BILIPSCHITZ MAPS, ANALYTIC CAPACITY, AND THE
CAUCHY INTEGRAL

XAVIER TOLSA

ABSTRACT. Let ¢ : C — C be a bilipschitz map. We prove that if
E C Cis compact, and y(FE), a(E) stand for its analytic and continuous
analytic capacity respectively, then C™'y(E) < v(¢(E)) < Cy(FE) and
C7'a(E) < a(p(E)) < Ca(E), where C depends only on the bilipschitz
constant of ¢. Further, we show that if ;4 is a Radon measure on C and
the Cauchy transform is bounded on L?(y), then the Cauchy transform
is also bounded on L?(psu), where oy is the image measure of u by ¢.
To obtain these results, we estimate the curvature of pyu by means of a
corona type decomposition.

1. INTRODUCTION

A compact set £ C C is said to be removable for bounded analytic func-
tions if for any open set ) containing F, every bounded function analytic
on 2\ F has an analytic extension to Q. In order to study removability,
in the 1940’s Ahlfors [Ah] introduced the notion of analytic capacity. The
analytic capacity of a compact set £ C C is

Y(E) = sup | f'(c0)],

where the supremum is taken over all analytic functions f : C\ E—C with
|f]<1lon C\ E, and f'(c0) = lim,_o0 2(f(2) — f(0)).

In [Ah], Ahlfors proved that E is removable for bounded analytic functions
if and only if v(E) = 0.

Painlevé’s problem consists of characterizing removable singularities for
bounded analytic functions in a metric/geometric way. By Ahlfors’ result
this is equivalent to describing compact sets with positive analytic capacity
in metric/geometric terms.

Vitushkin in the 1950’s and 1960’s showed that analytic capacity plays
a central role in problems of uniform rational approximation on compact
sets of the complex plane. Further, he introduced the continuous analytic
capacity «, defined as

a(E) = sup|f'(c0)],

Date: July 2004.

Partially supported by the program Ramén y Cajal (Spain) and by grants BFM2000-
0361 and MTM2004-00519 (Spain), 2001-SGR-00431 (Generalitat de Catalunya), and
HPRN-2000-0116 (European Union).

1



2 XAVIER TOLSA

where the supremum is taken over all continuous functions f : C—C which
are analytic on C \ F, and uniformly bounded by 1 on C. Many results
obtained by Vitushkin in connection with uniform rational approximation
are stated in terms of a and 7. See [Vi], for example.

Until quite recently it was not known if removability is preserved by an
affine map such as ¢(z,y) = (z,2y) (with z,y € R). From the results
of [To3] (see Theorem A below) it easily follows that this is true even for
C'*¢ diffeomorphisms. In the present paper we show that this also holds
for bilipschitz maps. Remember that a map ¢ : C—C is bilipschitz if it is
bijective and there exists some constant L > 0 such that

L7z —w| < [p(2) = p(w)| < L|z = wl
for all z,w € C. The precise result that we will prove is the following.

Theorem 1.1. Let E C C be a compact set and ¢ : C — C a bilipschitz
map. There exists a positive constants C depending only on ¢ such that

(1.1) C™y(E) <7(p(E)) < CH(E)
and
(1.2) Ca(E) < ale(E)) < Ca(E).

As far as we know, the question on the behaviour of analytic capacity
under bilipschitz maps was first raised by Verdera [Vel, p.435]. See also
[Pa, p.113] for a more recent reference to the problem.

At first glance, the results stated in Theorem 1.1 may seem surprising,
since f and f o ¢ are rarely both analytic simultaneously. However, by
the results of G. David [Dal], it turns out that if E is compact with finite
length (i.e. H!(E) < oo, where H! stands for the 1-dimensional Hausdorff
measure), then v(E) > 0 if and only if v(¢(E)) > 0. Moreover, Garnett and
Verdera [GV] proved recently that v(E) and v(¢(F)) are comparable for a
large class of Cantor sets E which may have non o-finite length.

Let us remark that the assumption that ¢ is bilipschitz in Theorem 1.1 is
necessary for (1.1) or (1.2) to hold. The precise statement reads as follows.

Proposition 1.2. Let ¢ : C—C be a homemorphism such that either (1.1)
holds for all compact sets E C C, or (1.2) holds for all compact sets E C C
(in both cases with C independent of E). Then ¢ is bilipschitz.

We introduce now some additional notation. A positive Radon measure
1 is said to have linear growth if there exists some constant C' such that
w(B(x,r)) < Cr for all x € C, r > 0. The linear density of p at x € C is (if
it exists)

B(x,r
Ou(x) = lim M((TD

Given three pairwise different points x,y, z € C, their Menger curvature

is
1

C(may7z) = Wa
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where R(z,y,z) is the radius of the circumference passing through z,y, z
(with R(z,y,2) = oo, c¢(x,y,z) = 0 if z,y,z lie on a same line). If two
among these points coincide, we set ¢(z,y,2z) = 0. For a positive Radon
measure p, we define the curvature of p as

(1.3) ) = [ [ [ etwv 2 dut@anto)antz).

The notion of curvature of measures was introduced by Melnikov [Me] when
he was studying a discrete version of analytic capacity, and it is one of the
ideas which is responsible of the recent advances in connection with analytic
capacity.

Given a complex Radon measure v on C, the Cauchy transform of v is

1
Cv(z) = dv(§).
()= [ )
This definition does not make sense, in general, for z € supp(v), although
one can easily see that the integral above is convergent at a.e. z € C (with
respect to Lebesgue measure). This is the reason why one considers the
e-truncated Cauchy transform of v, which is defined as

Cov(z) = /|e L (o),

—z|>e §—z

for any ¢ > 0 and z € C. Given a pu-measurable function f on C (where p
is some fixed positive Radon measure on C), we write C,f = C(fdu) and
Cuef = C(fdp) for any € > 0. It is said that the Cauchy transform is
bounded on L?(y) if the operators C,, . are bounded on L?(p) uniformly on
e>0.

The relationship between the Cauchy transform and curvature of mea-
sures was found by Melnikov and Verdera [MV]. They proved that if p has
linear growth, then

(1.4) ICetl3ay = 200 + O(u(©)),

where c2(u) is an e-truncated version of ¢?(u) (defined as in the right hand

side of (1.3), but with the triple integral over {z,y,z € C: |z—y|, |y—z|, |z —
z| > e}). Moreover, there is also a strong connection (see [Pa]) between the
notion of curvature of measures and the §’s from Jones’ travelling salesman
theorem [Jo]. The relationship with Favard length is an open problem (see
Section 6 of the excellent survey paper [Matt], for example).

The proof of Theorem 1.1, as well as the one of the result of Garnett
and Verdera [GV], use the following characterization of analytic capacity in
terms of curvature of measures obtained recently by the author.

Theorem A ([To3]). For any compact E C C we have

Y(E) ~ sup u(E),
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where the supremum is taken over all Borel measures . supported on E such
that u(B(z,7)) <7 forallz € E, 7> 0 and ¢*(n) < u(E).

The notation A ~ B in the theorem means that there exists an absolute
constant C' > 0 such that C~'A < B < CA.
The corresponding result for « is the following.

Theorem B ([Tod]). For any compact E C C we have
a(E) ~ sup u(E),

where the supremum is taken over the Borel measures p supported on E
such that ©,(x) =0 for all x € E, n(B(x,r)) <r for allz € E, r >0, and

A(p) < p(E).

Although the notion of curvature of a measure has a definite geometric
flavor, it is not clear if the characterizations of v and « in Theorems A and
B can be considered as purely metric/geometric. Nevertheless, Theorem 1.1
asserts that v and « have a metric nature, in a sense.

Theorem 1.1 is a direct consequence of next result and Theorems A and
B.

Theorem 1.3. Let p be a Radon measure supported on a compact E C C,
such that u(B(z,7)) <7 forallx € E, v > 0 and c*(n) < 0o. Let o : C — C
be a bilipschitz mapping. There exists a positive constant C depending only
on ¢ such that

) < C(u(E) + ().

In the inequality above, oy stands for the image measure of p by ¢.
That is to say, pyu(A) = u(p~'(A)) for A C C.

We will prove Theorem 1.3 using a corona type decomposition, analogous
to the one used by David and Semmes in [DS1] and [DS2] for AD regular
sets (i.e. for sets E such that H'(ENB(z,r)) ~r forallx € E, r > 0). The
ideas go back to Carleson’s corona construction. See [AHMTT] for a recent
survey on similar techniques. In our situation, the measures p that we will
consider do not satisfy any doubling or homogeneity condition. This fact is
responsible for most of the technical difficulties that appear in the proof of
Theorem 1.3.

By the relationship (1.4) between curvature and the Cauchy integral, the
results in [Tol] (or in [NTV]), and Theorem 1.3, we also deduce next result.

Theorem 1.4. Let ¢ : C—C be a bilipschitz map and p a Radon measure
on C without atoms. Set o = pyu. If C, is bounded on L?(p), then Cy is
bounded on L*(o).

Notice that the theorem by Coifman, McIntosh and Meyer [CMM] con-
cerning the L? boundedness of the Cauchy transform on Lipschitz graphs
(with respect to arc length measure) can be considered as a particular case
of Theorem 1.4. Indeed, if x +— A(x) defines a Lipschitz graph on C, then
the map ¢(z,y) = (z,y + A(z)) is bilipschitz. Since ¢ sends the real line
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to the Lipschitz graph defined by A and the Cauchy transform is bounded
on L?(dz) on the real line (because it coincides with the Hilbert transform),
from Theorem 1.4 we infer that it is also bounded on the Lipschitz graph.

The plan of the paper is the following. In Section 2 we prove (the easy)
Proposition 1.2 and we introduce additional notation and definitions. The
rest of the paper is devoted to the proof of Theorem 1.3, which we have
split into two main lemmas. The first one, Main Lemma 3.1, deals with
the construction of a suitable corona type decomposition of E, and it is
proved in Sections 3—7. The second one, Main Lemma 8.1, is proved in
Section 8, and it shows how one can estimate the curvature of a measure by
means of a corona type decomposition. So the proof of Theorem 1.3 works
as follows. In Main Lemma 3.1 we construct a corona type decomposition
of E, which is stable under bilipschitz maps. That is to say, ¢ sends the
corona decomposition of E (perhaps we should say of the pair (E,u)) to
another corona decomposition of ¢(E) (i.e. of the pair (¢(E), ¢41)). Then,
Main Lemma 8.1 yields the required estimates for ¢?(pyu).

2. PRELIMINARIES

2.1. Proof of Proposition 1.2. Let ¢ : C—C be a homeomorphism and
suppose that v(p(F)) ~ v(FE) for all compact sets E C C. Given z,y € C,
consider the segment E = [z,y]. Then ¢(FE) is a curve and its analytic
capacity is comparable to its diameter. Thus,

[p(x) = p(y)| < diam(p(E)) = (p(E)) ~(E) ~ [z —yl.

The converse inequality, |z — y| S |p(z) — ¢(y)|, follows by application of
the previous argument to 30_1.

If instead of v(p(E)) ~ v(FE) we assume now that a(p(E)) ~ «a(F) for
all compact sets F, a similar argument works. For example, given z,y € C,
one can take F to be the closed ball centered at x with radius 2|z — y|, and
then one can argue as above. O

2.2. Two remarks. There are bijections ¢ : C—C such that v(p(E)) ~
v(F) and a(e(E)) ~ a(F) for any compact £ C C which are not home-
omorphisms. For example, set ¢(z) = z if Re(z) > 0 and ¢(z) = z + i
if Re(z) < 0. Using the semiadditivity of v and « one easily sees that
V(@ (E)) = A(E) and a(p(E)) = a(E).

If the map ¢ : C—C is assumed to be only Lipschitz, then none of
the inequalities y(p(F)) 2 v(E) or v(p(E)) < v(F) holds, in general. To
check this, for the first inequality consider a constant map and F arbitrary
with v(E) > 0. For the second inequality, one one only has to take into
account that there are purely unrectifiable sets with finite length which
project orthogonally onto a segment (with positive length) in some direction.

2.3. Additional notation and definitions. An Ahlfors-David regular curve
(or AD regular curve) is a curve I' such that HY(T'N B(z,r)) < Csr for all
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xz €T, r >0, and some fixed C3 > 0. If we want to specify the constant Cs,
we will say that ' is “C3-AD regular”.
In connection with the definition of ¢?(u), we also set

- / / (2., 2)? du(y)da(2).

Thus we have ¢? f c . If A C Cis py-measurable, we write

ci<x,y,A> - /A c<x,y,z>2du<z>, 2y eC,

and, if A, B,C C C are u-measurable,
S AB) = [ [ ey Pdutan),  wec,
AJB

2(A, B,C) /// (. 2)2dpu(@)dpu(y)dp(2).

The curvature operator K, is

Ku(Hw) = [l )i @idu(w). € C.f € Ly (o)

where k,(x,y) is the kernel

k() = / e(x,y,2)%du(z) = A(z,y,C), 7,y €C.

For j € Z, the truncated operators K, j, j € Z, are defined as

Kugf@) = | R f0du), v C.f e Llp)

In the paper, by a square we mean a square with sides parallel to the
axes. Moreover, we assume the squares to be half closed - half open. The
side length of a square @ is denoted by £(Q). Given a square @ and a > 0, a@)
denotes the square concentric with @ with side length af(Q). The average
(linear) density of a Radon measure p on @ is

_ Q)

A square @ C C is called 4-dyadic if it is of the form [j27", (j+4)27") x
[k27", (k +4)27"), with j,k,n € Z. So a 4-dyadic square with side length
4-27" is made up of 16 dyadic squares with side length 27". We will work
quite often with 4-dyadic squares. All our arguments would also work with
other variants of this type of squares, such as squares 5Q with @) dyadic, say.
However, our choice of 4-dyadic squares has some advantages. For example,
if @ is 4-dyadic, %Q is another square made up of 4 dyadic squares, and
some calculations may be a little simpler.

Given a square () (which may be non dyadic) with side length 27", we
denote J(Q) := n. Given a,b > 1, we say that @ is (a,b)-doubling if

and
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w(a®) < bu(Q). If we don’t want to specify the constant b, we say that @
is a-doubling.

Remark 2.1. If b > a2, then it easily follows that for p-a.e. =z € C
there exists a sequence of (a, b)-doubling squares {Q,, }, centered at x with
(Qn) — 0 (and with £(Q,,) = 2% for some k,, € Z if necessary).

As usual, in the paper the letter ‘C” stands for an absolute constant which
may change its value at different occurrences. On the other hand, constants
with subscripts, such as (', retain their value at different occurrences. The
notation A < B means that there is a positive absolute constant C' such
that A < CB. So A ~ B is equivalent to A < B < A.

3. THE CORONA DECOMPOSITION

This section deals with the corona construction. In next lemma we will
introduce a family Top(FE) of 4-dyadic squares (the top squares) satisfying
some precise properties. Given any square ) € Top(E), we denote by
Stop(Q) the subfamily of the squares P € Top(F) satisfying

(a) PN3Q # 2,
(b) ((P) < L0(Q),
(c) P is maximal, in the sense that there doesn’t exist another square
P’ € Top(FE) satisfying (a) and (b) which contains P.

We also denote by Z(u) the set of points € C such that there does not
exist a sequence of (70,5000)-doubling squares {Q,}, centered at = with
£(Qn) — 0 as n — oo, so that moreover £(Q,,) = 2~*» for some k,, € Z. By
the preceding remark we have u(Z(u)) = 0.

The set of good points for @ is defined as

G(Q) =3Qnsupp(u) \ [Zwu ) P|.

PeStop(Q)
Given two squares Q C R, we set
1
@R = [ duly),
: Ro\Q ’y - .fL'Q’

where z¢ stands for the center of (), and R is the smallest square concentric
with ) that contains R.

