,¢) + B(z;,2vn + 11;)
= B(z,e +2vVn+ 1l;) C B(z;, Ce),

K.(vi — gif)(z) < C

| Rla)(w)| < C

J

|[R()(w)| < C
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and

Keau(2)| < / ; 1O g < e

z;,Ce) |€ |n
Now we need to estimate ||h;||«. Let n; € C> satisfying xa20, < m: < X3¢, and
| A7l < C/E, then, using {as, 1) = 0,
h‘l<w) = <aiaws(' - w)) = <aiaws(' - U)) - %(Zi - w))

li €n+2 L

= o2 <Oéz‘7 T Ws(' - U)) - @De(zi - w)) 77z'> = gnﬁ@éz‘, S0w77i>

If we denote 0 = ¢ (aipn;) we only need to check that C~1p € A”(supp(a;)).
If this is the case,

)] = Lozl g, )] < O (suppla)) < D)
Therefore,
ZN<QZ) l(QZ)N(Q%)
|[Keai(2)] < © ent2 €= Cd(z,QQz‘)”“'

It remains to see C 1o € A"(supp(ay)). One easily checks that C~1¢ * v; €
AM@Q;). Recall that C7'V,, f = C7l¢ x (g:Af) € AM(2Q;), so C7H ¢ x ;) €
Ah(supp(az)) Since supp(¢wn;) C (3Q;), we only need to check that ||A(@wni)]|co <
C/1(Q;)? and then apply proposition 3: if z € 3Q;,

€n+2 €n+2 1

pw(2)| = \T (e(z —w) = he(z —w)) | < 3 oz | Vellelz =2l < C,

€n+2 1 C

Veu(2)| < L SV 1/1Hoo_l

and

€n+2 1 C
[Apu(2)] = ——|Av:(z —w)| < —llAY]ow < 5.

Finally, using [|An;]|e < C/12 (and so |Vl < C/1;), we get

IA(uni) lso = [MiAPw + 2V 00, V1 + puAn;|| o < O/
O

In next lemma we construct a set H following some ideas from [NTV1]. Our set H
will be closely related with the growth of the measure p constructed in the last theorem.

Lemma 22. There exists a subset H C F satisfying :
(h) If w(B(z,7)) > Cph(r) (for a big fixed constant Cy,), then B(x,r)NF C H.
(i) H is the form H = Ugery B(wx, 1), with Y cp h(ry) < ep(F), for 0 < ¢
arbitrarily small, if C}, is chosen big enough.
) fF\H R.vdy < Cu(F).
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Proof. Let C}, be a big constant to be fixed below. Given z € F and r > 0 consider
R(z) =sup{r > 0: u(B(x,r)) > Cyh(r)},

and we set R(z) = 0 if u(B(z,r)) < Cph(r) for all r > 0. R(x) will be called the Ahlfors
radius of x. For r > diam(F')/100,

w(B(z, 7)) < u(F) < Ox"(E) < Ck"(F) < Ch(diam(F)) < Cgh(r),

so choosing C), > Cg we get R(z) < diam(F')/100. Denote

Hy= |J B R(@),

z€F,R(x)>0

and applying Vitali’s covering theorem we can cover Hy C |J, B(zg, 5R(xx)) = H,
where {B(xg, R(zx)) }x is a disjoint family of balls. We remark that all the non Ahlfors
disks (those for which u(B(x,r)) > Cyh(r)) are contained in H since Hy C H. Now we
can prove (i):

> H(R(e)) < Cih > mBlax Ra) < Sn(E),

h

and choosing C}, big enough we are done.
Now we are going to prove (j). To this end we will show

