ESTIMATE OF THE CAUCHY INTEGRAL OVER AHLFORS
REGULAR CURVES

MARK MELNIKOV AND XAVIER TOLSA

ABSTRACT. We obtain the complete characterization of those domains G C C
which admit the so called estimate of the Cauchy integral, that is to say,

‘faG £(2) dz‘ < C(G) |Ifllco V(E) for all E C G and f € H®(G \ E), where

~v(E) is the analytic capacity of E. The corresponding result for continuous
functions f and the continuous analytic capacity a(F) is also proved.

1. INTRODUCTION

The problem of estimating the Cauchy integral over the boundary of a domain
was posed by Vitushkin in connection with the theory of uniform rational ap-
proximation on compact subsets of the complex plane. The problem consists of
characterizing those bounded domains G C C with rectifiable boundary for which
there exists a constant C'(G) such that for any compact set £ C G and any function
f bounded and holomorphic on G \ E the following estimate holds:

(1) < CL(G) [[flloer(E),
oG

where v(F) is the analytic capacity of E (see next section for the precise meaning of
the notions appearing in this section). Vitushkin also raised the analogous question
for functions f continuous on G' and holomorphic on G'\ E, changing v(FE) by the
continuous analytic capacity a(FE).

The estimate (1) was proved in 1966 in [Mel] for G being a disk, and more
generally, for G with analytic boundary. Later on, Vitushkin [Vil] proved the
estimate (1) for domains G bounded by piecewise Lyapunov curves (i.e. piecewise
C'*¢ curves). In [De], Davie generalized the result to the case of hypolyapunov
curves (i.e. curves satisfying a Dini type condition).

In [Vi2, Section III.1], Vitushkin showed an example of a domain G with recti-
fiable boundary such that the estimate of the integral (1) does not hold (that is,
rectifiability of the boundary alone does not imply (1)), and he conjectured that
(1) holds if G is a Jordan domain such that

(2) Y(F) > Co(G)H(F)  for all closed subsets F C G,

for some constant Ca(G) > 0 (H* denotes the 1-dimensional Hausdorff measure, or
arc length). In the present paper we prove that this conjecture is true.

Let us remark that when dG is a curve, condition (2) is equivalent to the fact
0G is Ahlfors regular, that is to say,

HY(B(z,7)NOG) < Cr forall z € C,r > 0.

(z)dz
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This follows from a theorem of David [Dd] which asserts that the Cauchy integral
operator is bounded in L? on Ahlfors regular curves.
Now we state our result in detail.

Theorem 1. Let G be a bounded open set in C whose boundary OG is a finite
disjoint union of Jordan rectifiable (closed) curves. Then, the following conditions
are equivalent:

(a) There exists some constant Co(G) > 0 such that for any closed set F' C 0G,
Y(EF) = Co(G) HH(F).

(b) The Cauchy integral operator Cyp1|a¢ is bounded on LQ(H‘laG).

(¢) There ezists some constant C1(G) such that for any compact set E C G
and any function f € H>*(G \ E), we have

(2)dz
oG

< CUG)[Ifloov(E)-

(d) There exists some constant C3(G) such that for any compact set E C G

and any function f € H*(G\ E)NC(G), we have

(2)dz
oG

The constants C1(G) and C5(G) depend only on Co(G), or equivalently, on the
LQ(Hllé)G) norm of Cy1jpq, and conversely.

< C3(G)|[fllooce(E).

Notice that in Theorem 1 we consider a more general setting than G being a
Jordan domain. Moreover, we show that condition (2) is not only sufficient, but
also necessary for the estimate of the Cauchy integral.