Main Lemma 3.1 (The corona decomposition). Let o be a Radon measure
supported on E C C such that u(B(z,r)) < Cor for all z € C,r > 0 and
() < oo. There exists a family Top(E) of 4-dyadic (16,5000)-doubling
squares (called top squares) which satisfy the packing condition

(3.1) S 0u(Q)%u(Q) < C(u(E) + (),
QETop(E)

and such that for each square Q € Top(E) there exists a C3-AD regular
curve I'q such that:
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(a) G(Q) € Te. )
(b) For each P € Stop(Q) there exists some square P containing P such
that 6,(P, P) < C0,(Q) and PNTq # @.
(c) If P is a square with {(P) < £(Q) such that either PN G(Q) # @
or there is another square P’ € Stop(Q) such that PN P’ # & and
UP') < U(P), then ju(P) < C 0,(Q) (P).
Moreover, Top(E) contains some 4-dyadic square Ry such that E C Ry.

Notice that the AD regularity constant of the curves I'g in the lemma is
uniformly bounded above by the constant Cj.

In Subsections 3.1, 3.2 and 3.3 we explain how the 4-dyadic squares in
Top(E) are chosen. Section 4 deals with the construction of the curves I'g.
The packing condition (3.1) is proved in Sections 5—7

The squares in Top(F) are obtained by stopping time arguments. The first
step consists of choosing a family Topy(£) which is a kind of pre-selection
of the 4-dyadic squares which are candidates to be in Top(F). In the second
step, some unnecessary squares in Top,(F) are eliminated. The remaining
family of squares is Top(F).

3.1. Pre-selection of the top squares. To prove the Main Lemma 3.1,
we will assume that E is contained in a dyadic square with side length
comparable to diam(FE). It easy to check that the lemma follows from this
particular case.

All the squares in Topy(E) will be chosen to be (16, 5000)-doubling. We
define the family Topy(F) by induction. Let Ry be a 4-dyadic square with
{(Rp) ~ diam(FE) such that E is contained in one of the four dyadic squares
in $Ry with side length ¢(Rg)/4. Then, we set Ry € Topy(E). Suppose
now that we have already decided that some squares belong to Top(E). If
@ is one of them, then it generates a (finite or countable) family of “bad”
(16,5000)-doubling 4-dyadic squares, called Bad(Q). We will explain pre-
cisely below how this family is constructed. For the moment, let us say that
if P € Bad(Q), then P C 4Q and ¢(P) < ¢(Q)/8. One should think that, in
a sense, supp(,u|3Q) can be well approximated by a “nice” curve I'g up to
the scale of the squares in Bad(@). All the squares in Bad(Q) become also
elements of the family Topy(E).

In other words, we start the construction of Topy(E) by Ry. The next
squares that we choose as elements of Topy(E) are the squares from the
family Bad(Rp). And the following ones are the ones generated as bad
squares of some square which is already in Bad(Ry), and so on. The family
Topy(E) is at most countable. Moreover, in this process of generation of
squares of Topy(E), a priori, it may happen that some bad square P is
generated by two different squares Q1, Q2 € Topy(E) (i.e. P € Bad(Q1) N
Bad(Q2)). We don’t care about this fact.

3.2. The family Bad(R). Let R be some fixed (16, 5000)-doubling 4-dyadic
square. We will show now how we construct Bad(R). Roughly speaking, a
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square ) with center in 3R and ¢(Q) < ¢(R)/32 is not good (we prefer to
reserve the terminology “bad” for the final choice) for the approximation of
w3r by an Ahlfors regular curve I'g if either:
(a) 0,(Q) > 0,(R) (i.e. too high density),or
(b) K, 1@)+10XE(T) — K, j(r)—aXE() is too big for “many” points x €
Q@ (i.e. too high curvature), or
(c) 0,(Q) < 0u(R) (i-e. too low density).

A first attempt to construct Bad(R) might consist of choosing some kind
of maximal family of squares satisfying (a), (b) or (c). However, we want
the squares from Bad(R) to be doubling, and so the arguments for the
construction will become somewhat more involved.

Let A > 0 be some big constant (to be chosen below, in Subsection 5.2),
d > 0 some small constant (which will be fixed in Section 7, and depends on
A, besides other things), and €9 > 0 another small constant (to be chosen
also in Section 7, depending on A and ¢). Let @ be some (70, 5000)-doubling
square centered at some point in 3RNsupp(u), with £(Q) = 27"4(R), n > 5.
We introduce the following notation:

(a) If 6,(Q) > Ab,(R), then we write Q € HD.o(R) (high density).
(b) If @ ¢ HDo(R) and

1
w{z € Q: K, yqyr10Xe(®) — K, jry—axe(x) > cobu(R)*} > 5#(@)7

then we set Q € HC,o(R) (high curvature).

(c) f Q € HD.o(R)U HC.o(R) and there exists some square Sg such
that Q C 1550, with £(Sg) < ¢(R)/8 and 6,,(Sg) < 60,(R), then
we set Q € LD, o(R) (low density).

The subindex ¢ in HD.o, LD.g, and HC.q refers to the fact that these
families contain squares whose centers belong to supp(u).

For each point x € 3R N supp(x) which belongs to some square from
HD.o(R)JHC.o(R)JLD,.o(R) consider the largest square Q, € HD,o(R)U
HC.o(R) U LD.o(R) which contains z. Let Q. be a 4-dyadic square with
side length 44(Q,) such that Qx 2@x Now we apply Besicovitch’s cover-
ing theorem to the family {Q:L«}:D (notice that this theorem can be applied

because x € 2Q,c) and we obtain a family of 4-dyadic squares {QI }i with
finite overlap such that the union of the squares from HD.(R)UHC.o(R)U

LD.o(R) is contained (as a set in C) in |, sz We define

Bad(R) := {Qu, ).

If Qz, € HD.o(R), then we write @% € HDy(R), and analogously with
HC.o(R), LD.o(R) and HCy(R), LDy(R).

Remark 3.2. The constants that we denote by C' (with or without subindex)
in the rest of the proof of Main Lemma 3.1 do not depend on A, §, or &g,
unless stated otherwise.
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In the next two lemmas we show some properties fulfilled by the family
Bad(R).
Lemma 3.3. Given R € Topy(E), the following properties hold for every
Q € Bad(R):
(a) Q is (16,5000)-doubling and 3Q is (32,5000)-doubling.
(b) If @ € HDy(R), then 6,(Q) 2 Ab,(R).
(c) IfQ € HCy(R), then

p{x € Q K, 10)+12XE(®) — K, j(r)—axE(®) = C 208, (R)*} 2 SH(@

(d) If Q € LDy(R), then there exists some square Sqg such that @ C
%SQ, 0(Sg) < L(R)/8, with 6,(Sq) S d6,(R).

Proof. The doubling properties of ) and %Q follow easily. Let x € 3R N
supp(u) be such that @ = @x, using the notation above. Since %Qx D @,
Q. is (70, 5000)-doubling, and 70Q, D 16Q,, we get

W(@r) > 1(300) > 1(Qr) > o p(T0Qs) > —i(160,).

— 5000 — 5000
The statements (b), (¢) and (d) are a direct consequence of the definitions
and of the fact that 6,(Q,) ~ 0,(Qx). O

Lemma 3.4. Given R € Topy(E), the following properties hold for every
Q@ € Bad(R):
(a) If P is a square such that PN Q # & and £(Q) < ¢(P) < {(R), then
pu(P) < C4A0,(R) L(P).

(b) If P is a square concentric with Q, {(P) < {(R)/8, and 6,(Q, P) >
C5A0,,(R) (where Cs > 0 is big enough), then

(3.2) p(P) > 60,(R)E(P)
and
(3:3) K, ypyr1oxe(®) — K, jmy—axe(z) S A%0,(R)?>  for allz € P.

Before proving the lemma we recall the following result, whose proof fol-
lows by standard arguments (see [Tol, Lemma 2.4]).

Lemma 3.5. Let x,y, 2z € C be three pairwise different points, and let 2’ € C
be such that Cg |z —y| < |2’ —y| < Cg|lz —y|. Then,
|z — 2|

/
c(x,y,z) —clx,y,z)| < (4+2C) ————.

Proof of Lemma 3.4. Let x € 3R Nsupp(p) be such that Q = @w, using the
notation above.
Let us prove (a). If /(R)/8 < ¢(P) < {(R), then
0

p(P) < p(5R) S p(R) = 0, (R)UR) < 0, (R)E(P).
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If P is of the form 2"Q,, n > 1, with ¢(P) < ¢(R)/8, and P is (70,5000)-
doubling, then
M(Qan) = 9#(2an) €(2nQr) < Aeu(R)€(2an)7

by the definition of Q). If P is of the same type but it is not doubling, then
we take the smallest (70, 5000)-doubling square P :=2m(Q, such that P C P
and ¢(P) < {(R)/8, in case that it exists. If all the squares 2"(), containing
P with £(2™Q) < ((R)/8 are non (70,5000)-doubling, we set P := 2MQ,,
with m such that ¢(P) = ¢(R)/8. In any case we have

0u(P) < 0,(2P) < 0,(2°P) < - < 0,(P) < CA,(R).

The statement (a) for an arbitrary square P such that P N @m # @ and
0(Q.) < {(P) < U(R) follows easily from the preceding instances.

Now we turn our attention to (b). Let P D @ be a square concentric
with @ such that ¢(P) < ¢(R)/8 and §,(Q,P) > C5A0,(R). It is easy to
check (by estimates analogous to the ones of [To2, Lemma 2.1]) that if C5 is
chosen big enough, then there exists some (70,5000)-doubling square 2"Q),
such that 2Q) C 2"Q, C WIOP. Then 2"Q, & LD.o(R), and by construction
0,(P) > 50,(R).

On the other hand, also by construction, there exists some y € 2@, such
that

K 1p)y+12XE(Y) — Kur)—2XE(Y)
< K, j@0Qu)+12XE(Y) — Ky yr)—aXxe(y) < EOGM(R)Q'

Then, for any = € P,

(3.4)
Ky, 1(p)+12XE(T) — Ky j(r)—2XE(T)

— / / (a1, 2)? du(t)dp()
2-124(P)<|z—t|<4(R)

< f cly.t,2)? du(t)dp(2)
2-12¢( P)<|e—t|<4¢(R)
2
+ 2// clx,t,z) —c(y,t,2)| du(t)du(z) =: 211 + 215.
2-12¢( P)<|e—t|<4¢(R)

We have

I = K, jpyr12XEW) — K, p(ry—axe(y) < 0bu(R)>.

To estimate Is notice that by Lemma 3.5,

S S

2
clerta) —etwt2)] S max(z(p)2’ o — 1P o — 22
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Integrating this inequality over {(t,z) € C? : 2712¢(P) < |z —t| < 4¢(R)}
(dividing C into annuli, for example), one easily gets

p(AP N 16R)\? ) )
L < gne 2) <4 .
o< () A0

Summing the estimates for I; and I, (3.3) follows. O

3.3. Elimination of unnecessary squares from Topy(E). Some of the
bad squares generated by each square R € Topy(E) may not be contained in
R. This fact may cause troubles when we try to prove a packing condition
such as (3.1) (because of the possible superposition of squares coming from
different R’s in Topy(E)). The class Top(E) that we are going to construct
will be a refined version of Top,(E), where some unnecessary squares will
be eliminated.

Let us introduce some notation first. We say that a square @) € Topy(E)
is descendant of another square R € Topy(E) if there is a chain R =
Q1, Q2,...,Qn = Q, with Q; € Topy(E) such that Q;+1 € Bad(Q;) for
each i. Observe that, in principle, some square ) may be descendant of
more than one square R. Then, in the below algorithm of elimination, @
must be counted with multiplicity (so that @ is completely eliminated if it
has been eliminated m times, where m is the multiplicity of @, etc.)

Let us describe the algorithm for constructing Top(E). We have to decide
when any square in Topy(E) belongs to Top(E). We follow an induction
procedure of elimination. A square in Topy(E) that during the algorithm
we decide that belongs to Top(E) is said to be “chosen for Top(E)”. If we
decide that it will not belong to Top(E) (i.e. we eliminate it), we say that
it is “unnecessary”. If we have not decided already if it is either chosen for
Top(F) or unnecessary, we say that it is “available”. We start with all the
squares in Topy(E) being available, and at each step of the algorithm some
squares become chosen for Top(F) and others, unnecessary.

Let Rg be the 4-dyadic square containing F defined at the beginning of
Subsection 3.1. We start by choosing Ry for Top(E). Let R; be (one of)
the square(s) from Bad(Ry) with maximal side length. We choose R; for
Top(F) too. Next, we choose for Top(F) (one of) the available square(s)
Ry € Topy(F) with maximal side length. At this point, some available
squares in Topy(E) may become unnecessary. First, these are the squares
Q@ with @ € Bad(R) for some R € Topy(E) such that () C Ry and ¢(R2) <
¢(R)/8 (notice that this implies that either R = Ry or R = R;). Also, all the
squares which are descendant of unnecessary squares become unnecessary.

Suppose now that we have chosen Ry, Ri,...,Rr_1 for Top(FE), with
U(Ro) > ¢(Ry) > -+ > ¢(Rk_1), and that the available squares in Top,(E)
have side length < ((Ry_1). Let Ry be (one of) the awvailable square(s)
in Topy(F) with maximal side length. We choose Ry for Top(E). The
squares that become unnecessary are those available squares ) such that
Q@ € Bad(R) for some R € Topy(E) with Q C Ry and ¢(Ry) < ¢(R)/8 (this
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implies that R coincides with one of the squares Ry,..., Rp_1). Again, all
the squares which are descendant of unnecessary squares become unneces-
sary too.

It is easily seen that following this algorithm one will decide if any square
in Topy(E) is unnecessary or chosen for Top(F). Notice that the squares @ €
Bad(R) which are eliminated after choosing R}, are the ones such that Ry
becomes an “intermediate” square (in a sense) between () and its generator R
[i.e. the square R € Topy(E) such that @ € Bad(R)], as well as descendants
of already eliminated squares. Moreover, if a square () has been eliminated
but its generator R has been chosen for Top(E), it means that there is
another chosen square @)’ € Top(E) which contains @, with £(Q") < ¢(R)/8.
Thus, if R € Top(E), then

(3.5) U ecye.

QeBad(R)

where the union on the right side is over the squares Q' € Top(E) such that
there exists @ € Bad(R) contained in Q" and £(Q") < ¢(R)/8.

Remember the definition of Stop(R), for R € Top(E), given at the begin-
ning of Section 3. Notice that Bad(R) N Top(E) C Stop(R). Of course, the
opposite inclusion is false in general. By (3.5), we also have

U ec U «
QeBad(R) Q'€Stop(R)
Given R € Top(F) and @ € Stop(R), we write @ € HD(R) if there exists
some R’ € Top(F) such that @ € Bad(R') N HD(R'). Analogously with
LD(R) and HC(R).

Remark 3.6. Let us insist again on the following fact: for any R € Top(E),
if @ € Bad(R), then either @ € Stop(R) or otherwise there is some Q' €
Stop(R) such that Q' D Q.

Remark 3.7. Changing constants if necessary, the properties (a) and (b)
of Lemma 3.4 also hold if instead of assuming @) € Bad(R), we suppose that
Q@ € Stop(R). This is due to the fact that, with the new assumption @ €
Stop(R), the squares P considered in Lemma 3.4 (a), (b) will be, roughly
speaking, a subset of the corresponding squares P with the assumption
Q@ € Bad(R), because of the preceding remark.

On the other hand, in principle, (b), (¢) and (d) in Lemma 3.3 may fail.
Nevertheless, we will see in Lemma 5.3 below that they still do hold in some
special cases.

4. CONSTRUCTION OF THE CURVES I'r, R € Top(F)

4.1. P. Jones’ travelling salesman theorem. To construct the curves
I'r for R € Top(F), we will apply P. Jones’ techniques. Before stating the
precise result that we will use, we need to introduce some notation. Given
a set K C C and a square @, let Vg be an infinite strip (or line in the
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degenerate case) of smallest possible width which contains K N 3@, and let
w(Vg) denote the width of V. Then we set

We will use the following version of Jones’ travelling salesman theorem [Jo]:

Theorem C (P. Jones). A set K C C is contained in an AD regular curve
if and only if there exists some constant C'7 such that for every dyadic square

Q
(4.1) > Br(P)*(P) < Crl(Q).

