NON EXISTENCE OF PRINCIPAL VALUES OF SIGNED RIESZ
TRANSFORMS OF NON INTEGER DIMENSION
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ABSTRACT. In this paper we prove that, given s > 0, and a Borel non zero measure p
in R™ if for y-almost every x € R™ the limit

. r—Y
lim Y du(y)
0 Jloyise T — YT

exists and 0 < limsup,._, M < 00, then s in an integer. In particular, if £ C R™
is a set with positive and bounded s-dimensional Hausdorff measure H*® and for H*®-
almost every = € F the limit

lim r=Y

7 dHB W)
=0 Jig—y|>e |x - y|s+1 &

exists, then s is integer.

1. INTRODUCTION

Given a Borel measure p in R™ and 0 < s < m, the s-Riesz transform of p is

r—Y
Rp(r) = | ————d , x ¢ su )
o) = [ duty), sl
Since for z in the support of p the integral may not be convergent, for ¢ > 0 one
considers the truncated Riesz transform

v
Rip(z) = /| T du(y),  xeR™

r—y|>e ‘ZL’ - y|s+1
The lower and upper s-dimensional densities of p at x are defined by

sy e B T)) () T p(B(z,r))
0 .(z) = hgl_)lglf N 07" (v) = llr?jélp r—
In the case where 07, (z) = 0" () one calls this quantity the (s-dimensional) density of
the measure  at z, denoted by 67 ().
The main result of this paper is the following.

Theorem 1. For 0 < s < m, let u be a finite Radon measure in R™ such that 0 <
0% (r) < oo and lim. o Ru(x) exists for all x in a set of positive p-measure. Then
s € 2.
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2 A.RUIZ DE VILLA AND X.TOLSA

Consider now the case the case where p coincides with the s-dimensional Hausdorff
measure H® on a set F with 0 < H*(F) < co. Recall that for H*-almost every x € E
we have 0 < GS’FE (x) < 0co. So we deduce the following corollary.

Corollary 1. For0 < s <m, let E C R™ be a set satisfying 0 < H*(E) < oo such that
for H?-almost every x € E the limit

r—y

Ling Ty

e—0

dH\SE(y)

lz—y[>e

exists. Then s € Z.

Let us remark that Mattila and Preiss [MP] already proved that if one assumes
0, .(x) >0 p—a.e. r€R" (1)

(instead of 65" (x) > 0 p-a.e.), then the p-a.e. existence of the principal value lim. o R ()
forces s to be an integer. Later on, Vihtila [Vi] showed that this also holds if one assumes
(1) and
sup |R:p(z)] < oo p—a.e. xr€R" (2)
e>0
(instead of the existence of the principal value lim._o Réu(z) p-a.e.). The proofs in
[MP] and [Vi] rely on the use of tangent measures, and for these arguments, and for all
usual arguments involving tangent measures, the assumption (1) on the lower density is
essential. So to prove theorem 1 we have followed a quite different approach, inspired
in part by some of the techniques used in [To2] and [To3]. However, we have not been
able to use the weaker assumption (2) instead of the one concerning the existence of
principal values.

On the other hand, the case 0 < s < 1 of theorem 1 follows from Prat’s results [Prl],
[Pr2]. In this case, the so called curvature method works, and one can even assume (2)
instead of the fact that principal value lim._o RS pu(z) exists p-a.e.

If one combines corollary 1 with the results in [MM] and [To2] one gets:

Theorem. For 0 < s < m, let E C R™ be a set satisfying 0 < H*(F) < oo. The
principal value

li r—y

1m —_—
s+1

e—0 |x—y|>e ‘ZL’ y‘

dH\SE(y)

exists for H*-almost every x € E if and only if s is integer and E is s-rectifiable.

Recall that £ C R™ is called s-rectifiable if it is contained H®-a.e. in a countable
union of s-dimensional C'*-submanifolds of R™. See also [MP] for other previous results
concerning the case s integer, and [Mat], [Tol], for the case s = 1.

It is interesting to compare the last theorem with well known results in geometric
measure theory due essentially to Marstrand [Mar| and Preiss [Pre]:

For 0 <s<m, let E CR™ be a set satisfying 0 < H*(E) < co. The density Oy, p(z)
exists for H*-almost every x € E if and only if s is integer and E is s-rectifiable.
Notice the analogies between this statement and the previous theorem.
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FIGURE 1. Example of the function ¢ for the values p = 1/4 and s = 6.