Vitushkin’s original motivation for studying estimates like (1) was to obtain
necessary and sufficient conditions for uniform rational approximation. Let X C C
be compact and, as usual, let R(X) be the algebra of uniform on X limits of rational
functions with poles out of X, and A(X) the algebra of functions continuous on X

and holomorphic on X (this is the interior of X). Given f € A(X) one asks when
f also belongs to R(X). A direct consequence of Theorem 1 is that such function f
has to satisfy the following estimate, for any Jordan domain G with Ahlfors regular
boundary:

(5)

f(z)dz

oG

< C(G) wy (diam(G)) (G X),

where C'(G) depends only on the Ahlfors regularity constant of 0G and wy(-) is the
modulus of continuity of f. Conversely, condition (5) is also sufficient for f to be
in R(X). Indeed, it is enough that (5) holds either for all the squares G C C [Vi2]
or for all the disks G C C [Pa].

In the proof of Theorem 1 we use the quite recent results and ideas involved in
the proof of the semiadditivity of v [To4] and « [To5].

The plan of the paper is the following. In Section 2 we recall some preliminary
definitions and results. In Section 3 we prove the equivalence (a) < (b) of Theorem
1. The main implications are (b) = (¢) and (b) = (d), and they are proved in
Sections 4 and 5 respectively. In Section 6 we show that (c) = (a) and, finally, in
Section 7 that (d) = (a).
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2. PRELIMINARIES

Throughout all the paper, the letter C' will stand for an absolute constant that
may change at different occurrences. Constants with subscripts, such as Cp, will
retain its value, in general.

The notation A ~ B means that there exists an absolute constant C' > 0 such
that C"'A < B < CA.

2.1. Analytic capacity, the Cauchy transform, and curvature of measures.
The analytic capacity of a compact set £ C C is

(6) V(E) = sup|f'(c0)],
where the supremum is taken over all holomorphic functions f : C\ E—C with

|f] <1on C\ E, and f'(00) = lim, . 2(f(2) — f(0)).
The continuous analytic capacity of F is

a(E) = sup |f'(c0)],

where the supremum is taken over all complex functions which are continuous in
C, holomorphic on C\ E, and satisfy |f(z)| <1 for all z € C.

A positive Radon measure y is said to have linear growth if there exists some
constant C' such that u(B(x,r)) < Cr for all z € C, r > 0. The linear density of u
at x € Cis (if it exists)

B(x,r
0.2 = i M0,
Given a complex Radon measure v on C, the Cauchy transform of v is

1
Crv(z) = dv(§).
()= [ e an©
This definition does not make sense, in general, for z € supp(v), although one
can easily see that the integral above is convergent at a.e. z € C (with respect to
Lebesgue measure). This is the reason why one considers the truncated Cauchy
transform of v, which is defined as

CEZ/(Z):/M L dv(§),

—z|>e §—=

for any ¢ > 0 and z € C. Given a p-measurable function f on C (where u is some
fixed positive Radon measure on C), the Cauchy integral operator C,, is defined by

Cuf = C(f dp).

The e-truncated version of C, is C,of := C-(fdp). We say the Cauchy integral
operator is bounded on L?(y) if the operators C,, - are bounded on L? () uniformly
on e > 0.

The maximal Cauchy transform of a complex measure v is

C.v(z) = sup |C.v(z).
e>0

We also set Cp . (f) = C(f dp).

If in the supremum (6) which defines v(F), additionally we ask the functions f
to be Cauchy transforms of positive measures, we get the capacity v4 of E. The
definition of o is analogous.
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Given three pairwise different points z,y, z € C, their Menger curvature is

1

D = Ry

where R(z,y,z) is the radius of the circumference passing through x,y,z (with
R(z,y,2) = 00, ¢c(x,y,z) = 0if z,y, z lie on a same line). If two among these points
coincide, we let ¢(x,y, z) = 0. For a positive Radon measure p, we set

) = [ [ ety 2P duty)duce)

and we define the curvature of p as

(7) ) = [ @) dnte) = [ [ [ elwyo)? dut)duty)duce)

The notion of curvature of measures was introduced in [Me2], where some estimates
of analytic capacity in terms of curvature were obtained.