PeD,PCQ
The AD regularity constant of the curve depends on Cx.

Let us mention that in [MMV], using an L? version of Jones’ theorem
due to David and Semmes [DS2], it has been shown that if 4 is a measure
such that p(B(z,r)) ~ r and () < Cu(B(z,r)) for all z € supp(p),
0 < r < diam(supp(u)), then supp(u) is contained in an AD regular curve.
In our case, the measure pr does not satisfy these conditions. However, in
a sense, they do hold for “big” balls B(x,r), at scales sufficiently above the
stopping squares.

In order to apply Jones’ result, we will construct a set K which approx-
imates supp(u) N 3R at some level above the stopping squares and then,
using Theorem C, we will show that there exists a curve I'p which contains
K. We have not been able to extend the arguments in [MMV] to our situa-
tion. Instead, our approach is based on another idea of Jones which shows
how one can estimate the 8 numbers of an AD regular set in terms of the
curvature of a measure (see [Pa, Theorem 38]).

4.2. Balanced squares. Before constructing the appropriate set K which
approximates supp(u) we need to show the existence of some squares that
will be called balanced squares, which will be essential for our calculations.

Given a,b > 0, we say that a square () is balanced with parameters a, b
(or (a,b)-balanced) with respect to p if there exist two squares @1, Q2 C Q
such that

o dist(Q1,Q2) > al(Q),
o UQ:) < 1%é(@) for i = 1,2, and
o 1(Qi) > bu(Q) for i =1,2.

We write @ € Bal,(a,b).

Next lemmas deal with the existence of balanced squares.

Lemma 4.1. Let a = 1/40. If Q & Bal,(a,b), then there exists a square
P C Q with £(P) < £(Q)/10 such that u(P) > (1 —2-10%b)u(Q).
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Proof. We set N := 400. We split Q into N? squares Qy, k = 1,..., N2, of
side length 4(Q)/N = af(Q)/10. We put

G={Qr: 1<k <N? (@) >bu(@)}.

Since Q ¢ Bal,(a,b), given any pair of squares Q;, Qi, 1 < j, k < N? such
that dist(Q;, Q) > al(Q), it turns out that one of the two squares, say @),
satisfies pu(Q;) < bu(Q). Therefore, all the squares from G are contained in
a ball By of radius 2af(Q), since

<2a + a>21/2€(Q) < 2a(Q).

10
Thus,
> wlQi) < pu(BoN Q).
k:QreG
Also,
S @) <b Y Q) <N (@) = "2 Q).
kQrEG kQuEG “

Then we have L00b
Q) < p(BoNQ) + R Q).

Thus,

p(BoN@Q) > (1 9 )u(@) = (1 -2 10°D)u(@Q).

Since the radius of By equals 2a4(Q) = ¢(Q)/20, there exists some square
P C Q with side length ¢(Q)/10 which contains ByN(Q, and we are done. [

Lemma 4.2. Let Q be a square such that 2Q ¢ Bal,(1/40, b), and sup-
pose that 0,,(2Q) < C4A0,(R) and 0,(3Q) > C;160,(R) (with Cy given by
Lemma 3.4 (a)). If b < 6/A, then

pQ\ Q) < 11 Q).

Proof. By Lemma 4.1 there exists a square P C 2Q with ¢(P) < £(2Q)/10
such that p(P) > (1 —2-10°)u(2Q). If P ¢ @, then P C 2Q \ 1@, and so

p(2Q\ 3Q) = u(P) = (1 -2-10°0)u(2Q).
Thus, p(3Q) < 2-10°%u(2Q). If b < §/A, then we derive 0,(3Q) <
04*25/1_19#(262), which is a contradiction. Therefore, P C @), and then
p(2Q\ Q) < 4(2Q\ P) < 2 10°(2Q) < 1 p(3Q),
since b < 0/A. O
Remark 4.3. From now on, we assume that a = 1/40, and moreover that

b =b(A,0) < 0/A, so that the preceding lemma holds. For these precise
values of a and b we write Bal(u) := Bal,(a,b).
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Lemma 4.4. Let QQ be a square whose center lies on 3R and such that
Q) < Cg"A2(R) and
00u(R) < 0,(2"Q) S Abu(R)
for all m > 0 with £(2"Q) < 8¢(R). If Cs is big enough, then there exists

some square @ € Bal(u) concentric with Q such that 20(Q) < E(@) < 8/(R)
and also £(Q) < Cy(A,6)4(Q).

Proof. If 2"Q ¢ Bal(p) for n = 1,..., N, with £(2Y¥Q) < 8¢/(R), then

w(2"Q\ 2" Q) < (2" Q)  forn=1,...,N.
Thus, #(2"Q) < 1.1 (2" 1Q) for n=1,...,N, and so

p(2NQ) < 11Vu(Q) < 2V7u(Q)
< CA0,(R)2V20(Q) = C A0, (R)27N 242V Q).
Therefore,
(4.2) 0,2NQ) < cA27 V29, (R).
Suppose that N is such that £(2VQ) = 8((R). Then we have ,(R) =~
0,2V Q), and by (4.2) we get CA27N/2 > 1, and so
CgA?
2

(R) = L 127Q) < 0a(@Q) = @)

which contradicts the assumptions of the lemma.

We infer that there is a square 2" € Bal(y) with n > 1 and £(2"Q) <
8/(R). Let Q be the smallest one. Let N be such that 2VQ = %@ From
(4.2), since 0,(2VQ) > 86,(R), we deduce CAJ~'27N/2 > 1, and then
Q) < CA%20(Q). O

4.3. Construction of K. From Lemma 3.4 (b) it easily follows that for
any square @) € Bad(~R) there exists another square ) concentric with @
satisfying 24(Q) < /(Q) < 8((R) and 0,(Q,Q) < Af,(R), such that

(4.3) if n> —1 and £(2"Q) < 8/(R), then 6,(R) < 6,(2"Q) < A8, (R)

and moreover

(4.4) /Azew c(x,y, 2)* du(y)dp(z)

2o(Q)<|z—y|<4¢(R)

< K, K, jm—2xe(®) S A%0,(R)?

J(@+12XB(E) =

for all x € @
As explained in Remark 3.7, the same holds if @ € Stop(R) (instead

of Bad(R)). Further, we can take the squares @) to be 4-dyadic (in this
way, some of the calculations below will become simpler). That is to say,

given @ € Stop(R) there exists a 4-dyadic square @ such that Q C %@ (we
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cannot assume @ and Q to be concentric) with 20(Q) < £(Q) < 8¢(R) and
0,(Q,Q) < A6, (R) which satisfies (4.3) and (4.4). We denote by Qstp(R)

the family of squares @, with @ € Stop(R), and we say that @ is a quasi-
stopping square of R.

We intend to construct some set K containing G(R) (remember that G(R)
is the set of good points of R) such that, besides other properties, for each
Q € Qstp(R) there exists some point ag € K with dist(ag, Q) < CU(Q).
In next subsection, we will show that K verifies (4.1), and thus K will be
contained in an AD regular curve I'p. This curve will fulfil the required
properties in Main Lemma 3.1.

In next lemma we deal with the details of the construction of K and
selection of the points ag, @ € Qstp(R). Most difficulties are due to the
fact that the squares @ € Qstp(R) are not disjoint, in general.

Lemma 4.5. Let n > 3 be some fixed constant to be chosen below. For each
x € 3R, we set

. 1 1 .
(45) L= ol (z(Q) + -5 dist(z,Q), 1 dist(x, G(R))).

There exists a family of points {aq}qgeqstp(r) such that if we set

K :=G(R) U{aq}oeqstp(Rr);
the following properties hold:
(a) For each Q € Qstp(R), dist(ag, Q) < CU(Q).
(b) There exists C > 0 such that for allz € K, KN B(x,C~14,) = {z}.
(¢) If x € K and £, > 0, then

C(4, )

2 ’ 2

C“\B(wﬂlﬁx)\B(%‘fm)(x) S ,u(B(l', Ez)) ///fJ’z,tTf;(:v,C’ﬂ&c)c(y’ % t) d'u(y)d'u(z)dﬂ(t).
Y—z{2tx

Let us remark that the lemma is understood better if one thinks about the
points in G(R) as degenerate quasi-stopping squares with zero side length.
In our construction some points ag may coincide for different squares @) €
Qstp(R).

We also remark that if (b) were not required in the lemma, then its proof
would be much simpler.

Proof. First we explain the algorithm for assigning a point ag to each square
@ € Qstp(R). Finally we will show that (a), (b) and (c) hold for our
construction.

Take a fixed square @ € Qstp(R). Since ¢, is a continuous (and Lipschitz)
function of x, there exists some zg € 10Q such that ¢, attains its minimum
over 10Q at zy. If £,, = 0, we set ag = 2o

Suppose now that ¢,, > 0. Assume first that there exists a sequence of
squares {P,}, C Qstp(R) with ¢(P,) — 0 or points p, € G(R) such that

1
(4.6) P, + 0 dist(zo, Pn) — £z,
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(we identify a point p,, with a square P, with ¢(F,) = 0). Since £,, < ¢(Q)
(because if z € @, then ¢, < ¢(Q) and ¢,, < {;), we may assume P, C
B(20,414(Q)) C 90Q. Thus, there exists some point z; € 90Q such that
a subsequence {P,, }; accumulates on z;. We set ag := 2. Observe that
lag = 0 in this case.

Assume now that £,, > 0 and that a sequence {P,}, as above does not
exist. This implies that the infimum which defines ., (in (4.5) replacing x
by zp) is attained over a subfamily of squares P € Qstp(R) with ¢(P) > ¢,
for some fixed 6 > 0, which further satisfy dist(P,Q) < 41¢(Q) (because
l; < £(Q)). Then it turns out that such a subfamily of squares must be
finite, because we are dealing with 4-dyadic squares. Thus the infimum in
(4.5) (with = replaced by zp) is indeed a minimum (attained by only a finite
number of squares in Qstp(R)). Among the squares where the minimum is
attained, let Pg be one with minimal side length.

Let us apply Vitali’s covering theorem to the family of squares Pg ob-
tained above. Then there exists a countable (or finite) subfamily of pairwise
disjoint squares P; (which are of the type Pg) such that

UP, cl 5P,
i

where the union on the left side is over all the squares Py which arise in the
algorithm above when one considers all the squares Q € Qstp(R).
Now, for each 7 we choose a “good” point a; € %Pi N supp(u), so that

Y //| el 112)" ()2
///6 tp ol®,y,2) du(@)dp(y)duz).

y,2€2nF;
lz—y|=e(P,

We claim that for each square @) € Qstp( ) for which ag has not been
chosen yet (which means ¢, > 0 and there is no sequence { P, },, C Qstp(R)
with ¢(P,) — 0 satisfying (4.6)), there exists some a; such that dist(a;, Q) <
Cl(Q). Then we set ag = a;.

Before proving our claim, we show that if @ € Qstp(R) is such that
Q N5P; # & for some i, then £(Q) > ¢(P;). Indeed, if ((Q) < 4(F;)/2
(remember that ) and P; are 4-dyadic squares), then @@ C 10P;, and so it
easily follows that for any y € C we have

(4.8) U F) —|— — dlst(y, %) > 0(Q) + % dist(y, Q),

which is not possible because of our construction (remember that there exists
some zg such that the infimum defining /., is attained by P;).

Let us prove the claim now. By our construction, there exists some square
Pg with ¢(Pg) < £(Q) such that dist(Pg, Q) < C¢(Q). Let P; be such that
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5P; N Pg # @. Since ¢(Pg) > ¢(P;), we have

dist(a;, Q) dist(a;, Pg) + 21/2¢(Pg) + dist(Pg, Q)

<
< CUPY) 4 2Y2(Pg) + CU(Q) < CUQ).

Let us consider the statement (b). If ¢, = 0, there is nothing to prove.
The only points such that ¢, > 0 are the a;’s. Notice that £, < ((F;)
because a; € P;. On the other hand, we also have ¢,, > ié(Pi). Otherwise,
it is easily seen that there exists some P € Qstp(R) such that P N5P; # &
and ((P) < ¢(P;)/2, which is not possible as shown above (in the paragraph
of (4.8)). Thus (b) follows from the fact that a; € P, the squares P; are
disjoint, ¢(P;) =~ {,,, etc.

Finally (c) follows easily from (4.7) and the fact that B(a;, ns;) C 2nP; C
B(a;, Cnly,), for some C' > 0. O

4.4. Estimate of ) p.p pg Br (P)?¢(P). We will need the following re-
sult.

Lemma 4.6. There exists some A > 4 depending on A and 0 such that,
given any Q € Qstp(R), for each n > 1 with \""14(Q) < ¢(R) there exist
two squares Q% and Q¥ fulfilling the following properties:

(a) Q% Q% C 2 Q\ A"Q,
(b) dist(Q%, Q%) = A™(Q),

(c) X™(Q) S UQL) S AUQ), fori=a,b,

(d) C(A,8)710,(R) < 0,(Q%) < AOu(R), for i = a,b.

Proof. The lemma follows easily from the existence of balanced squares (see
Lemma 4.4). Indeed, if @ € Bal(u), then there are two squares @1, Q2 C @
fulfilling the properties stated just above Lemma 4.1. Since dist(Q1, Q2) >
%K(Q), one of the squares @Q; is contained in @ \ 277Q. From this fact
one can easily deduce the existence of some constant A\g > 2 (depending
on A,6,Cs, Co,...) such that for each n > 1 with A\JT14(Q) < ¢(R) there
exists some square P, C %)\SHQ \ A\GQ satisfying 4(P,) ~ )\SHE(Q) and
0,(Py) > C(A,8)710,(R). If we set X := A3, Q% := Pay,, and Q5 := Poy11,
the lemma follows. (]

Remark 4.7. The lemma above also holds for x € G(R) (interchanged with
the square @ € Qstp(R) in the lemma) and for x such that ¢, = 0. That is
to say, increasing \ if necessary, for each n > 1 there are squares Q%, Q" C
B(z, :A7"¢(R))\ B(x, \"""1¢(R)) which satisfy properties analogous to (b),
(c) and (d).

In the following lemma we show a version of (4.4) which involves the
curvature ¢(u) truncated by the function /.
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Lemma 4.8. Let Cig > 0 be a fized constant. For all x € 3R we have

/y,ze3R co(x,y,2)? du(y)du(z) < CnA®0,4(R)?,
|lz—y|>C10lx

where C11 depends on C1g.

The proof of the preceding estimate follows easily from (3.3) and Lemma
3.5 (arguing as in (3.4)). We will not go through the details.

Proof of (4.1). We follow quite closely Jones’ ideas (see [Pa, p. 39-44]).

It easy to check that it is enough to show that (4.1) holds for dyadic
squares Q with £(Q) < (C12\)"*(R) (with X given by Lemma 4.6 and Cj2
to be fixed below). So we assume £(Q) < (C12A) "14(R). Also, the sum (4.1)
can be restricted to those squares P € D such that PN K # &. That is, it
suffices to prove that

(4.9) > B (P)2U(P) < C(A,8)((Q).