2. MAIN TOOLS

Given two different quantities a,b we use the notation a < b if there exists a fixed
constant C' > 0 satisfying a < Cb, with C' depending at most on m and s. If also b < a,
then we write a = b. Given z € R™ and r > 0, B(z,r) stands for the open ball of center
x and radius r, and 0°(x,r) := pu(B(z,r))/r® stands for the (average) s-dimensional
density of the ball B(z, 7). In the case x = 0 we write 6°(r) = 6°(0, 7). Throughout the
paper n will denote an integer satisfyingn < s <n-+1<m.

Given 0 < p < 1/2 small enough, which will be fixed below, consider a function
o € C?(0, 00) satisfying:

(i) (r) =rEtH2if 0 <r <1,
(i) p(r) ==L+ 1+p+ if 1+p* <r<1+p*+p,
(iif) supp(p) C [0,1+ p+ 207, [o(r)] < C, [¢'(r)] < 1/p and ["(r)] < C, for all
r > 0, where C, depends on p.
See fig. 1.
Given € > 0, consider the operator:

R, p(w) = /s@ <|$ — y|2) T duly) = /kw(af — y)du(y)-

c2 |Zl§' _y|8+1

Notice that k. is a kernel supported on B(0, 3¢) satisfying ||k, .|/ < C/e® and
[Vkeelloo < Clp) /™. (3)
Also observe that

/ T — / s
R () = / / P Wdt L du(y) = / & (t)R; ()t
o<t<lzgl? |z —y|

Using the fact that [ ¢/(t)dt < oo and sup..q |Riu(z)| < oo for p-almost all z € R™,
we conclude that if lim. o RZu(7) exists, then lim. o R, _p(x) also exists.
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Given Cy,rg,e0 >0 and 0 < § < 1, set
Fs :={z € R™: p(B(z,r)) < 207 (z)r® for all r < g,
|R, () — RS, p(x)| <6 for all e,¢" < gp, and 657 (2) < Co} (4)

If rg and €y are small enough and Cj is big enough, we have p(Fs) > 0. Also observe
that if z € Fj, for all r > 0,

u(B(z,r)) < Mr?, (5)
where M = max{2Cy, u(R™)/rs}.
Lemma 1. Suppose that 0 € Fs and let x € B(0,e/4), then:

RS () — R, p(0) = T (x) + E(x), (6)

2

|E(2)] < C16°(3¢)

g2’

where

1) = [
nd

1
‘y‘s—i-l

a

The constant Cy only depends on p (and also C,).

Proof. We will prove equality (6) as in [To3]. Applying Taylor’s formula to the function
g(t) = @(t)/tT/2 at a point ¢y > 0 we have

o) plh) | tod o) = (s Delto)/2 1 (1o
D2~ D)2 (532 o) ™9 5
0 0

for some ¢ € [t,ty]. Notice that if 0 < t < 1, then ¢(t)/t+V/2 = 1. Setting t =
|z — y|?/e? and to = |y|?/2, and multiplying by the vector (x — y) we get

. lz—yl?\ z-—y ., W\ -~y o P\ =
52 ‘x_y|8+l 52 ‘y‘s-l-l 52 |y|s+1

‘ 2

yPe (1) /22 = (s + 1) () 2,

+ |y|s+3 |LL"2—2SL’y)<SL’—y)
(o[> — 22 - y)?
P T2y

where &, , € [|x — y|*/e?, |y|?/£?]. Integrating with respect to y we obtain (6) with

E(z) = / Bz, y)duly),

where
1 vl [yl s+1 ly[? 2 2
Blo) = i | ! () = S5 (15 )| e = oy~ 260
(of? ~ 20 -y

+ 9" (Eary) (x —y) = Ei(2,y) + Ex(w,y).

268—"_5
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For ¢ = 1,2 consider the decomposition

[ Ete.aut) = ( /| L / /QSM) Ei(e,y)du(y) = A+ B,

Let us estimate E; first.
(a) If |y| < ¢/2, using that o(r) = rE+HD/2 for 0 < r < 1,

|y|2 / ‘yP S 1 ‘yP 0
thus 4; = 0.

(b) If |y| > £/2, we have

it (07 521 (lo?
g2 g2 2 g2

Since |z| < €/4, then ||z|?z — |z|*y — 2(x - y)z| < Cly||x|*. Moreover, recall that
supp(p) C [0,3]. As a consequence,

<C=0C().