Kvdp < Cu(F).
F\H

Then, using |Rv(z) — K.w(2)| < Mu(z) and Mu(z) < C,C for all z € F\H by
construction of H and (e) of lemma 20, the proof is finished.
First of all, observe that || K.(Af)|l« < 1. This follows from the fact that |V f||. =

|R(Af)]|oo and K (Af) = ¢ x R(Af). Therefore,

K.vdu < K.(Af)dp + K.(v—Af)du
F\H F\H F\H

< uW(F\H) + Z/ K. (v; — giAf)du
ier YF\H

Fix i € I and define ¢, = 14y/n+ 1. Since [|K.(v; — GAf)|lo < [[Ke(¥s)|loo +

| K. (i Af)]loo < C (see the first paragraph of the proof of (a) in lemma 21) and applying

lemma 21,

K~ g )i < Op(en@) +C [ QIuQ)

o F\(cnQ;UH) dist(z, 2Q;)"*! .
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Let N > 1 be the least integer such that (cﬁ*lQi\chi)\H # () and take z, €
(CnNHQi\CiLVQi)\H. Then

1

/ du(z) < 1
i wu(z
F\(en@uutn) dist(z,2Q;)" ! <

du(z
k>N/k+1Q \ckQ WH dlSt(Z 2@ )n+1 ( )

1(B(z, CUcETQ;)))
CZ l Ck+1Q n+1 — Cz CkJrlQ n+1

k>N k>N

(A Qu"
= Chozl (cEHIQ, )i = Chcg(@,)

k>0

Finally, using ) . X0, < C we obtain:

K*vd Qi) < pu(F).
. Vﬂézi:u(c Q) < p(F)

8. SECOND PART OF THE PROOF k" & k%

The second part of the proof k" ~ ;-i’jr requires a T'(b)-type theorem of Nazarov,
Treil and Volberg. In order to apply it, we need to introduce some additional notions.
Consider a dyadic lattice D in R"*!. We define two exceptional sets: Hp, Tp.

(Hp) Consider the family of dyadic cubes R € D for which there exists a ball B(z, R(xy))
satisfying B(xy, R(zx)) N R # 0 and 10R(zx) < I(R) < 20R(x)). Among these
cubes choose a maximal disjoint family {R;};cr, (p). Then we define

U &
Jj€la (D)

By construction H C Hp, and since for each ball B(xzy, R(xy)) originates at
most 4" cubes R; with j € Iy(D), we obtain:

S hUR) < 47 M0RG) < O Y MR) < £on(F) < enF),
j€lg (D) k k

choosing C}, big enough, for any given ¢ > 0.

(Tp) Let us deal now with the accretivity condition. We say a cube R C R"™! is
accretive if

u(R) < Calv(R)],

where Cy is a big constant to be chosen later. Among those non accretive cubes
R € D choose a maximal disjoint family and define

= U B

méelrp D)
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Now we introduce randomness on the dyadic lattice. Consider the usual dyadic lat-
tice Dy1 with cubes of the form [5 ALty x| x [Fast Fetidly g, 0 p G € Z
Suppose that ' C B(0,2Y¥73), N € N, and set Q%(w) = w + [-2V,2V)""! with
w e [-2NTLoN-hntl — O We consider a new dyadic lattice D(w) that has Q°
as starting cube and cubes of the form w+Q C Q°, Q € D,41. Let P be the probability

measure given by the normalized Lebesgue measure on 2.

Lemma 23. If C), and Cy are chosen big enough we have the following estimates for
the expectation of the size of Hp U Tp:

/| (Hp U Tp)|dP(w) < Lu(F)|

1
2
and

/Q u(Hp U Tp)dP(w) < dopu(F)

where 6y < 1 is a fized constant.

The proof can be found with minor modifications in [T2]. We will also need the
following T'(b) type theorem.

Theorem 9. Let j be a positive measure supported on F' C R"L. Suppose that there
erists a measure v and, for each w € ), two exceptional sets Hp(y), Tpw) made up of
dyadic cubes from D(w) such that:

(a) Bvery ball B, of radius v such that u(B,) > Cpr is contained in Hp, for all w.

) b it [l < CP)

(c) fR"+1\H R.vdp < Cu(F), for allw € Q.

(d) IfQ € D( ) is such that Q ¢ Tp(w), then p(Q) < Cylv(F)].
Then there exzsts a subset G C F\ ﬂweﬂ( D) Y Tp(w ) with w(G) > Ci w(F), such

that the Riesz transform is bounded in L*(p) with its norm and C'o depending only in
the constants above.