PeD, PCQ, PNK+#@

The main step of the proof of (4.9) consists of estimating Gx(P) for
some P as in the sum above in terms of ¢?(u). By standard arguments, if
B(P) # 0, there are three pairwise different points zg, z1, 20 € K N3P such
that
w(20, 21, 22)

4.10 P~ ———=
(410) i) = D,
where w(zp, 21, 22) stands for the width of the thinnest infinite strip con-
taining zg, 21, z2. By (b) of Lemma 4.5, £,, < C|zp — z1| < C¢(P). So either
¢,, = 0 or there is some Py € Qstp(R) with ¢(Fy) + %dist(zo, Py) < CU(P).
In any case, if C'12 has been chosen big enough, there are “many” balanced

~

squares P which contain zg, z1, z2 such that ¢(P) < {(P) < C(A,0){(P). Ar-
guing as in Lemma 4.6 , we deduce that there exist two squares S, Sp con-
tained in C'(A, §) P\ P satisfying the properties stated just above Lemma 4.1.
For any zo € S, and yy € Sy, we have

w(2o, 21, 22) S dist(20, Lag .y, ) + dist(21, Ly y) + dist(22, Lz o)
as it is easy to check. Integrating over xg € S, and yg € S, we get
w(zo, 21, 22) S _ X
~ W52 1(S)

/Aoes [dist(zo, Lyy.yo) + dist(21, Lz y,) + dist(22, on,yo)] du(xo)dp(yo).
y

0ESh

Thus there exists some z;, say zg, such that

1
< - 1 .
(4.11)  w(z0,21,22) < PEATIED //Zoega dist(2i, L,y ) dpe(zo)dp(yo)-

0€5p
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From Lemma 4.6 and the subsequent remark we deduce that there are two
families of squares {P%},>1, {P?},>1 which satisfy the following properties
for any n > 1 such that \"*1 < ¢(P)/l,,:

(a) Pyt Py C B(zo, gA"U(P)) \ B(z0, A"~ 1(P)),

(b) dist(P2, PY) > A~"~1¢(P),

(c) A7 H(P) < 4P S AT(P), for i = a,b,

(d) C(A,6)710,(R) < 0,(PY) < Ab,(R), for i = a,b,
with A > 4. We also set F§ := S, and Pé’ = 5.

Let N be the biggest positive integer such that AN*1 < ¢(P)/¢,, (with
N = o0 if £,, = 0). We claim that for all points z,, € P? and y,, € P’ we

have
N

(4.12)  dist(20, Lug o) < C Y _[dist(zn i1, La, y,) + dist(Yni1, Lan )]
n=0
where we set xn41 = yn+1 = 20 if N < 0o, and C depends on A, §, A (like
all the following constants denoted by C' in the rest of the proof of (4.9)).
Assume the claim for the moment. From (4.12) we get

N
dist(zo, Lxmyo) N Z [C(xm Yn> Tn+1) [Tn — Tot1| [Yn — Tniya]
n=0
+ C(xm Yn,s yn—H) ’wn - yn+1| Iyn - yn+1l]
N

rg Z [c(xn, Yn,s mn-{—l) + C(xrw Yn,s yn—l—l)] A72n€<13)2-
n=0
From (4.11), taking the p-mean of the above inequality over zg € F§ =S,
and yo € P(’]’ = Sy, then over 1 € P{" and y; € Plb, over zo € P3¢ and
Yys € PQb , and so on, we obtain

(4.13)
A B
(ZOa 21, 22 )\—271 |: n + n
Z V(P (P2q)  w(PYu(PY)p (P£+1)
+€2 /%Nepa c(zn, YN, 20) dp(z N )dp(yn ),
yNEP
where
i ///P (s Yns 1) e ) da( ) dp (2 s1)
ynEPb
In+1€P
and

B, = / / /p (s Yo Yrsr) i) ()i (g
Yn€EPL
yn+1€Pn+1
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Let us remark that the last term in (4.13) (the one involving ¢,,) only ap-
pears when N < oo (i.e. when £, > 0). By Holder inequality, the estimates
for the squares P, below (4.11), and Lemma 4.5 (c) (with n big enough), we
get,

= (P2, Pb, Pa )2
w(zg, 21, 22) < £(P)* A2 Uas
v = Lw@ouehurs )
(Pa Pb P’S—i—l)l/z (P) N 2N M(z(J’P]C\Lf’Pb)l/Q
(1(P2)u(PE) <Pf;+1>)”2 (n(PE)u(Ph))

SO,LL( 3/2£ 1/2 Z)\ n/2 2 Pa Pb Pa+1Up£+1)1/2

A N”( / / / B (a0 oy 020, 2)° dp(@)dpa(y)dp(z >)1/2].

ly—2]>£2,

By (4.10) and Cauchy-Schwartz, we obtain

Ok (P)* < Z)\ MR (P, P, Py U PL)

AT / [ Lty v:2 du@)dutdn(z)|.

|y Z|>€z0

Notice that for every z,, € P2, we have {,, < A "((P), because (,, <
AT(P), dist(zy, z0) ~ A""4(P), and ¢, is a Lipschitz function of x. Anal-
ogously, if y, € P2, then £,, < A""¢(P). Moreover, since for each n there

exists some dyadic square S C P such that PaUPbUP il up? 41 is contained
in 35, with ¢(S) ~ A~"¢(P), we infer that

0,(R)*Bi (P)*((P)
T () It P

ScP

where S* is the set of (&1, &2,&3) € (39)3 such that |& — &| > C714(S), and
R is the set of (£1,&2,&3) € (3R)? such that |& — & > C71(Lg, + Ley).
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Now, for a fixed dyadic square Q with £(Q) < (C12))~Y(R), by Lemma
4.8, we get (with the sums over P and S only for dyadic squares)

S Br(P)2(P)

P:PCQ
S SSZCQ / / / I c(a,y, 2)2dp(x)du(y)du(z) P:S;CQ@((}Z;)W
<3 I ooclov P dnut

<L (g@mf“”’ b 22 du(e)du(y)d2)

S 0u(R)u(3Q) < 0u(R)*UQ).

It only remains to prove (4.12). Indeed, suppose for simplicity that N <
0o. We set any1 = zg, and for 0 < n < N, let a,, be the orthogonal
projection of a1 onto L, ,,. Then we have

N
(4.14) dist(20, Laggo) < Y _ dist(an, any1).
n=0
Let us check that a, € B(zp, \"™¢(R)) for 0 < n < N 4+ 1. We argue by
(backward) induction. The statement is clearly true for ayyi. Suppose
now that a,+1 € B(z0, A" Y(R)). By construction, we have z,,y, €
B(zp, 3A"™(R)). On the other hand, since we are assuming A > 4, then
an+1 € B(2o, %)\*”E(R)) too. Then, by elementary geometry it follows that
an € B(z20,2 Y2X"™(R)) C B(z0, \"™(R)).
Since an11, Tnt1, Ynt1 € B(20, A" "LU(R)), they are collinear, and |z, 11—
Ynt1| = A"H(R), we deduce

dist(an, an41) = dist(ant1, La,, y,) S dist(@nt1, Lay,y, ) + dist(Yns1, Loy, )-
Thus (4.12) follows from (4.14). O

5. THE PACKING CONDITION FOR THE TOP SQUARES

5.1. The family Stoplln/fx(R). In order to prove the packing condition

S 0u(RPu(R) < C(u(E) + (1))

ReTop(E)

(with C' depending on A, J, €9, ...), we need to introduce some auxiliary
families of squares. Let Stop,,..(R) be the subfamily of those squares @ €
Stop(R) such that there does not exist another square @’ € Top(FE), with
Q' N3R # @ and ¢(Q') < ¢(R)/8, such that Q € Stop(Q’). So Stop,ax(R)
is a maximal subfamily of Stop(R) in a sense. Notice, in particular, that
if Q € Stop,.«(R), then @ ¢ Stop(Q') for any Q" € Stop(R). We also
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denote by Stoprlrgx(R) the subfamily of the squares @ € Stop,,..(R) such
that 4Q N R # @.

Lemma 5.1. For every R € Top(E), we have }_ocsiop(r) Xiq < C.
Proof. Suppose that %Q N %Q’ # @ for Q,Q" € Stop(R). If £(Q") < 4(Q)/4,
then @' C @, which contradicts the definition of Stop(R). Thus, £(Q’) >
£(Q)/2, and in an analogous way, we have £(Q) > ¢(Q')/2. The lemma
follows from the fact that there is a bounded number of 4-dyadic squares Q'
such that £(Q)/2 < 4(Q') < 2¢(Q) for Q fixed. O
Lemma 5.2. (a) Suppose that Ry, Ry € Top(F) and Q € Stop,ln/sx(Rl)ﬂ
Stopuec(Ra). Then,

(5.1) ((R2)/4 < U(R1) < 44(Ry).

(b) There exists an absolute constant Ny such that for any Q € Top(FE)

#{R € Top(E) : Q € Stopy/2(R)} < No.
(¢) For R € Top(E), we have
U prc U 4
PeStop(R) QEStOPax(R)

and, more generally, if P,R € Top(F) are such that PN 3R # &
and {(P) < ¢(R)/8, then there exists some square Q) € StOp,ax(R)
such that P C 4Q.

(d) For R € Top(FE), we set

GY2(R) = {x eirR\ Y 4@}.
QeStopili(R)
Then, for each x € E, we have
#{R € Top(E) : = € G*(R)} < Ny,
where Ny is an absolute constant.
(¢) If R1, Ry € Top(E), Q € Stopuc(R1) NBad(Ry), then
(R1)/4 < U(R2) < 4L(Ry)
and 6,(R1) ~ 6,(R2).

Proof. First we show (a). If Q € Stop,ln/fx(Rl) N Stoprln/fx(Rg), then we have

(5.2) 4QNiR#2 and  4QN 3Ry # 2.
It is easily seen that if /(Rg) < ¢(R1)/4, then (5.2) and the fact that ¢(Q))
min(¢(R1),4(R2))/8 imply that Ry C Ri. As a consequence, if ¢(Rs)
¢(R1)/8, then Q C Ry C R; and so, by definition, @ ¢ Stop(R;).
The same happens if we reverse the roles of Ry and Rg, and so (5.1) holds.
It is easy to check that (b) follows from (a). This is left for the reader.

<
<
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The statement (c) of the lemma follows from the fact that if we have a
sequence of squares Q1, Q2,...,Qn = P with Q1 € Stop,.,(R) and Qj+1 €
StOp(Q]’) for j > 1, then we have Q41 N 3Q); # & and K(Qj+1) < E(Q])/&
and so

i
L

disteo (Q1, Qn) + £(Qn) < Y [distoo(Qj, Qj11) + £(Qj11)]

<
Il
—

WE

<

(@),

| W

879 +879] 6Q1) = 2 £@1) <

.
Il
=

which implies that @, C 4Q1 (disto stands for the distance induced by the
-

Let us show (d) now. Let Ry, Ry € Top(E) be such that = € G/2(R;y) N
GY2(Ry). Tf £(Ry) < £(Ry)/8, then by (c), Ry is contained in 4Q for some
Q € Stopyax(R1). Since 2 € 1Ry N 1Ry, we have 4Q N 1R, # @, and so

Q € Stopé{fX(Rl), which is a contradiction. Therefore, ¢(Ry) > ¢(R1)/8.
The same inequality holds interchanging R; by Rs. Thus,

U(Ra)/4 < U(Ry) < 40(Ry).

That is, all the squares R € Top(E) such that z € G'/?(R) have comparable
sizes, which implies that the number of these squares R is bounded above
by some absolute constant.

Finally we will prove (e). Suppose that ¢(R2) < ¢(R1)/8. From

(5.3) QASR#S  and  UQ) < UR)/S,

we infer that Ry C 3R;, and so Ry € Stop(R;). This implies that @ ¢
Stopax (R1), which is a contradiction. Thus, ¢(R2) > ¢(R1)/4.

The inequality ¢(R2) < 4¢(R;) also holds. Otherwise £(R;) < ¢(R2)/8 and
@ C Ry (by (5.3)) imply that @ ¢ Top(E) (it should have been eliminated
when constructing Top(E) from Topy(FE)).

The comparability between 6,(R1) and 6,(Rs) follows from 4Ry N4Ry #
& (since @ is contained in the intersection) and 1/4 < ¢(R1)/¢(Rs) < 4.
Indeed, one easily deduces that then Ry C 16 R2 and Ry C 16R;, and by the
doubling properties of R and Rj, one gets 0,,(R1) ~ 6,(Rz). O

Next result is a consequence of Lemma 3.3 and the statement (e) in the
preceding lemma.

Lemma 5.3. If R € Top(F) and Q € Stopxlr{gx(R), then we have:

(a) If Q € HD(R), then 0,(Q) 2 A0,(R).
(b) If @ € HC(R), then
(5.4)
pl{re 3Q: K, y@+12xe() =K, yr)-6xe(r) > C e (R)*} > O u(Q).
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(c) If @ € LD(R), then there exists some square Sq such that Q) C
55 3550, with £(Sq) < €(R)/2, and 0,,(Sg) < C1460(R). Also,
5.5
p{z € 3Q: Ky y@yzxe(®) — Ky yr)-2x6(r) < Ceobu(R)*} > O u(Q).

Proof. Let Re € Top(E) be such that @ € Bad(R3).

If @ € HD(R), then Q € HDy(R2) by definition, and by (b) in Lemma
3.3 and (e) in the preceding lemma, we have 0,(Q) 2 A6,(R2) ~ Af,(R).

If @ € HC(R), then Q € HCy(Rz2). Inequality (5.4) follows from Lemma
3.3 (c), and the fact that 6,(R) ~ 6,(R2) and |J(R) — J(R2)| < 2 by (e) in
the preceding lemma.

The statement (c) also follows easily from Lemma 5.2 (e) and the defini-
tion of LDy(R) and Lemma 3.3 (d). O

Notice that, since %R is doubling, we have

(5.6) wrR) suiR) <p( U 4Q)+u(3r\ U 1)

QEStopilax(R) QEStopilax(R)

We distinguish a special kind of squares R € Top(E). We set R € VC(FE)
(and we say that p is very concentrated on R) if

1
u( U 4Q> > 5 H(zR).
QeStop/ 2 (R)NHD(R)

5.2. Squares with p very concentrated. For R € VC(F), using the
doubling properties of %R and @ € Stopi{fx(R), we get

R S p3R) < 2 U 1Q)

QeStopi/2(R)NHD(R)

< > @),

QEStopax (R)NHD(R)

and since 6,(Q) 2 A6,(R) for Q € Stoprlrgx(R) N HD(R), we have

~

1
GM(R)Z,LL(R) S Vel Z eu(Q)Qﬂ(Q)
QeStopi/a (R)INHD(R)

=Y @M@

QeStopi/(R)

AN
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Then by (b) of Lemma 5.2 we get

> 0.(R)*u(R) < % > > 0.Q7u@)

ReTop(E)NVC(E) ReTop(E) QEStop,ln/gx(R)

< GRS 0%

Q€Top(E)
If we choose A such that CigNg/A? < 1/2, we deduce (see Remark 5.4
below)

(5.7) Yo OuBRPu(R) <2 D 6u(R)u(R).

ReTop(E) ReTop(E)\VC(E)

5.3. Squares with p not very concentrated. If R ¢ VC(FE), then

1
o U Q) <5uGR).
QeStopL/ 2 (R)NHD(R)

and by (5.6) we get
pm<2( U @) +2(iry U 4Q)

QEStopi{ax (R)\HD(R) QEStophlax(R)
Therefore,
wR) < Curp( U 1Q) + Crp( U 1Q)
QEStopiax(R)INLD(R) QEStopax(RINHC(R)
(5.8) +om(3Ry U 1Q)
QEStophlax(R)
We will show in Section 7 below that
(5.9) o U Q) <oum),
QEStop/ax (R)NLD(R)

with n < 1/(2C17), choosing 0 and €( appropriately. Thus,

(5.10) > our>u( U 1Q)

ReTop(E)\VC(E) QEStoplax (R)NLD(R)
<n ). Ou(B)u(R).
ReTop(E)\VC(E)
Also, in Section 6 we will prove that
(5.11) S ST R(Q) < Crsc(p),
ReTop(E) QeStopl/Z (R)NHC(R)

with Cig possibly depending on A, d, and &g.
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Now we deal with the term

> ou(iry U )= X wc Ry

ReTop(E) QEStopyln/;?x(R) ReTop(E)

From (d) of Lemma 5.2 we deduce

S W(GAR) < Nip(E).

ReTop(E)
Therefore,
1
2 2
(5.12) > oou®i(zR\ U Q) < CENiu(E).
ReTop(E) QEStopiiax(R)

From (5.8), (5.10), (5.11) and (5.12), we get
Z 0u(R)’uW(R) < Cim Z 0,(R)*u(R)
ReTop(E)\VC(E) ReTop(E)\VC(E)
+ O (1) + CrrCo N1 w(E).
Therefore, since n < 1/(2C17), we obtain
Z 0, (R)’u(R) < Cis[c*(p) + u(E)],
ReTop(E)\VC(E)
where Cg depends on A and ¢g (see the remark below). So (3.1) follows

from this estimate and (5.7).