2 1 s ‘ZI}'|2
|B1| < C|x| ——du(y) < CH (35)5—

e/2<|y|<3e |y|s+2 2
We now estimate F,. Recall that

Ey(w,y) = 9" (§ay)
with &, € [ly*/e* |2 — y|*/2?] and

oy TR ) = (s Drgl(r) + o)
g'(r) = r(5+5)/2 ‘

(Jz]* — 22 - y)*
2e4

(z —v),

Denote t = max{|y|, |x — y|}.
(a) If |y| <e/2, we have |, ,| <1 and thus |¢"({;,)| =0. So Ay = 0.

(b) If |y| > /2, we have &, , = E’—‘;, and so |¢" (&) < C(p)(e/|y])*™>. Moreover, if
ly| > 3¢, then |z —y| > 2¢ and so &,, > 4, which implies that ¢”({,,) = 0. On
the other hand,

(|2 = 22 - y)*(x — y)| < Cl(J2* + [|ly])*(|=] + [y))] < Cla?|yP.
Therefore,

s+5
mi<oll [ (2) "l Pduty)
e85 Jo ja<pyi<se \ 1Y

2 1 s ‘ZI}'|2
< Clz| du(y) < CH*(3¢)

Ja<lyl<se |Y1*T2 g2’

U

To prove theorem 1, we will find a ball with high average density and an n-dimensional
hyperplane L such that all the points in the ball are close to L. Estimating densities

from above and below, we will get a contradiction. We need the following auxiliary
result.
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Lemma 2. Suppose that p(B(xg,7) N Fs) > Cor® andn < s <n+1<m. Then there
exist a constant C3 > 0 depending on n, s, Cy and M (from the equation (5)), and n+ 2
points Yo, . . ., Yns1 € B(xg,r) N Fs such that for j=1,...,n+1

d(yj, Lj—1) > Csr, (8)
where L; stands for the j-dimensional hyperplane that contains yo, ..., Yy;

Proof. The proof of this lemma can be found in [DS] (chapter 5, p. 28). For completeness
we recall the arguments. We will use induction. Take 1 < j < n and suppose that there
exist yo,...,y; € B(xo,r) N Fj satisfying (8) and such that for all y € B(xg,r) N F,
denoting L; = (yo, - .-, Y;),

d(y,L;) <vr
with > 0 to be chosen below. Then B(zg,r) N Fj can be covered by C/v? balls with
radius vr, so using the polynomial growth of degree s of the measure,

M
Cor® < u(B(zg,7) N F5) < i—j(yr)s.

Taking v < C(Cy/M)Y=3) we get a contradiction. O

Below we will use the following notation. Given points o, . .., yx, the k-dimensional
hyperplane which contains these points is (yo, . .., yx). On the other hand, given vectors
uy, ..., ug, the subspace spanned by wuy,...,u; is denoted by [uq,...,ug]. So we have
(Yo, > yk) = Yo+ [y1 — Yo, -, Yk — Yo)-

Lemma 3. Suppose that p(B(zo,r) N Fs) > Cor® and r < €/20. Consider points
Yoy -+ > Ynt1 € B(xg, ) N Fs and hyperplanes Ly, . .., L,+1 satisfying (8), like in lemma
2 (in particular L, = (Yo, ..., Yn) and Lpi1 = (Yo, ., Ynt1)). Then we have
n+1 7”2
d(ynr1, Ln) U (90)| < Cu | D IR () — Ry (w0)| + 6° (vo, )5 | (9)
7j=1
where Cy depends on Cy and M, and denoting by 115, ., (2) the orthogonal projection of
z onto L1,

0t = [ e o (B0 (64 1) - o4 p Pl
+ay <|Z _52y0|2) |HL7L+1(Z2—?JO)\2]dM(z>.

€

Proof. Suppose without loss of generality that yo = 0. Consider orthonormal vectors

€1,...,ens1 such that Ly = [eq,...,ex] for k = 1,...,n + 1. Moreover, take e,,1 =

(Yn+1 — w)/|Yns1 — u|, where u denotes the orthogonal projection of y,.; onto L,.
Observe that, denoting 2y = z-¢; fori=1,...,n+1,

0~/ PR { ( zP) <<n+ 1) (s + 1>ZH @ )

YERPZ S~
+ 2¢p =) = du(z):ZT (er) - e
k=1
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To show (9), we will estimate U®(y,) from above using lemma 1. Let us prove it by
induction on k (k < n):
k

IT5(ex) - exl < IT(e)| S — 3 1T°(3)] (10)

J=1

For k =1 we write e; = y1/|y1|. Since |y1| = dist(y1,0) > Cr,
€ 1 13
[T5(e)] £ - IT*(0)]

Now suppose that equation (10) holds for k& — 1. There exist \;, \; € R, with A\, # 0,
such that

k—1 k-1
ex = Mgy + Z)\J% = Akyk + Z)‘ k
7j=1 j=1
and so
1 k—1 5\
J
Ye =€ — Q2 _ 1 6-
)\k -1 )\k !
Then,
1 .
SO

|)\k| S 1/’/“.
On the other hand, for j =1,...,k—1,

O:ek-ej:)\kyk-ej+5\j,

and so B
(Al = Ay - €] < C.