The proof of this theorem can be deduced from [NTV2], where instead of (e) one asks
for the stronger condition (e’): pu(Hpw) U Tpw)) < dop(F). In [T3] we can find the
arguments needed to prove the theorem changing the condition (e) by (e’). Now we can
state the main lemma of the second part of the proof.

Lemma 24. Assume k".(E) < Ch(diam(E)), "(E) > Ax"(E), and k"(EN2Q;) <
ARt (EN2Q;) for all i and a fized A > 1. Then there exists a subset G C F with
w(F) < Cyop(G) such that u(G N B(x,r)) < Cph(r) for all x € G, r > 0 and the Riesz
transform is bounded in L*(pc), with | Rl r2¢yq),2(ue) < Cu1, and Cyg and Ciy not
depending on A.

wa)

Proof. The theorem follows from theorem 9. We only need to remark that the set G
obtained in the last theorem satisfies
G CR™N\([) Hpwy) C R™\H,
weN

and so u(B(z,r)) < Cyph(r) for all x € G and r > 0. O
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Lemma 25. There exists an absolute constant B such that if A > 1 is any fized constant
and
a) k" (E) < Csh(diam(E)),
b) K"(ENQ) < A" (ENQ) for all cubes Q with diam(Q) <diam(E)/10,
c) K"(E) > Akl(E),
then k"(E) < B! (E).

Proof. We can find a measure p and sets F, G as the ones constructed in section 7, and
then we apply lemma 24 so that

(a) EC F and " (E) ~ k" (F),

(b) w(F) ~ k"(E),

(c) G C F and u(G) > u(F),

(d) u(GNB(x,r)) < Cph(r) for all z € G, r > 0 and || R| L2 ).L2(
Finally we get

<C.

Hia)

K'"E) < Cu(F) < Cu(G) < CKlL(F) < BrlL(E).

O

Lemma 26. There exists an absolute constant Ay such that if s"(ENQ) < Aok’ (ENQ)
for all cubes Q with diam(Q) <diam(E)/10, then £"(E) < Aox" (E).

Proof. If k" (E) > C3h(diam(E)), since £"(E) < Cyh(diam(E)) we are done. Denote
Ay = max[Cy/C3, B]. If s"(E) < Csh(diam(E)) and &"(E) > Aor'i(E) we get a
contradiction, since applying the lemma above we deduce k"(E) < B! (E) < Apx! (E).
U
Proof of k" ~ ni , and of theorem 1. As mentioned above, Theorem 1 is a direct
consequence of the comparability <" ~ k" and Lemmas 9 and 11. We only have to
prove the inequality k" < &' since the converse is trivial.
For d > 0 consider Uy(F) = {z : d(z, F) < d}. By the approximation property in
lemma 12, if d is small enough for a given e, k" (Uy(E)) < k.(E) +e. Let Ey be a

compact set made up of all closed dyadic cubes from some dyadic lattice of side length
v/n + 1d/2 that intersect E. If we prove k"(Ey) < Ck" (E,), we are done, since

K'"(E) < k"(Ey) < Ck"(Ey) < C(K%(E) +¢).

To prove k"(Ey) < Cr" (Ey) we will show by an induction argument that if R is a closed
(n + 1)-rectangle with sides parallel to the axes, then

Hh(R N Eo) S AOKL}JLF(R N Eo) (].6)

If diam(R) < d/2""!, then RN Ej is a union of at most 2"*! (this constant may
not be sharp) closed (n+ 1)-rectangles Ry, ..., Ryn+1. Then applying the properties from
lemma 12,

KRy U .o U Rgnit) < C(K"(Ry) + oo 4 K" (Rgn1)) < O(KIL(Ry) + .. + KL (Rgni1))
S Cli}_:_(Rl U...u R2n+1>.

Now we argue by induction on m. Suppose that all (n + 1)-rectangles T with
diam(T") < 2™~ 1d satisfy (16). Let R be a n + 1 rectangle with diam(R) < 2"d. We
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can apply lemma 26 to RN Ey: in fact if @ is a cube with diam(Q) <diam(R N Ey)/10,
by the induction hypothesis

K'(QN RN Ey) < Ap(QN RN Ey),
since @ N R is a n(n + 1)-rectangle with diam(Q N R) <diam(R N Ey)/10 < 2™d/10 <
2m=1d. and so
K'"(RN Ey) < Aok (RN Ep).