Remark 5.4. The arguments above work if one assumes a priori that
> Ou(Ru(R) < oo.
ReTop(E)

To circumvent this difficulty it is necessary to argue more carefully. For
example, we can operate with finite subsets of Top(FE). Let Top,, (E) be the
subfamily of Top(F) of those squares with side length > 27"; and let A, (E)
be the family

{Q € Top(E) \ Top,(E) : 3R € Top,,(E) such that Q € Stoprln/fx(R)}.

Then, it can be checked that a slight modification of the preceding estimates
yields

S amum) £ (gn) Y GRR)

ReTop,, (E) ReTop,, (E)

If we choose A big enough and 7 sufficiently small, we obtain

(5:13) Y GuRPBR) S Y Ou(Ru(R) + () + p(E).
ReTop,, (E) ReAn(E)
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It can be shown that }_pec 4, (g Xig < C' (this is left for the reader). Then
we have

YRR <CF >
ReAn(E) REAR(E)
and then from (5.13) we deduce

> 0u(RPu(R) < (p) + u(E),
ReTop,, (E)

N[ =
=
N
Q
=
5

uniformly on n.

6. ESTIMATES FOR THE HIGH CURVATURE SQUARES

6.1. The class rch(E) To prove (5.11) it will be simpler to use dyadic
squares than 4-dyadic squares.

Lemma 6.1. Let R € Top(E) and Q € Stolen/fX(R) NHC(R). There exists

a dyadic square Q C $Q, with 0Q) = €(Q)/4, such that n(Q) > Cro 1(Q)
and

(6.1) /Q(Kﬂ (0)+10XE ~ K, j(r)—6XE)dp 2 e00,u(R)*1(Q).

Proof. Let Pi,..., Py be the disjoint dyadic squares with side length ¢(Q)/4
such that $Q = Ui <i<a Pi- Remember that

pf{re $Q: K, y@yi2xe(@) =K, jr)-exe(x) = C'eobu(R)*} > O n(Q).
Let @ be the square P; such that

ple € P K, y@12xE(®) — Ky y(r-exe(x) > C el (R)*}
is maximal. Clearly, Q satisfies (6.1), and p(Q) > Otu(Q) /4. O

For each square @ € Stoprln/fx(R) NHC(R), with R € Top(E), we choose

a dyadic subsquare @ of @ as in the lemma. In the following Subsections 6.2
and 6.3 we denote by ’f(;)(E ) the class made up of all the chosen subsquares
Q, and Ry (which is the dyadic subsquare of $ Ry with side length ¢(Rg)/4
which contains E). Notice that it may happen that #ﬂ)(E) < #Top(E),
because not all the squares in Top(F) are high curvature squares.

6.2. Decomposition of (). We denote the class of all dyadic squares
contained in RO by A, and the class of dyadic squares contained in ﬁo with
side length 277, by A;.

Given Q € rl/j(;)(E), let é(Q) be the set of points x € ) which do not
belong to any square P € 'f(i)(E), with P C (). Let us denote by Term(Q)
the family of mazimal dyadic squares P € T/‘(E)(E), with P C @. Finally,
we let Tree(Q) be the class of dyadic squares contained in @, different from

(), which contain either a point = € @(Q) or a square from Term(Q). The
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squares in Term(Q) are called terminal squares of the tree Tree(Q), for
obvious reasons. Notice that we have

A = {Ro} U U Tree(Q),
QeTop(E)

and that Tree(Q) N Tree(R) = @ if Q # R.

Given Q € 'f(;)(E) with @ # Ry, we denote by Root(Q) the square R
such that @ is a terminal square of Tree(R).
We split the curvature ¢?(u) as follows:

) Z Z Z /Q(Ku,jHoXE—Ku,j—nXE)du

7 QEA]'

2 Z Z /(Ku,J(Q)HoXE - K, 5@)-11xg) dp.
ReTop(E) Q€Tree(R)

Observe that if P € Term(R) and x € P, then

> xe@) (Kus@s10xe(®) = K j@)-nxe(x))

QETree(R)
> K, 1py+10XE(T) — K\ j(r)y—10XE(T)-
Therefore,
Az Y > / (K, 7@)+10XE — K j(r)—10XE) dit

ReTop(E) @€Term(R)

(6.2) = > / (K p1,0(0)+10XE — Kpu1(Root(Q))-10XE) dit-
QETop(E),Q#Ro

6.3. Proof of (5.11). By Lemma 6.1 (we use the same notation as in the
lemma), we have

Z Z Hu(R)QM(Q)

ReTop(E) QeStopi/2 (R)NHC(R)
Y > 0,(R)*1(Q)
RETop(E) QeStopili(R)NHC(R)
SNeo Y 0u(ReulP),
PG%(E),P#EO
where Ny is the constant appearing in (a) of Lemma 5.2, and Rp € Top(FE)
is a square such that P = ]31 and P, € Stoprlrgx(Rp) for some P;. The square

Rp is not unique, but in any case remember that if P, € Stop}@x(R};) N
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Stopiac(R%), then 6, (Rb) ~ 6,(R3). B
topmax(Rp), then 0,(Rp) ~ 6,(R%). By (6.1), we get

63 Y > 0,(R)*1(Q)

RETop(E) QeStoppax(RINHC(R)

Sept Z (K,sP)+10XE — K, j(Rp)—6XE) -
PeTop(E),P+#Ro

For every P € rf(E)(E) different from Ry, we have {(Rp) < 16¢(Root(P)).
This is clear if Root(P) = Ry. For Root(P) # Ry, let Pi,R; € Top(E)
be such that P = ﬁl, Root(P) = ﬁl. It is easily seen that P C Ry. If
U(Rp)/16 > L(Root(P)) = ¢(Ry)/4, then P; ¢ Stop(Rp), by the definition
of the family Stop(-) (since P, C R; and ¢(R;) < ¢{(Rp)/8). Thus,

J(Rp) > J(Root(P)) — 4,
and so

K, 1py+10XE — Ky g(Rp)—6XE < K, 1(P)+10XE — K, J(Root(P))~10X E-

From (6.3), (6.2), and the preceding estimate we get

Z Z 0,(R)*u(Q) S eg " ().

RETop(E) QeStopili(R)NHC(R)

7. ESTIMATES FOR THE LOW DENSITY SQUARES

To prove the packing condition (3.1) it remains to show that

(7.1) u( U Q) <mulh),
QeStopuiax(R)NLD(R)
with 7 = 1/(2C17) (notice that n is an absolute constant and it does not

depend either on A or 9).

7.1. The big and small squares Sj, j € I;p(r). For each z € 4Q, Q €

Stoprlr{fx(R) N LD(R), let S, be a square such that = € %Sx, 0.(Sz) <

C1400,,(R), and ¢(S;) = 27™¢(R) with m > 1 (this square exists because of
(c) in Lemma 5.3). Moreover, we assume that S; has maximal side length

among all the squares with these properties.

Let UjGILD(R) S; be a Besicovitch covering of |J

with S := S, as explained above.

QeStoprlr(ﬁx(R)ﬂLD(R)4Q’

Lemma 7.1. There exist ng > 4 and Cao > 0 such that if £(S;) < Cy t(R)
for j € Inp(ry, then £(64S5;) < £(2"0S;) < U(R) and u(2™0S;) > 2u(S;).
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Proof. Given ng such that £(645;) < £(2™0S;) < {(R), we have
U2 S;) 2 80,(R)2™S;) = 260, (R)U(S;) 2 2u(S,).

Thus, for ng big enough, we have 11(2"°5;) > 21(S;). So the lemma follows
if C'y is big enough too (so that £(2"0S;) < {(R)). O

To prove (7.1) we will distinguish two types of squares S;. If S;, j €
I1.p(R), satisfies

(7.2) £(S;) > min <081A‘2, 02()1) ((R),

where Cg has been defined in Lemma 4.4, and Cyy in Lemma 7.1, then we
write j € Ig D(R)’ and otherwise we set j € I7 D(R) (the superindices “b” and
“s” stand for “big” and “small” respectively).

Next we estimate the measure p of the family of the big squares S;:

Lemma 7.2. We have
w( U 8) s A'our).

b
US )

Proof. We set C; := max(Cg,Co). Then each square S;, j € IzD(R),
satisfies £(S;) > Cy' A72((R). Since the family {S;}

jert has finite su-
LD(R)
perposition we have
U(R) 2 44
#Iipm) < (- < At
LD(R) <mfj€IZD(R) (Sj))
Therefore,
Yo oulS) S Y 6US)0u(R) S 6u(R) - #IT ppy S A'Su(R).
jeIgD(R) jEIZDuz)

O

7.2. Estimates for the small squares Sj;, j € IZD(R). Now we turn our

attention to the small squares Sj. For each Q € Stop%rgx(R) N LD(R), let

Wg be the set

{z € 3Q Nsupp(p) : K, j@)+12XE(®) — K, j(r)—2XE(x) < Ceobu(R)*}.

Remember that, by (5.5), u(Wg) > C1u(Q) ~ p(4Q), since Q is 16-
doubling.
For j € I1p(Rr), we denote
Wj = U WQ N Sj.

QeStoprl 2 (R)NLD(R)
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Remember that the family {S;};e I gy W3S obtained by an application of

R)

Besicovitch covering theorem. So {S;};ec I3, can be split into Np sub-

(R)
families of pairwise disjoint squares S;. Thus there exists a subfamily

s,0 . C e
{Sj}jEIZ’g<R)’ I'pry © I} p(ry» of pairwise disjoint squares such that

1
(U m)zge( U w)
jeli’g(m J€I bRy

We set
W = U Wj.
jEILD&O(R)

By the preceding lemma and since 1/2 Xig < C (see

QEStopmax(R)NLD(R) '3
Lemma 5.1), we get

u( U 4Q> < > p(4Q)

QEStophlax (R)NLD(R) QEStophlax (R)NLD(R)
N > n(Wq)
Stop/2 (R)NLD(R
(7.3) QEStopmax (R)NLD(R)
Su( U Wj) +u< U Wj)
J€I b J€IL p(R)
SAYu(R) +Ng > p(Wy).
jEILDSvO(R)

Remark 7.3. Another useful property of our construction of the squares
S; is the following: If Q € Stoprlr{fx(R) N LD(R) is such that Q N S; # @
(for some j € Ipry), then £(Q) < £(S;) and Q C 3S;.

Indeed, suppose that ¢(Q) > ¢(S;). By Lemma 5.3 there exists some
square Sg such that Q@ C QLOSQ with 0,(Sq) < C1400,(R), and £(Sq) =
27™((R) with m > 1. Then we have S; C 3Q C £S¢, which is not possible,
because of the choice of S; with maximal size (besides other properties). The
inclusion @ C 35 is a direct consequence of the inequality £(Q) < £(S;) and
the fact that Q N S; # @.

Similar arguments show that, if Q € Stoplln/fx(R) N LD(R), then
Q) < dist(Q, S5) + £(55).
For x € W, we set
lp = 2""1nf{/(Q) : Q € Stopl2(R) N LD(R), z € Q}.
Notice that, by the preceding remark, we have
(7.4) 0y < 2712 (dist(x, S;) + £(S;))
for each j € I pso(r). As a consequence, if z € Sj, then £, < 27124(5;).
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We consider the following truncated version of the curvature c,(z, 2R, 2R),
for x € W:

Cir(2, 2R, 2R) = //7262,{ c(x,y, 2) du(y)du(z).
|x—y|>Ls
Next lemma follows easily from our construction.
Lemma 7.4. For every x € W, we have
i (#,2R,2R) < e0fu(R)*.
1/2

Proof. Let Q € Stopumiax(R)NLD(R) be such that x € Wg. By the definition
of Wq, we have

Gulo2h2R) < [[ (., 2)? dpy)da(2)
27120(Q) <|z—y|<4L(R)

= K, j0)+12xX8(@) — K, j(my—2xE S c00u(R).
O
For each j € Iz’g(R), let L; be a segment of length H'(L;) = £(S;)/8

contained in %Sj. The exact position and orientation of L; will be fixed
below. Let v be the following measure

W
dv="3" 7’;5(%)) dM], .

Lemma 7.5. The measure v satisfies

(7.5) v(B(z,r)) S CAYL(R)r for all x € C and r > 0,
and if the position and orientation of each L; is chosen appropriately, also
(7.6) A(v) < C(A,6)eg/ P8 (R)* u(R).

We defer the proof of this lemma until Subsection 7.4. For the moment,
we only remark that it follows from the estimate of ctzr’ u(7,2R,2R) forz € W
in Lemma 7.4, by comparison.

Now we recall David-Léger’s theorem [Lé] (the quantitative version in [Lé,
Proposition 1.2]).

Theorem D. For any cg > 0, there exists some €5, > 0 such that if T is a
Radon measure whose support is contained in a square R and satisfies:

(a) T(R) > U(R),

(b) 7(B(x,r)) < cor for any x € C, r >0, and

(c) (1) < epl(R),
then there exists a Lipschitz graph T' with slope < 1/10 (with respect to the

appropriate axes) such that T(T") > 100 T(R).
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7.3. Proof of (5.9). Suppose that

(7.7) s U 4Q) > ).
QEStop/ax (R)NLD(R)

Remember that if § is small enough, by (7.3), we have

8 U 10)<lumony 3 utvy,

2 :
QeStopl 2 (R)NLD(R) J€lpps.0(R)

So we only have to estimate

jEILDs,O(R)

From the assumption (7.7) and inequality (7.8) we deduce

(7.9) v(R) = O7'Np' I ju(R) =: Co'npu(R).
) Cao
Consider the measure 7 := v. We have
0,.(R)
(R) > ——= Ca,lnp(R) = U(R)

On the other hand, any ball B(x,r) satisfies
T7(B(z,1)) < @CAT,
n

because of the estimate on the linear growth of v in Lemma 7.5. Further,
from the same lemma we also get the following estimate for ¢?(7):

3
A(r) = 3002(2]%)362(1/)
3
< 35(3)% 5124 0,1 i) — RO

Therefore, by Theorem D, if gy is small enough, there exists a Lipschitz
graph T" with slope < 1/10 such that 7(I") > 19090 7(R), which is equivalent
to saying

V(F) > &
100
Let J be the subset of indices j € ILD(R) such that L; NT' # @. Notice

that if j € J, we have H'(I'N S;) > £ £(S;) because L; is contained in § S;.
Thus, since the squares S}, j € J, are disjoint, we have

D U(S)) < 2HNI) < 104(R)
JjeJ

v(R).
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(of course, “10” is not the best constant here). Then we obtain

100 100 100
v(R) < 99 v'NL;) < @Z j ZM
jeJ jeJ Ay
S 0u(R) ST US;) S 0, (R)UR) = Gu(R)
jeJ

Thus, if § has been chosen small enough, we get a contradiction with (7.9).
O

7.4. Proof of Lemma 7.5. To simplify notation, in this subsection we
write Jo := I} -

The linear growth condition (7.5) follows easily from the fact that if z €
S, j € Jo, then u(B(x,r)) S A8y (R)r for r > £(S;), and also

pWi)
0,(S;) S0u(R).

The details are left for the reader.

The proof of (7.6) is more delicate. If, instead of choosing an appropriate
orientation for each segment L;, we assume all the L;’s to be parallel to the
x axis, say, then instead of (7.6) we would get an estimate such as

c*(v) < Ca3(A,0)0,(R)*(R),

with Ca3(A,d) being a large constant. Unfortunately this estimate is not
enough for our purposes, because for the application of Léger’s theorem to
the measure 7 in Subsection 7.3, we need Ca3(A,0) < ef.