Finally,

k—1 1

T%(e0)] S 2T+ [ 32 T(ep)] S 5 3 170

J=1 J
Now, since u € L, = [e1,...,e,] there exist Ai,..., A\, with [\;| < Cr fori=1,...,n
such that u = Y7 | N;e;. Therefore,

1
dist(ypa1, Ln)

1 n
< — TE(y; Te . .
~ dist(yn11, Ln) <;| ()| + 1T (y +1)‘>

Applying lemma 1, since |y;| <7 for i =1,...,n+ 1, we finally have

T (ent1)| = T (Yns1) — T'(u)]

n+1 n+1 9
r
Us(0)| = E Te( E R, — R _(0)|+6°(3¢)— | .
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The following key lemma gives us a estimate from below of the term |U¢(yo)].

Lemma 4. Suppose that u(B(xg,r)) > Cor® and consider points yo, . . ., Ynr1 € B(zo, )N
Fs as in Lemma 3, and let e1 = r/7 with T < 1/4. If p > 0 is a constant small enough
(depending only on s), then there exists an wy = wo(T, s, p, M, Cy) > 1 such that we can
find an € > 0 satisfying &1 < & < woer, 0°(yo, 4e) < CO*(yo, ), 0%(yo,€) > Co7°/2, and

7 0°(yo,e)(n+1—s)
€ > .
U= (yo)| > 10 .

Remark 1. Notice that this lemma is useful only when s is non integer, that is when
n < s <n+ 1. This is one of the key steps of the proof of theorem 1, where there are
differences between the integer and the non integer case.

Proof of lemma 4. Clearly we may assume s # n+ 1. Also, we suppose that yo = 0. For
k > 0, let us denote

5= sup MBOH)

s
e1<t<dkeq t

Suppose that for all k > 0 we have &, < 0p11/(1 + p?/4). Then, since §y > Cp7%,
027'8(1 +,02/4)k S 5k S M,

which leads to contradiction for k big enough. Thus, there exists wy = wo(7, s, p, M, Cy) >
0 and there exists 1 < k < log, wp such that & > §1/(1 + p?/4). Take € € [e1, 4%¢]
such that &, < 0°(¢)(1 + p?/4). Then, 0°(e) > 7°u(B(xg,7))/(2r%) > Cy7%/2, and also
for all ¢t such that ¢ <t < 4¢ we have

p(B(0,1))

o) = I <y <51t 2 < O+ ), (11)
Given orthonormal vectors {e;}"*! such that [e1,...,eni1] = [Y1 — Yo, - - Ynt1 — Yo], We
denote
n+l 9 n+l _2
1 | 2|2 PRy (i) (1212 2t 2
ge(z)zwlSO(?) ((n+1)—(5+1)T +2¢ =)= |
where z(; = 2 - ¢;. Consider the following domains:

o A :={zeR™:|z| < ¢},

o Ay :={zeR™:e < |z <ey/1+4 p?},

o A3 :={z€R™:e\/1+4p2 <|z| <ev/1+4p+ p?},

o Ay ={2€R":e\/1+p+p?<|z| <ey/1+p+2p%}.
Then,

4

Ua((]) = Z/A ga(z)du(z) = Il + [2 + [3 + I4 > ]1 — |[2| — |[3| — |I4|

1=1 i
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First we consider I:

1 1 PIVAEEZN nt1
I = ot /|Z|<€ 2]+ [MSH ((n+ 1) —(s+ 1)T2J> + (s + )|z~ Zz(] ] du(z)

n+1 _ (n+1)0°(e)
= /||<6 du(z) = ———=.