9. THE INNER BOUNDARY CONJECTURE IN R"+!

In this section we will prove theorem 3, which asserts that, for n > 2, there exists
a compact set K C R"™! satisfying k°(0; K) = 0 and h'(K) # C'h(K). Let us give a
definition for C'(E) in the case that E is compact. We denote by C!(E) the space of
collections f = (fo,..., fus1), fi € C(F) for i = 0,...,n + 1, for which there exists a
function w(d), with w(d) — 0 as & — 0, such that for all z,y € Eand i =1,...,n+ 1,
the functions
n+1

Ro(w,y) = folx ng (v —27), Ri(z,y) = fily) — fil2),

satisfy
[Ro(z,y)| <w(lz —y)lz —yl, [Ri(z,y)] < w(lz—yl). (17)
We will denote by || fllc1(g) the smallest constant M > 0 satisfying that for all i =
1,....,n+1,
[fo(x)] < M, [Ro(z,y)| < M|z —yl,
and
[fil@)| < M, |Ri(z,y)| < M,

and the modulus of continuity of f, denoted by w(f,d), will be the smallest concave
nondecreasing function w(d) satisfying (17). We recall the following extension type
theorem due to Whitney [W]:

Theorem 10. For each collection f € C'(E) there exists a function F € C}(R™) such
that Fig = fo, 0:iFlp = fi, [|Flleo + [|VF|lse < Al fller and w(VF,0) < Aw(f,0), where
A > 0 depends only on n.

Let us recall the following result, proved by P.V. Paramonov [P] in 1992.

Theorem 11. Let E C R™!, the following are equivalent:
(a) C'h(E) = h'(E).
(b) For each bounded open set D in R,

K°(D\E®) = k°(D\E).
(¢) There exist constants A > 0 and r > 1 such that for each ball B(a,?),
k°(B(a,0)\E") < Ax°(B(a,m0)\E).
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(d) For each point x € OF, there exists v > 1 such that

lim inf K°(B(a, rONE)

N e (Bla, o))

Proof of theorem 3. We will prove the theorem in R3. Analogous arguments can be
used for R"™! with n > 3. Consider T = [0, 1] x [0,1] C R? and the usual dyadic lattice
Dr in R? generated by T (i.e. for each k > 0, T = UerT’k Q, where #Dp; = 4%,
every Q € Dry, is a square with sides parallel to the axes that has side length 27%, and
Dr = UpsoPrp, etc.). Take 0 < ¢ < 1 and k > 1, and for each square Q) € Dy
consider a concentric open square Rg with side length £/4%*. We define a subfamily 1
of the squares ) € Dy as follows. We denote Iy = Dy, and for k > 1,

I, ={Q € Dry, : Rg does not intersect another Ry for Q' € Dr, j < k}.

We set I = J,>q I Notice that that our construction ensures that the family of squares
{Rg}qer is pairwise disjoint. We consider the set

K = (T\ | Rg) x [0,1] C R®.
Qel

Observe that K is connected, has empty interior, and since R*\ K is connected and
OK = 9(R*\K) we have ;K = (), so k°(0;K) = 0.

Now consider D = (0,1)% € R3. We will see that x°(D\K°) # x°(D\K) and then,
by theorem 11, we will have h'(K) # C'h(K). Remember that if B is any ball of
radius r, or R is any cube in R?® with side length r, then k°(R) ~ k°(B(z,r)) ~ r2.
Remember also that for any compact set E, k(E) < CH2 (F), where H2, denotes the
two dimensional Hausdorff content. Since K° = {),

1 < Ok¢(D) = Or‘(D\K").

Now observe that if Q C R? is a square with side length 1(Q) < 1, decomposing Q x
(0,1) € R? into at most 2/1(Q) cubes, then

2 322.(Q % (0,1(Q)) < CLQ).

HA(Q X (0.1)) < s

So,
K(D\K) < CHZ (| Rox (0,1)) <C > Y H2L(Rgx (0,1)) < CZM% < Ce.

Qel k>1 QGIDT’]@ k>1

Taking ¢ small enough we are done. U
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