The position and orientation of each segment L;, j € Jy, will be fixed
with the help of a balanced square §j concentric with S;, with S; C §j -
C(A,6)S;. We will show that W; is contained in a thin strip V; associated
to §j. The segment L; will be a segment parallel to the strip V;, with

length £(.S;)/8, so that the middle point of L; coincides with some point in
W; N éS]

7.4.1. Preliminary lemmas. For each j € Jy, by Lemmas 4.4 and 7.1
there exists a square S; concentric with S; satisfying

640(S;) < £(S;) < min(8L(R), C(A, 6)) £(S}),
such that §j € Bal(p) and M(Sj \ S;) > %u(gj)

Lemma 7.6. For each j € Jy there exist two squares Ql Q2 C § and an

infinite strip V; of width < 51/6€(Sj) which contains 10e, 1/505 NW such
that

(a) dist(Q}, Q%) > al(5)),
(b) Z(Q;) § Ef(g ) fori=1,2, and
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. b~ ,
(©) Q)N V;) = 5 u(Sy) fori =12,
assuming g small enough.

The constants a and b which appear in the lemma are the ones in Remark
4.3.

Proof. Since §j € Bal(u), there are squares Q},Q? C §j satisfying the
properties (a) and (b) and such that M(Q}) > b,u(gj), ¢ = 1,2. In order to

show the existence of the strip Vj, first we will prove that most of supp(u)ﬂg '
is very close to some line.
Let 29 € W N 1S; (zo exists because of the construction of S;). By (7.4),

for any y € §j \ S}, we have |y — x¢| > £,. Thus, by Lemma 7.4,

/ LE%\SJ- c(x0,y, 2)* dp(y)dp(z)

ZESJ‘
= /L,ze@- c(x0,y,2)* du(y)dp(z) < Eoﬁu(R)Q.
|0 —y| >
Therefore, there exists some 1y € §j \ S; such that
0,(R)? _ 2e0f
/ (w0, 0 2)* dalz) S u(1) c00u(R)*
z€S

; WSS S (S
By Tchebychev, we obtain

pfz € §j s dist(2, Lyg,yo) > 5(1)/4 Si)}

1 2dist(z, on %) 2
= 4 1/2/ < dulz
€0

J

0(S;)? / 2dlst(z on w ) 08)? , _

< _— .

= Js\Tea—zllz -l ) W = T alrove )
0 (R) 2 1/2 R

<S2 12 ui/\ i

o <9u<sj>> HSs) S S 15)

Let V be the infinite strip with axis L, ,, and width 251/ 4€(§j). If g is
small enough we infer that

(7.10) wSj\Vy) < == n(S)) < 5u(Q))

for i = 1,2, since ,u(Qé-) > b,u(gj). Therefore, ,u(Q;« N 17]) > %H(Qz) for each
i. This will imply the statement (c) because we will construct V; so that
V; DV

It remains to define V; and to show that 10e, '=S; N W C V. Take
Y€ Q]l N V] and z € Q? N VJ Since dist(y, z) > aE(Sj) (with a = 1/40), the

1/50 G
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Segment L,..N30¢e, 1/50 S] is contained in _some strip with the same axis as

V and width C€0/4€(306_1/5OS )<e 1/5 oS )/3 (assuming eg small enough).
Let V; be the strip with the same axis as VJ and width 50/ €(§j) (which

is < 51/ 0(S;) for g9 small). If z € 10581/50§j \ Vj, then dist(z, L, .) >

1/5,

gy J)/3, and so

e "US)) o o

0(S)!
((10e 01/5053) )

c(x,y,z) >

Thus,
A(2,QL, Q%) > O &g u(5) 7 (@) 1(Q2) > C(A,8) &g *0,(R)?,

which is larger than Cegf,(R)? is £ has been taken small enough. Further,
from (7.4) it easily follows that ¢, < 27'(dist(z, S;) + ¢(S;)), and then
either ¢, < dist(z, Ql-) or £, < dist(z, Q?) As a consequence,

Cru(2,2R,2R) > h(2,Qj, QF) > Ceobu(R)?,
and so x ¢ W. ]

The orientation of the segments L;, j € Jy, which support v is chosen
so that each L; is supported on the axis of V;. Remember also that L; has
length ¢(S;)/8. We assume that its middle point coincides with some point
in WH%S ; (for example, the point 2y appearing in the proof of the preceding
lemma). Notice that, in particular, we have L; C lS N Vj.

We denote SJ =g SHR0g S;. Given two lines L and M, £(L, M) stands for
the angle between L and M (it doesn’t matter which one of the two possible

angles because we will always deal with its sinus). Also, given z,y,z € C,
we set £L(x,y,2) := L(Lyy, Ly.2).

Lemma 7.7. Let Sj, Sk, 3.k € Jo, be such that 35 N 3S;C % &. Suppose
that E(S ) > E(Sk) Then, eithersin £(Lj, Ly) < C{:‘O/ or {(Sg) < 53/55(53).

In any case, Ly, is contained in a strip with the same axis as V; and width

ed/80(3;).

Proof. First we will show that either sin £(L;, Ly) < Ce'/6 or 0(S;) <
3/5
From the assumptions in the lemma we deduce that 3§k C 9§j. By

construction there exists some z € WNLg. Consider the squares Q}, Q? cS i
mentioned in Lemma 7.6. Suppose that le» is the one which is farther from

x, so that dist(m,Q}) > C_lé(:S’\j). Take also the square Q%, i = 1 or 2,
which is farther from x. Suppose this is Q,{,, and so dist(z, Q}c) > C’_lﬁ(gk).
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Take y € Q} NV;and z € Q}C N Vj. Since z,y € Vj, clearly we have
width of V;

< Cel/s,
|z — y|

sin £(Lj, zy) <

and, analogously, since = € Vi, sin £(Ly, 5[?_%) < 05(1)/6. So we infer that
sin&(Lj, L) < Csin&(y,z, z) + 08(1)/6.

Therefore,

2sin £(y, x, z _sinL(L;, L _ el
C(w,y,Z)ZlyEyZ’ ) 5 s 2’“) 0_
£(S5)

Thus,

Jrequon, cto.92 du(w)du(2)
z€QNV;,

> o AL = O o ot i)
(S;)?

_ (sinL(L, Ly,) — Ce/®)?
551/25£(§j)2

(sin £(Lj, Ly) — Cey/®)?
e 1 U(S))

On the other hand, it is easily seen that

el 20,28 > [ [ copy 92 duy)ducz).
2€QiNVy

Since z € W, we have cfml(w, 2R, 2R) < g0, (R)?, and then we get

> C(A,6) 1(S;) 16(Sk)

>C(A,0)7 0,(R)*((Sh).

~

0(8) (sin £(Lj, L) — Caaey/®)? < C(A,8)e3"*4(5)).
So we deduce that either sin £(L;, Li) < 20245(1)/ 6, or otherwise,
0(Sy) < C(A, 8)en ey 20(5)).
Thus,
€(Si) < C(A,0)zg 7 US;) < e °U(S)).

assuming €p small enough.
It remains to show that, in any case, Ly lies in a thin strip with the same

axis as V;. Remember that z € Ly NVj. If £(S)) < 53/5€(Sj), then Sy (and
thus Ly) is contained in a strip with the same axis as V; and width

e/ °0(8)) + 2¢°1(S)) < e/*(S))

(for g9 small).
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Suppose now that sin £(L;, L) < Cs(l)/ﬁ. We have

o~ ~
-~ o~ ~

0(Sk) < USk) = ™ 0(Sk) < e/™0(S;) = U(S)) < C(A,0)L(S;).

We deduce that Ly, is also contained in a strip with the same axis as V; and
width

et/ °0(S;) + 20(Sk) sin (L, L) < &/ °0(;) + C(A,6)eg/°0(S;) < e/°0(S)),
for €¢ sufficiently small again. ([l

Lemma 7.8. Given j € Jo, let v € Lj, y,z € Sj, x1 € Q]l NV;, and
g € Q? NVj. Then,

Cer/50(S;)

[z —yllz — 2|

C(CC,y, Z) < C(A’6) [C(xlvyvz) + 0(332’?/7 Z)] +

Proof. Let 2’ be the orthogonal projection of x onto the line Ly, ,,. Since
z1,22 € V; and

~

|z1 — 2| > €(S;)/40 > width of Vj,

the segment L, ;, NS is contained in C'V}, where C'V; stands for the strip
with the same axis as V; and width C' times the one of V;. Remember also
that L; is a segment supported on the axis of V;. As a consequence,
@ — 2| = dist(x, Ly, 2,) < C width of V; < Cet/0(S;).

By Lemma 3.5 we have
Clz — /|
(711) C(‘T7y’ Z) S C(ﬁl,y, Z) + I T
[z — yllz — 2|

because x,x’ are in S; and far from 0S;, while y, z & S;.
It can be shown that there exists some absolute constant C' such that

dist(z, Ly,.) < C(dist(z1, Ly,») + dist(z2, Ly,2)).
This follows easily from the fact that 2/, 1, x9 are collinear and |z — xo| >
C~ Y2’ — z1|. Notice also that, for i = 1,2,
i —y| < C(A,9)|2" —y|  and  |z; — 2| < C(A,0)]z" — 2.

~

In fact, the constants C'(A,d) above depend on the ratio ¢(S;)/¢(S;). We
get

2dist(x, Ly, ) < C(A,d)dist(x1, Ly.) C(A,d)dist(xa, Ly ~)
[z —ylle =21 = Jer =yl - 2] |2 — yl|z2 — 2]
= C(A’ 6) [C($17y> Z) + 0(352,9» Z)]

c(a' y,z) =

From this estimate, (7.11), and the fact that | —2'| < eé/GE(Sj), the lemma
follows. O
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Lemma 7.9. Let My, be the following (truncated) maximal operator

1
My, f(z) = sup /

HQ)>8L(Sx)

|f] du, foerUjEJO S;,

where Sy 1s the square Sj, j € Jo, which contains x. Then, My, is bounded
from L?(p) into L?(v), with norm depending on A and 6.

Let us notice that the notation “S,” was also used at the beginning of
Subsection 7.1, but with a different meaning.

Proof. It is immediate to check that My, is bounded from L*°(u) into
L>(v). So, by interpolation it is enough to show that it is also bounded
from L'(p) into LY*°(v). Take a fixed A > 0. If My, f(z) > A for some
x € supp(v), there is a square @, such that = € %Qx, 0Qy) > 80(Sy),
and wi |fldu/u(Qy) > A. By Besicovitch covering theorem, there exists a
family of points {z;}; C supp(r) so that the family of squares {Q,}; has
finite overlap and {z : My, f(x) > A} C U, @z, Since £(Qz;) > 8¢(Sy,)
and z; € %in, it is easy to check that there exists a square P concentric
with Sy, and side length ¢(P) = ¢(Qz,)/2 such that S;, C P C Q. Then

we have
v(Qu,) < CAOL(R)UQy,) = CABL(R)U(P) < CAS™ 1u(P) < C(A, 8)i(Qu,)-

Thus,

v{z: My uf(x) > A} <) v(Qu,) < C(A,6) Zu Q)

| ‘“Z/ < S [ 71 d

O

7.4.2. Proof of (7.6). As in the preceding lemma, for z € {J;c, Sj, we
denote by Sy be the square Sj, j € Jo, which contains z. Analogously, S, =
Sx, QL, @2, and V, stand for SJ, S], Q , and V; respectively.

We denote

Fy ::{(xaya ) (U]EJQ ) : z:S #S}

F2 ::{(xaya ) (U]E]o ) S %S 7&5 #S}
Fy:={(z,y,2) € Fy: 35 035 = o},
Fy:={(z,y,2) € Fy: 35 mss + @, 3S 035 £ @, 35 m3S + o}
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Since 02(V|Sj) =0 for all j € Jp, we have
(7.12)

cw) = [ / (., 2)% dv(@)dv(y)dv(2)

Ujeso S

_ 3///1:;'*///&“' <sfff s [f] s fff

=: 3[1 + 3[3 + I4.

e Estimates for I3.
Ify € S,NW and 2’ € S, N W, by Lemma 3.5 we have

(2,0,2) < clay, )+ — OO C(S.)
ly —z|ly — 2| |z — ||z — v
(7.13) =: c(z,y,?)+C [Ty(a:,y, 2) + Ty (x,y, z)]

Then it easily follows that

nezff />F (2, 2)? dv()du(y)du(2)

zeW
3S 035 =0

(7.14) )
+C/// S 2)? + Te(x,y, 2)*] dv(w)dv(y)dv(2)
38y 035 =2
= 2[3,1 + 01372.

Although it is not written explicitly, all the integrals above are restricted to
(2R)3 (and the same for the rest of the proof of (7.6)).
First we deal with the term I3>. We have

/// WZ)EF? Ty(,y, 2)* dv(z)dv(y)dv(z) < ///y—x|>e(§y)/2"'

35,M38.= ly—2|>€(S,)

o(S,) oS,)
= /</|y—x|>z(sy)/2 ly —212 dy(x)) </|y—z>e 5 ly— =2 dv(z )>dy(y)
< c(A0,(R) <A9H(R) jg/;) U(C) < CA0,(R)2 Y™ u(R).

We have analogous estimates for the integral of T, (- --)2. Thus,
I3 < CA%0,(R)? /™ u(R).

Now we consider the term I3 in (7.14). By Lemma 7.8, for all z; €
QLNV, and 22 € Q2 NV, we have

Ce/®0(S,)

[z —yllz — 2|

C(ZE,y, Z) < C(A75) [c(azl,y,z) + C(.’EQ,y, Z)] +
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Integrating over 1 € QL NV, and over zo € Q2 NV, with respect to p, we
obtain

C(A,§
(g, 2) < )< [ oy dutan + [ c(a:z,y,zmu(:cz))
,u(Sa;) r1€VLNQL 2€VENQ2

165

+ Cey "Ti(w,y, 2),

where T, (z,y, z) == £(S;)/(|z — y||z — 2|). Therefore,

clz,y, z ¢4,9) c(w,y, z Vo (4
( ' Ys ) S M(é\m) /Am ( > Ys )d:u( ) +C€0 ( Y, 2 )
< O(4,0) My [el,y, )] (2) + Ceg/ “Tu(a, g, 2).

Thus,

o < c@d) [[[ Ml @F dvla)dut)dn(:)

+ 05(1)/3 /// To(x,y, 2)? dv(x)du(y)du(z).
|lz—yl,|z—2|>£(Sz)/2

The last integral on the right side is estimated as follows:

/ / / T (2, y, 2)° dv(z)dp(y)dp(z)
lz—y,lx—2|>£(Sz)/2

b e o
- /</|zy|>€(sz)/2 |z — y|? dﬂ(y)) dv(z) < CA%0,(R)"pu(R).

On the other hand, by Lemma 7.9 we know that Mj, , is bounded from
L?(p) into L%(v). So we have

Ly < C(A0) / / /3§03§gc(m,y,z)w(wm(y)du@

+Cel/2A%0,(R)?u(R).
It is easy to check that

I - cowePau@antane) < [ & uer2R)
35,N35.=2

Ceo0,(R)*1(2R).

From the preceding estimates for /31 and I3 2, we get

Is < C(A, 6)ey ™0, (R)*u(R).

IN

o Estimates for 1.
By Fubini, we have

I <3 / / /y ers c(z,y, 2)? dv(z)dv(y)dv(z) =: 311

0S.)>6(5,)>4(5.)
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Now we split I} as follows:

1= ([ feorers / | / sen )( .22 dv(a)dv(y)dv(z)

0(S2)>(Sy)> sm >0( Sy)
£(S2)>0(Sy) S2)<l(Sy)
=: I4,1 + 14’2.
First we will study I4,;. For (z,y, 2) in the domain of integration of I,
we have

(Sz) o USy £(Sz) y) o US:)
4 = 4 4 4

The estimates for I ; are similar to the ones for I3. Indeed, consider y’ €
SyNW and 2’ € S, N W, so that (7.13) also holds in this case. Instead of

(7.14) now we get
(7.15)

Iy <2 ///)F c(ir,, 2)? dv(w)dp(y)dp(2)

e / /)F [Ty (.. 2)° + Te(,y, 2)?] dv(2)da(y)dp(2)
ja—y|>6(5,)/4
|z—2|>£(S.)/4

at

|z —y| > and |z — 2| > > >

W~ U)))

We have
//x,y,z)GFi Ty(d/’,y, Z)2 dy( )dH ///y 2|4 §
\x*y\zﬂ(s:y)/‘l ly—z|>£(Sy)

lz—z|>£(S.)/4

= /</|y—x>é(sy)/4 \Z/E(—Si?)\Q du(w)) (/y—z|>z 5,)/4 !;(:91)12 du(z))du(y)

< c(a0,(m) (40,0 2 ) i) < a0, (07 < i
03,

Analogous estimates hold for the integral of T%(- - - )2 since in the domain of

integration we have |z — z| > £(S.)/4.
To estimate the integral

///ﬁ%’@g (@9, 2)° dv(@)dp(y)du(z)

n (7.15), the same arguments used for I3; work in this case. Only some
minor changes which are left for the reader are required.
Now we deal w1th 1. Take (:c Y, Z ) in the domaln of 1ntegrat10n of Iy2.