Curvature of measures is connected to the Cauchy transform too. Indeed, Mel-
nikov and Verdera [MV] proved that if p has linear growth, then

(®) [Coplagy = 5 () + O(H(E)),

where c2(p1) is an e-truncated version of ¢?(u) (defined as in the right hand side of

(7), but with the triple integral over {z,y,z € C: |z —y|,|ly — 2|, |z — 2| > £}).
In [To4], the following result has been proved:

Theorem A. For any compact set E, we have

(9)
Y(E) = v+ (E)

~ sup{u(E) ssupp(p) C B, u(B(z,r)) <rVe € E;r >0 and ¢*(p) < u(E)}
{,u(E) ssupp(p) C E, p(B(z,r)) <rVx € E,r >0 and
ICull 22 220 < 1,

with absolute constants.

/2 sup

The corresponding result for o was obtained in [To5].
Theorem B. For any compact set E, we have
a(E) = a(E)
~ sup{,u(E) :supp(p) C E, ©,4(z) =0Ve € E,
(

B(z,r)) <rVa € E,r >0 and ¢*(p) < ,u(E)}

—
—
o

=

=

~ sup{,u(E) :supp(p) C E, ©,(x) =0Vzr € E,
w(B(x,r)) <rVe e E,r >0 and ||CullL2(),22(n) < 1},

with absolute constants.
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A direct consequence of the Theorems A and B is that v and « are semiadditive.
That is, for all compact sets E, F' C C,

YEUF) < C(y(E)+~(F)),

and
a(EUF) < C(a(E) + a(F)).
The following potential was introduced by Verdera in [Ve]:

(11) Un(@) i= Mu(@) + cu(a),
where M is the maximal radial Hardy-Littlewood operator:
B
M) — sup PBET).
>0 r

and ¢, (z) = (ci(w))lﬂ. We remark that « can be characterized in terms of this
potential:
~v(E) ~ sup{u(E) : supp(p) C E, Uy(z) < 1Vx € C}.

An analogous characterization for @ and « exists. See [To5] for the details.

2.2. Vitushkin’s localization operator V. Given f € L} (C) and ¢ € C*
compactly supported, we set

Vol = of — = C(f3g) = - C(p0)).

Here Of should be understood in the sense of distributions. Recall that if the
support ¢ is contained in a ball of radius 7, ||¢]|co < C4, and ||V¢||e < Cy/r, then
V., f has the following properties (see [Ga, Lemma VIII-7.1], for example):

Ve flloo < Cs]|flsos

[V flloo < Cowy(r), where wy stands for the modulus of continuity of f,
V., f is holomorphic outside supp(9f) N supp(y),

if f is continuous on C, then V, f is also continuous in C.

The constants C5 and Cg depend only on Cy.

3. PROOF OF THE EQUIVALENCE (a) < (b)

The implication (b) = (a) is well known. It follows from the fact that the
L? boundedness of the Cauchy integral operator implies that it is of weak type
(1,1) (see [NTV1] or [To2], for example), and from a dualization of the weak (1,1)
inequality. It can also be proved using the estimate of analytic capacity in terms
of curvature obtained in [Me2].

We consider now the other implication. So we assume that

(12) Y(F) > C ' HY(F) for all closed sets F C JG.

This condition implies that H‘laG has linear growth, because for any closed ball

B(z,r) we have
HY(B(x,r) NOG) < Cvy(B(x,r) NIG) < Cr.
In [To3] it has been shown that there is an absolute constant C7 such that for any
complex Radon measure v and any A > 0 the following holds:
vl

(13) 7+{IG(C: C.v(z) >)\} < Cy N
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Then, by (12) and the comparability between v and v, we get

v

Hl{x € G : Cov(z) > )\} < C’y{x € G : Cuv(z) > A} <ol

Thus the Cauchy integral operator is bounded from the space of complex Radon
measures M (C) into leoo(Hllac). In particular, it is of weak type (1,1) (with
respect to arc length measure on dG). This is equivalent to the L? boundedness on
OG (see [Tol] or [NTV1], for example).