63—1—1 e

Now we estimate [ using the fact that for all » > 0, |¢o(r)| < C and |[¢'(r)] < 1/p:

p(BUO.(1+ 207)\B(0,2) < 0T (“ i pz)g 207 %) |

|| < C

So, if p is small enough,
(n+1—s)0° )
10e
Let us deal with I3. Recall that in Aj, |¢ ( )\ = |- —i— 14+p+ 1| < 1 and

| ’(| B = —. Using that for z € As, Z:H_llz() € (1+P+P ) and [2[* > £2(1 + p?),

we obtain
n+l 9
Py 10!

1
] <
'3'—/ EEa BE

< (n+s5+2)u(As) L+p+p*  2u(A3)
= e (14 p2) D2 T e (1 4 p2) 02
Observe that, by (11), we have

MO < L (WBO.evTF 0+ PNB(.)
0(e)

€

|| <

n+l 2
Py 0
22

2
plz]st

(n+1)—(s+1) du(z)

=1 + 1.

IA

(L+p) (1 +p+p)? —1).

So
(n+1—s)0%)
10e ’
provided by p is small enough. On the other hand, by (11) again,

) < 2 ((B0,e\TF T ANBO.2)

|13] <

esp esp
< 26;<5><<1+p><¢1 )

2(1+p+p?)*/2 -1

P = s, we deduce

s6°(¢) N (n+1—135)0%C)
10e ’

Since lim,_o

5] <
for p small enough.
Using similar arguments to the ones used to estimate |I5| and |I3] we deduce that
(n+1—15)0%e)
10e ’

|L] <
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for p small enough.
We conclude that

€ 93(5) 3 . g
Us(0) > . <+1—s—1—0(n+1—3))—1—0 ,

so taking p small enough we are done. U

Remark 2. In the proof of the preceding lemma the special form of the function ¢ plays
an important role. The choice of this function is one of the key points in our arguments.

In the following lemma we are strongly using the hypothesis that lim._ R;Eu(:c)
exists p-a.e.

Lemma 5. Given 0 < § < 1/4, z9p € R™ and r > 0. If e,r/§ < ey, then for all
x,z € B(xg,r) N Fs we have

|Rgp e:u( ) pr,e:u(zﬂ < 0657
with Cg depending on p, s and M.

Proof. Take x, z € B(x,r)NFs and denote n = r/é. By (3) and using that B(z, 3n), B(z,3n) C

B(x07477)7
|Rgp nlu( T) — nlu z)| < / |k<p77 - kcp,n(z —y)ldu(y) < |z — x|||Vkso7n||ooU(B(x0>477))
< M C(p) M.
n

Now, since z, z € Fj,

RS u(2) — R u(2)| < R u(w) — B pu(0)] + B, () — RS u()|
R (2) — B ou(2)| < C6.

3. PROOF OF THEOREM 1

Let 0 < 6,7 < 1/4 to be chosen below and p and wy = wy(T, p) as in lemma 4. Consider
the modified Riesz transform R, . depending on p. Suppose that s is non integer, and
son <s<n+1<m. Let xyg € F5 be a density point of Fj with respect to . Replacing
by /057 (o) if necessary, we may assume that 0%*(zg) = 1. Take

r < 07" Jwy such that u(B(xg,r) N Fs) > 1°/2. (12)

Applying lemma 2 we can find n + 2 points yo, . .., ynr1 € B(xo,r) N Fs such that
dist(yg, Lg—1) > Crfor k=1,...,n+1, (13)
where L stands for the k-dimensional hyperplane that contains o, ...,y and C' de-

pends on s,m, 0,(zo) and the constant M in (5) (which, in its turn, depends on the
constants 79 and Cp in the definition of Fs in (4), but not on g¢!). Without loss of
generality we suppose that yy = 0. Taking

g1 =r/T,
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by lemma 4, we can find € > 0 such that

g1 <€ < weeq, (14)
U=(0)] = C8(e) /e, (15)
and
0°(e) > C7° and 6°(4e) < CO°(e). (16)
If we take

§ =152/ w,
(notice that wy is a large number, and so if 7 is small enough, § < 1/4), then we have
T

5 < gy by (12),
and
wor g2
e wye = —< < £p.
T T
By (13) and (15), and lemmas 3 and 5, we obtain
2
0% (2)r < e|U=(0)|dist (ynr1, L) < €6 + 98(35)% (17)
By the definition of § and ¢y, and by (14) and (16), we get
,7_s+2
£0 < woer—— = 17 < rf3(e)r,
Wo

and by (14) and (16), and the definition of &,

2 2
0°(3e)— S 0°(e)— = 0°(e) .
3 &1
Thus, by (17),
0°(e)r < 10°(e)r. (18)

Finally, taking 7 small enough we get a contradiction.
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