Since 0(S,) > 4(S y) > K(SZ), 35, N 3Sy # @, and 3Sw N 35, # @, we have

=~

SSy, 3§ QSx. Remember that, by Lemma 7.7, the segments L, L, (and
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thus y and z) are contained in a strip with the same axis as V, and width
5(1)/86(5’90). Therefore,
1/8 1/8
et/0(S,) _ et/0(S,)
[z —yl = C7H(SL)
1/8

sin A(Lx,ﬁ/) < < 05(1)/87

and, in the same way, sin £(L,, :cz) < Cgy . Thus, we get
sin £(y, z, z) < C(sin £(Ly, zy) + sin A(Lx,fz)) < 051/8.
Therefore, since £(S,) < €(§y), we have

2sin £ (y, x, 2) C’eé/s <C(A,6)5(1)/8 < C(A,¢ 1/200

)€
ly — 2| T U(Sy) T 5(1)/505(§y) - (S,

2
clx Z) = o
( 'Y, ) )

9

and so

21/100

Iis < /xem (// oy A 5 $) d (y)du(Z)> dp(z)

< C(A,8)ed 10%*1/259“(3) w(R) = C(A,5)et "0, (R)?u(R).
Gathering the estimates for I 1 and I 2, we obtain

I < C(A,0) (/™ + 5™ ,(R)2u(R) < C(A, )i/ P 0u(R)*u(R).

o Estimates for I;.
We have

L = ///Zgzl;pp c(x,y, 2)% dv(z)dv(y)dv(z)

zQS

///TESUPP c(x,y, 2)? dv(x)dv(y)dv(z) =: L+ 1.

yELx
Zeng\Sx

The term I is estimated as follows:

///ygiupp Iz _12|2 dv(z)dv(y)dv(z)

|z— z|>€(Sz)/4

< [ SRR ) < can (R R,
z€supp(v) £<Sx)

since (Ly)/0(52) < COL(R)U(S2)/U(52) < COL(R)=Y/5 and v(C) < Cp(R).

Finally we turn our attention to I; 2. Consider (x,y,z) in the domain of

integration of Iy . Clearly, in this case we have §m N §Z #o. If €(§Z) <
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€(§I), by Lemma 7.7, z is contained in a strip with the same axis as V, and
width e5/%0(S,). )

Suppose now that £(S.) > £(S,). Then, again by Lemma 7.7, either
sin £(Ly, L,) < Ca(l)/ﬁ or £(S;) < 53/5€(Sz). However, the latter inequality
cannot hold because it implies

|z — 2| > 0(S.)/4 > e /7 0(S,) /4 > €(S,),

and so z ¢ §x Then the condition sin £(L,, L,) < 05(1)/6 holds. Further,

we have £(S,) < 2€(§I) because z € S,. As a consequence, we easily infer
that z lies in a thin strip with the same axis as V, and width
et/50(S,) + Cel/®0(S,) < C(A,6)ed/ V%008, < e/ 0(S,),
for g9 small enough.
So in any case z is contained in the strip with the same axis as V, and

width 53/ 156(550). As a consequence, we deduce
o5 PUS) - a5
ly—2f ~7°

Thus, c¢(z,y,2) < 6(2)/15/]:13 —z| < 6(2)/15/6(5’;,:), and so

sin £ (x,y, z)

~

I

~

A5§/15 9,/ A
———0,(R)*4(S:)L(S;) dv(x
L T RS dv(a)

< C(A,8)e 0, (RPu(R) = C(A,8)e8"0 0, (R)?u(R).

e End of the proof.
By the estimates that we have obtained for Iy, I3 and 14, we get

A(v) < C(A,6)0,(R) %y P u(R).

8. THE CURVATURE OF @4/t

In this section we denote o := gy and F := p(E).

Given a square ), we say that ¢(Q) is a p-square. If zg is the center
of @, then we call p(xg) the center of p(Q). We also set £(p(Q)) := £(Q).
Since ¢ is bilipschitz, we have £(¢(Q)) ~ diam(p(Q)). We will often use
the letters P, @, R to denote p-squares too. If @ is a dyadic (or 4-dyadic)
square, we say that ¢(Q) is a dyadic (or 4-dyadic) ¢-square.

If Q@ = p(Qo) is a g-square, we denote AQ = p(AQp), for A > 0. We say
that @ is A-doubling if 0(AQ) < Co(Q) for some C' > 1. We also set

_2%0(Q)

0,(Q) = diam(Q)
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(the number 21/2 is due to aesthetic reasons; if @ is the identity, then the
definition coincides with (2.1)) and if R is another p-square which contains

Q, we put

5,(Q, R) := / L o).

—do
Ro\Q ly — zq
where x¢ stands for the center of () and Rg is the smallest p-square con-
centric with ) that contains R.

Given a family Top(F') of 4-dyadic ¢-squares and a fixed @ € Top(F'), we
denote by Stop(Q) the subfamily of p-squares which satisfy the properties
(a), (b), (c) stated at the beginning of Section 3 (with squares replaced by
p-squares). The set G(Q) is also defined as in Section 3, with p-squares
instead of squares.

Main Lemma 8.1. Let 0 be a Radon measure supported on a compact
F c C. Suppose that o(B(z,r)) < Cor for all x € C,r > 0. Let Top(F)
be a family of 4-dyadic 16-doubling p-squares (called top p-squares) which
contains some 4-dyadic p-square Ry such that F C Ry, and such that for
each Q € Top(F') there exists a Cas-AD regular curve I'g satisfying:

(a) o-almost every point in G(Q) belongs to I'q.
(b) For each P € Stop(Q) there exists some @-square P containing P
such that 6,(P, P) < C0,(Q) and PNTq # @.
(c) If P is a p-square with {(P) < (Q) such that either PN G(Q) # &
or there is another p-square P’ € Stop(Q) such that PN P’ # & and
((P") < {(P), then o(P) < C0,(Q){(P).
Then,

o) <C Y 0,(Q)0(Q).

QETop(F)

We will prove this lemma in Subsections 8.2—8.8.

8.1. Proof of Theorem 1.3. It is an easy consequence of Main Lemmas
3.1 and 8.1. Indeed, if ¢?(11) < oo, then we have the corona decomposition
given by Main Lemma 3.1. Applying the bilipschitz map ¢, we obtain
another corona decomposition for F' = ¢(F) like the one required in Main
Lemma 8.1. In particular, notice that ¢ sends AD regular curves to AD
regular curves, and also if @), R are squares such that @ C R, then

1
0o , p(R)) = ——do
($(Q), ¢(R)) / o e
1 C
N /RQ\QMy)_g;(xQ)\d“(y) < /RQ\Qw_wdu(y) = C6,(Q. R),

with C' depending on . So, by Main Lemma 8.1, ¢?(0) < (,u(E) +c2(,u)). O
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8.2. Decomposition of c?(c). We start the proof of Main Lemma 8.1.
Observe that

2 2
(o) < 3///xy|>xz’|y2| c(x,y, z)* do(z)do(y)do(z).

We now introduce a variant of the curvature operator K,. Consider the
kernel

~

k)o(x7y) :/ C(l’,y,Z)Q d0(2)7
zile—y|>|x—z|,|ly—2|

and set
I?Uf(w) = /EU(xvy) f(y) dO'(y), T e (Cv f € Llloc(a)

(compare with the definition of k,(x,y) and K, in Section 2). We have
/ [A(UXF(QJ) do(z) < ?(0) < 3/ I?UXF(.x) do(z).
F F
The truncated operator IA(UJ, JEZ,is

Royf(z) = / Tolw,y) fy)doly),  zeC.f e Lh(o),
|lz—y|>L-12-7

where L is the bilipschitz constant of . We say that a @-square @ €
Top(F') is descendant of another ¢-square R € Top(F) if there is a chain
R=0Q1,Qs,...,Qn, = Q, with Q; € Top(F) such that Q;+1 € Stop(Q;) for
each i. Only the p-squares from Top(F') which are descendants of Ry will be
relevant to estimate c¢?(0). So we assume that all the p-squares in Top(F)
are of this type.

To decompose c?(o), we prefer to use dyadic ¢-squares instead of 4-dyadic
p-squares. A p-square () belongs to the family Topy, () if there exists some
R € Top(F) such that @ is one of the 16 dyadic yp-squares contained in R
with side length ¢(R)/4.

Let us remark that if @ € Topgy (F), then @ is contained in a 4-dyadic
p-square R such that Q C R C 7QQ C 3R. Moreover, since each 4-dyadic
¢-square 1@ € Top(F) is made up of 16 dyadic ¢-squares @ € Topgy, (F), we
get (using the doubling properties of the p-squares in Top(F'))

(8.1) Y. 0.(1Q°0(1Q) S Y 6.(R)’0(R).

Q€Topy, (F) ReTop(F)

Given Q € Top(F') or Q € Topgy,(F'), we denote by Term(Q) the family of
mazimal dyadic (and thus disjoint) y-squares P € Topg, (F), with P C Q.
Finally, we let Tree(Q) be the class of dyadic ¢-squares contained in @,
different from @, which are not proper p-subsquares of any P € Term(Q).
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We denote by pA the class of dyadic y-squares contained in Ry, and by
©A; those ¢-squares in pA with side length 277. We have

oA ={Q € pA : 4(Q) > ((Ro)/4} U U Tree(Q).
QETOde(F)
Observe that the ¢-squares Q € pA such that £(Q) > ¢(Ry)/4 are the only
¢-squares in Topgy, (F') which may not belong to any Tree(R), R € Topg, (F).
Notice also that Tree(Q) N Tree(R) = @ if @ # R.
We split the curvature ¢?(o) as follows:

CQ(U) = Z Z / ,]+1XF_ o, jXF d0+/KaJ(R0)+2XFdU
J Qeph;

~

= Z Z /(KU,J(Q)JrlXF - IA(U,J(Q)XF)dU
ReTopyy, (F) Q€Tree(R) Q

+/FKU,J(R0)+2XF do,

where J(Q) stands for the integer j such that Q € pA;. Since

LKU,J(RQ)+2XF do < 05(Ro)’o(F),

to prove Main Lemma 8.1 it is enough to show that

(8.2) Z / (K:,J(Q)HXF — fA{a,J(Q)XF) do < 0,(TR)*0(7R),
QETree(R) Q

for every R € Topay(F'), by (8.1).

8.3. Regularization of the stopping ¢-squares. Given a fixed R €
Topay (F'), let Ry be a 4-dyadic ¢-square Ry € Top(F') such that R C Ry C
7R (it doesn’t matter which Ry if it is not unique). Let I'g := I'g, be the
AD regular curve satisfying (a) and (b) in Main Lemma 8.1.

It seems that after defining Topy,(F') we should introduce the family
Stopgy (I?) analogously. However, for technical reasons, it is better to intro-
duce a regularized version of Stopgy(R) (it doesn’t matter what Stopgy (R)
means precisely), that we will denote by Regqy (R). First we set

dr(z) := Qesltnf {dist(z, Q) + €(Q), dist(z,G(R1))}.
For each x € 3RNsupp(o) \ [G(R1)U Z(0)] (recall that Z(o) is a set of zero
o-measure, defined similarly to Z(u) at the beginning of Section 3), let @,
be a dyadic ¢-square containing x such that

dr(z) dr(z)
§OL <UQa) < fOL'

Remember that L is the bilipschitz constant of . Then, Regqy(R) is a
maximal (and thus disjoint) subfamily of {Qu }ze3rnsupp(o)\[G(R1)UZ(o)]-

(8.3)
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Lemma 8.2. (a) If P,Q € Regay(R) and 2P N2Q # @, then £(Q)/2 <
(P) < 20(Q).
(b) If @ € Regyy(R) and x € Q, r > £(Q), then o(B(x,r) N4R) <
COy(Ry)r
(c) Foreach Q € Regay(R), there exists some @-square Q which contains
Q such that §,(Q,Q) < CO,(Ry) and 3QNTR # @.

Proof. (a) Consider P,Q € Regqy(R) such that 2P N2Q # @. By con-
struction, there exists some x € P and some p-square Py € Stop(Ri)
or point Py € G(R;) (by convenience, in this proof we identify points in
G(R;) with stopping squares in Stop(R;) with zero side length) such that
¢(P) > dr(x)/20L and
dist(x, Py) + £(Py) < 1.1dgr(x) < 22LL(P).

Thus, for any y € Q,

dist(y, Po) + £(FPo) diam(2Q) + diam(2P) + dist(z, Py) + ¢(Fp)
3LU(Q) + 3LL(P) + 22LL(P),
since diam(2Q) < Ldiam(¢~1(2Q)) = L8Y20(Q) < 3LL(Q). So dr(y) <
3L0(Q) + 25LL(P) for all y € Q). Therefore,

IA A

(Q) < 1357 (BLUQ) + 25LUP))

which yields £(Q) < 2 ¢(P) < 4¢(P). This implies £(Q) < 2¢(P), because
P and @ are p-dyadic squares.
The inequality ¢(P) < 24(Q) is proved in an analogous way.

(b) Take now @ € Regqy(R) and z € Q, 7 > £(Q). There exists some y € Q
and some @-square Py € Stop(R;) such that dr(y)/20L < ¢(Q) < dr(y)/10
and

dist(y, Po) + £(Fo) < 1.1dg(y) < 22L4(Q).

Thus B(x,r) is contained in some ¢-square of the form L Py, with &7~ >

£(Po) {(Po) =
1 and C depending on L. Then,

o(B(z,7) N4R) < a(a%Po N4R) < CO,(Ry)r.

(¢) We continue with the same notation of (b). Let Py be a g-square con-
taining Py such that §,(Py, Py) < Cly(Ry) and $PyNT g # @ (given by (c)

of Main Lemma 8.1). It is easily checked that there exists some absolute
constant Cys > 1 such that Cog Py contains (). We set Q) := CosFp. U

Given R € Topay(F), we denote by TreeR®®8(R) the tree of dyadic -
squares whose top (p-square is R and whose terminal p-squares are the (-
squares @; € Regqy (R) which are contained in R (this is the same definition
as the one for Tree(R) in Subsection 8.2, but with Term(R) replaced by

Regay (R)).
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Lemma 8.3. Given any R € Topgy(F), if @ € Tree(R) and 0(Q) > 0, then
Q € TreeRe8(R).

Roughly speaking, the lemma asserts that if we don’t care about squares
with vanishing o-measure, then Tree(R) C Tree®®8(R), and so we always
stop later in TreeR8(R) than in Tree(R).

Proof. Let Ry be the 4-dyadic ¢-square Ry € Top(F') such that R C Ry C
7R taken in the definition of of Reggy(R).

Let Qo € Tree(R) be such that o(Qg) > 0. To see that Qg € TreeR®8(R),
it is enough to show that (g is not contained in any square @), like the ones
appearing in (8.3), with x € 3R Nsupp(o) \ [G(R1) U Z(0)]. Suppose that
this is not the case, an so Qg C @, for some @), as above. Since

RNsupp(o) C U PUG(Ry) U Z(0)
PeStop(R1)
and 0(Qo) # 0, by the definition of Tree(R), either there exists some square
P € Stop(R1) such that one of the 16 dyadic squares which form P (which
is 4-dyadic) is contained in P, or there exists some yo € G(R1) N Qp. In any
case, we deduce (we identify yo with a square P with ¢(P) = 0 in the latter
case) that for any y € Q»

dr(y) < ((P) +22LUQy) < (44 2"°L) £(Qy).
In particular, this holds for z = y, and so

1 4+ 21/2

(@) < o dnle) < T2 0(Q) < DUQw)

Thus ¢(Q) = 0, which is a contradiction. O

8.4. Construction of the approximating measure on I'p. In this sub-
section we denote Reggy(R) =: {Q;}i>1. For each i, let Qi be a p-square
containing P; such that d,(Q;, @Z) < CO,(Ry) ~ 6,(7TR) and %CNQZ NI'gr # 2.
We may also suppose that diam(I'r) > 10¢(R), since we can always extend
I'r if necessary.

Lemma 8.4. For each i > 1 there exists some function g; > 0 supported on
T'rNQ; such that

(8.4) /F gi dH' = 0(Qy),
(8.5) Zgi S O (1),
and

(8.6) 19110 £(Qi) < 7(Qs).
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Proof. The arguments are inspired by the Calderén-Zygmund decomposition
of [To2, Lemma 7.3].
We assume first that the family Regqy(R) = {Q;}; is finite. We also

suppose that E(sz) < E(@Hl) for all . The functions g; that we will con-
struct will be of the form ¢g; = a;xa,, with a; > 0 and A; C @Z We set
a1 :=0(Q1)/H(Q1NTR) and Ay := Q1 N T, so that fFR gdH! = o(Q1).
Notice by the way that ||g1 e < Co(Q1)/£(Q1) < CO,(Ry).

To define gg, k > 2, we argue by induction. Suppose that g1, ..., gr_1 have
been constructed, satisfy (8.4) and Zf:_ll 9i < BO,(R1), where B is some
constant which will be chosen below. Let @81, . ,@Sm be the subfamily of
Q1,...,Qp_1 such that @S]. N Qg #+ @. Since E(@Sj) < K(ka) (because of the

non decreasing sizes of the @;’s), we have @Sj C 3@,%. Using (8.4) for i = s;,
we get

> / gs, dH’
j e

IN

ZU(QSJ-)

J
< (3Qk) < CO(R1)UQr) < Corfp(R1)H (T N Q).

Therefore,

H (FR N {Z gs; > 202790(31)}) < %Hl(FR N Q).
J

So we set

Ak =TrN QN {3 s, < 2006(R1) },
J
and then H'(Ay) > HY(Tr N Qx)/2. Also, we put ay = 731(8:)), so that
k
Jr, 9k dH! = o(Q},). Then we have

20Qk)  _ CU(~Q1€)

57 MR GR) Q)

< Casby(Ry).

Thus,
gk + ngj < (2027 + C98)05(R1).
J

We choose B := 2C57 + Cag and (8.5) follows. Notice that (8.6) is proved in

(8.7).
Suppose now that {Q;}; is not finite. For each fixed N we consider a
family of squares {Q;}1<i<n. As above, we construct functions g1, ... ,gjj\\,f

with supp(gl¥) C Q; NT g satisfying

N
[ o =@y Yo < B (R, and V]G0 < Col@)

=1
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Then there is a subsequence {gf}res, which is convergent in the weak *
topology of LOO(H%R) to some function g1 € LOO(H%R). Now we take an-
other subsequence {g§}rer,, Io C Iy, convergent in the weak * topology of
L>®(Hp,,) to another function go € L(Hf. ), etc. We have supp(g;) € Q.
Further, (8.4), (8.5) and (8.6) also hold, because of the weak * conver-
gence. ([l

8.5. A symmetrization lemma. Recall that by Lemma 8.3, Tree(R) C
TreeR°8(R). As a consequence,

> /(K JQXF — Ky yxr)do < ) /

QETree(R) Q QETreeRes(R
Observe also that if z € Q);, then
(8.8) Z xQ (@) (Ky y@y+1xF(x) — Ky jgyxr(z))
Q€TreeReeg(R)

~ ~

= J,J(Qi)—i-lXF(x) - KU,J(R)+1XF($)

— 2
- //21Lé(Qi)<$_y|§21L€(R) C(x,y,z) da(y)da(z)

lz—z|,ly—z|<|z—y|

/ / eom e(w,y, 2)*do (y)do (2).
lz—y|> 55 6(Q0),

jo—zl Jy—z|<[o—y|
In the last inequality we took into account that if z € R and |z —y|, |z —z| <
¢(R)/(2L), then y, z € 2R. Analogously, if x € R\ |J; Qi, we get

(8.9) > xe@) (Boy@uixr(r) = Ko yqxr(@)) < cZjgp(2).
QETreeReg(R)

The lack of symmetry with respect to z,y,z in the truncation of the
integrals that appear in (8.8) might cause some difficulties in our estimates.
This question is solved in next lemma.

For any y € 3R, we denote ¢, := £(Q;) if y € Q;, and £, := 0if y €
3R\ U; Qi-

Lemma 8.5.  (a) If |v — y| > Cog'ly, then |z —y| > Cyi'ly, with Cso
depending only on Cag and L.
(b) There exists a sufficiently small constant € > 0 such that

(8.10) / / / e c(z,y, 2)*do(z)do(y)do(2)

lz—y|> 57
|z —2], \y ZI<Iw yl

< CO,(R1)20(Ry) + / / / wecrr ez, y, 2)2do(@)do(y)do(z).
|z —y|>e(letly)

le—z|>e(le+L2)

ly— ZI>€(€y+fz)



54 XAVIER TOLSA

Proof. First we show (a). Suppose first ¢, # 0, ¢, # 0. Take Q;,Q; €
Regqy(R) such that x € @4, and y € Q. So £, = £(Q;) and £, = £(Q;).
If o —y| < 0Q;)/(2L), then z € 2Q);. Thus Q; N 2Q; # &, and then
0(Q;) > £(Qj)/2, which yields
C*l
o~ 4l > CH(Q1) > “2-1(Qy).

So in any case we have

o gl > min( 1, ) e(q)).

If /, = 0 or £, = 0 the arguments above also work, with the convention
Qi =A{x} or Q; = {y}.
Let us prove (b) now. We put

z,y,2€2R C(waya z)Qda(x)da(y)da(z)
/ / / > 5t
T—Y|> 5t

lz—2|,|y—z|<|z—y]|

e |
le—y>5p Lo le—y|> 5t b

lz—y|>[z—z[>|y—z] lz—y|>|y—2|>|z—2|

First we deal with the term A. By (a) we deduce that if |z —y| > 5-¢,, then
|z —y| > C~14,, and so |z — y| >€(€ +¢,). If moreover |z —y| > |z — z| >
ly — z|, then |z — 2| > 3|z — y| > ;5. Thus, |z — 2| > C71L, by (a), and
so |z —z| > e(ly + £,). We obtam

< [[fpsen | danepiriswat)

|z— z|>s(€x+ﬁz

ffin
|z—y|>e(latLy) |z—y|>e(latLy)

lz—z|>e(lr+L2) lz—z|>e(lr+L2)
ly—z|>2y ly—z|<ty

To estimate A; we apply (a) again. Indeed, if |y — z| > ¢, then |y — 2| >
C~14,, and we get |y — 2| > e(y + £.). Therefore,

A< / / /R e(z,y, 2)2do(x)do(y)do(z).
|z—y|>e(LatLy)

|lx—z|>e(lz+Lz)
ly—z|>e(ly+E2)
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Now we deal with A,. For each y € 2R we have

/%U,ZEZR C(%Z/az)QdU //c 2€2R T 13 do(z)do(2)
le—y|>e(lz+Ly) |z—y|>ely y‘

|z—z|>e(lz+L2) ly—z|<ly
ly—=z|<ty

< CJ(B(y,ey))/ L do(z) < Ce 0, (Ry)2.

lx—y|>ely |$ - y|2

Therefore,
Ay < Ce'0,(Ry1)%*0(Ry).

Thus, A is bounded above by the right hand side of (8.10).
The term B is estimated similarly to A. We will not go through the
details. Then we obtain

[[fpscn  dwvepastisaots

|z —2|,ly—2|<|z—y]

< COnR (R +2 [ [ yoern  elay 2P doto)dot)doz),
le—y|>e(lz+Ly)
lx—z|>e(ls+L2)
|y Z|>5(€y+fz)
The reader may check that the ‘2’ preceding the integral on the right hand
side can be eliminated if one argues a little more carefully (although this
fact will be not needed for the estimates below). O

We denote

2(010m) - / / / pecon clw,y,2)?do(@)do(y)do (2).
|z— y\>€(5z+€y)

|lz—z|>e(la+L2)
ly— Z\>€(fy+fz)

We also set

€U|2R /ﬁ z€2R x yYs 2 ) dO’(y)dU(Z),
|lx—y|>e(lz+Ly)
|lx—z|>e(lz+Lz)

ly— z\>e(£y+€z)

and

cga (A,B,C) //%ceA yeB, zec c(x,y, 2)*do(x)do(y)do(2).

le—y|>e(lz+Ly)
|z—z|>e( Zz—l—ﬂz
ly—z|=e(ly+L- )

Notice that C?, . (A, B,C) is symmetric with respect A, B,C.

By (8.8), (8.9) and Lemma 8.5, to prove (8.2) it is enough to show that

(8.11) i (019r) < COs(R1)0(Ry).
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We set
GR = 2R\UQZ

Observe that o-almost all G is contained in I'g, by (a) of Lemma 8.1.
We split ¢} (o12r) as follows:

(8.12) cf(opr) = ¢, (UiQ: UiQi,UiQ:) + 3¢7 5 (UiQi, UiQs, Gr)
+ 3¢}, (UiQi, Gr, GR) + c2(Gr, Gr,GR).
8.6. Estimate of cg (GR, Gr, GR) . The measure O\Gr coincides with f dH%R,

where f is some function such that ||f||c < CO,(R;). Since the Cauchy
transform is bounded on LQ(H%R) (with ||C]| LML ),22(HL ) bounded above
R R

by some absolute constant), we have

& (Gr,Gr,Gr) < |fll% (Hry,) S 05(R1)*H! (TR)
< 0,(R;1)3diam(R;) = CO,(R1)?0(Ry).

8.7. Estimate of czg (UiQi, Ui Qi UZ-QZ-). We set

(8.13) 7 5 (UiQi, U;Q5, UkQi) = > ¢ 5(Qi, Q5 Qi)

5,k
Now we put
Qi = [Qin(6Q;U6Q0)| U[Qi\(6Q;U6Q)),
Qj = [Qj N (6 UGQk)} U [Qj \ (6Qi U6@k)},
Q= [Qen(6Q:U6Q)| U [Qi\ (6Q:U6Q,)].

We replace @Q;, @, and Q) in (8.13) by the right hand side of the identities
above, and we get

o (UiQi, U;Qj, Uk Qr)
<Y, (Qi\ (6Q;U6Qk), Q;\ (6QiU6Qx), Qk\ (6Q; U6Q;))

1,5,k

+) e, (Qin(6Q; U6Q), Qj, Q)
4,5,k

+ Zczg(Qi, Q; N (6Q; U6Qy), Q)
4,5,k

+ Z o (Qir Qj, QN (6Q: U6Q;))
4,5,k

=U+4+V + Vo4 Vs,
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First we estimate Vi, Vs, V3. By symmetry, Vi = Vo = V3, and also

i <

ZC?,U(Q'LQGQW QJ’ Qk) +ZCZO'(le6QVk7 Q]7 Qk)

1,5,k 1,5,k
2> ¢, (QiN6Q;, Qj Qr)
1,5,k
22620(62]', 6ija 2R)
J
QZC?,J(Q% 6@% 6@]) +2 ZCZJ(Q% 6@]’7 2R \ 6@])
J J

Vii+Via.

Now we deal with Vi 1:

F0(@3:60:60) <2 [[[ Ly o el 2Pdo@)dot)do()

~

|z—z|>|x—y|>l(Q;)

& /erj Aeﬁ@ (ﬁ@@j x_lz|2 da(z)) do(y)do(x)

lz—y|>el(Q@y) — lw—z[=]z—y|

QU(RI)
< /erj - do(y)do(x)

ye6Q; |z -yl
lz—y|>el(Q;)

< / 0, (R1)2do () = 0, (R1)%0(Q)).
T€EQ;

Thus, Vi1 < 0,(R1)%0(Ry).
The term Vi 2 is estimated likewise:

ct,(Q;.6Q;,2R \ 6Q;)

< ﬁeﬁa ( Jeos 3 dols) ) do)do (o)

—y|=2el(Q;) \33 2|>C1(Q;)

/erJ A@QJ |x — y)| do(y)do(x)

—y|>el(Q;)

o( 1) (Q])7

and so Vi o < Chy(R1)%0(Ry).
It only remains to estimate U. Notice that if

(8.14)

Qi\6Q; #2 and  Q;\6Q; # 2,
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then 2@Z N 2Q] = @. Otherwise, 2Ql N 2Q] # @ implies that either Q; C
20; C 6@J or Q; C 2Q] C 6Q);, which contradicts (8.14). Thus,

U D e, (Qi\ (6Q;U6Qk), @\ (6Q; U6QL), @k \ (6QiU6Q;))

i7j7k

IN

> a(QiQ5Qk)
0,5,k 2Q:N2Q; =92,
2é¢ﬂ2@k=g,
2Q;N2Qk=2
Next we wish to compare ¢2(Q;, Q;, Qr) (for Q;, Qj, Qk as in the last sum)
with the curvature c?il (94,95, 9k ), where g;, g, g, are the bounded functions
I'r _ _ _
constructed in Lemma 8.4, which are supported on Q;, @, Q respectively,
and we set

Sy, g = [[[| el 2P 0@ 0,0 02) 1! @)t )ard' o).

Ifz,2' € Q;, v,y € @j and z, 2 € Qy, then
c(z,y,2)* < 2@y, )
CU(Q;)? Cl(Q;)? CUQ4)?
(Q:) n (Qj) N (Qr)

lz—yPle -2 |y—zPly— 22 |z —z?|z —y¥’

by Lemma 3.5. If we integrate x € @Q;, y € @, and z € @}, with respect
to o, and also 2’ € @); with respect to the measure g; dH%R, y' € Q; with
respect to g; dH% o and e @k with respect to g dH% > then we get

c2(Qi,Qj,Qr) < 26311 (9, 95 9k)

/ / /558; E —C;P%)_ Jp do(@)do(y) do2)

2€Qk

/ / /y§8§ v —ny Cf; e o do(@) doly) do(z)

2€Q

///ZES; E —Cgf\ ?zw_ e do(z) do(y) do(z).

2€Qk

Therefore, by symmetry,

U <2Z Hl gzagjagk)
.5,k

(8.15) -
+3Z//#Ql ?%da(x) do(y) do(2).

|lz—y|>C~!
le—z|>C~ IZ )
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By Lemma 8.4, g := >, g S 05(R1), and then

ZC%% (9i,95,9%) = *(gdHr,,) S 0.(R1)*cP(Hr,)
(8.16) gk
S bs(R1)*HY (TR) S 05(R1)%0(Ra).

The integral in (8.15) is estimated as follows:

Q@
///gf—%>cle(@:i) ly —zPly — 2 do(z) do(y) do2)

|z—2|>C~1(Q))

2
= N' 2 71 g o\
1@ /:L‘EQZ- </|x—y|>c—le<@> o (y>> o

_ 2
S [ . ‘;(%%1)) do () = 0s(F10(Qs).

From (8.15), (8.16) and the preceding estimate we get
U < 05(R1)’0(Ry).

We are done.

8.8. Estimates of cza (UiQi, U; Qi GR) and C?,a (UiQi, Gr, GR). We leave
these estimates for the reader. The arguments are similar to the ones used
for cZ - (UiQi, U; @, UiQi). In fact, notice that if by convention one allows

the squares @Q); to be points, then (UZ-QZ-) X (UiQi) x G g and (UZ-QZ-) XxGrxGR
are subsets of (UZ-QZ-)?’.
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