Let us remark that one can prove the implication (a) = (b) by different argu-
ments. For example, instead of using the inequality (13), one can use the local T'(b)
theorem of Nazarov, Treil and Volberg [NTV2].

4. PROOF OF THE IMPLICATION (b) = (c)

4.1. A preliminary lemma. The following result will play a key role in the proof
of (b) = (c).

Lemma 2. Let E C C be compact. There exists an open set ) containing E with
a Whitney decomposition Q = |J,c; Qi, where {Q;}icr are Whitney squares such
that v4() ~ v+ (E) and

D 1 (EN2Qi) < Cry(B).
iel
Let us remark that, unless stated otherwise, we assume that all the squares are
closed and have sides parallel to the axes.

Proof. In (a) and (b) in Lemma 5.1 of [Tod4] the same result has been proved
assuming that E is a finite union of segments. To prove it for this type of sets, it
has been shown in [To4, Lemma 4.1] that there exists a measure o supported on
E, with linear growth, such that o(E) = v+(E) and U,(z) > 1 forallz € E. If E
is an arbitrary compact set, then we have

71 (B) ~ it {u(C) : p € My (C), Up(a) > 1Var € B},

where M (C) stands for the set of all positive Radon measures, by [To3, Theorem
3.3]. As a consequence, in this case there also exists some measure o (which in
general will not be supported on E and will not have linear growth) such that
o(E) = v+ (F) and U,(x) > 1 for all z € E.

Now the same arguments used to prove (a) and (b) of [To4, Lemma 5.1] work
since it can be checked that the assumptions concerning the support and linear
growth of o are not necessary. O

4.2. Proof of the implication (b)=-(c). Suppose that the Cauchy integral op-
erator Cyg,  is bounded on L?(Mjse)- We want to show that (3) holds. We assume

that f vanishes on C\ G and also, by homogeneity, that || f|loc < 1.

Let Q be the open set containing F in Lemma 2, and Q = | J,c; Qi a Whitney
decomposition into squares satisfying the conditions mentioned in the same lemma.
Now we consider a partition of unity: let {¢; }icr be a family of C* functions such
that 0 < ¢; < 1, |[Vyi|le < C/€(Q;) and supp(p;) C 3Q; for each i € I, so that

> icr i =1on Q.
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Consider the (finite) subfamily of squares {Q, } e, J C I, such that 2Q;NE # @.
Notice that i := ZjEJ @; = 1 on a neighborhood of E. Moreover, v is a compactly
supported C* function because J is finite. Then we have

F=Y Vo, f+Viuf.
jeJ
The function Vi_y f is bounded on G, although its L> norm may depend on #J.
Also, it is holomorphic in G because

IViepf)=(1—¢)0f =0 inG,
since 1 — 4 vanishes in a neighborhood of E and f is holomorphic in G \ E. Thus,
(14) flz)dz=Y" / V,,, f(2) dz.
oG iey oG

Let J; C J be the set of indices such that 2Q;NOG = @ if j € Jy, and Jo = J\ J;.
By the definition of ~, for j € J; we have

/ Vo, f(2)dz
oG

because 2N 2Q; C G and ||V, f|lc« < C. Therefore, using Lemma 2 and the fact
that v ~ v, we obtain

(15) > /OG Vo, f(2)dz

JjE€I

< Cy(EN20Qy),

<C Y y(EN20Q;) < Cy(E).

JjE€I

For j € J; we will show below that

(16) | Verea:

Before proving this estimate, let us see that (3) follows from (14), (15), and (16).
Indeed, using Lemma 2 again, by the finite overlap of the Whitney squares Q;, we
get

< C(y(EN2Q;) +H'(0GN3Q;)).

< (Y20, + Y H (96 N3Q;))
jed jeJ
< C(y(E)+HY(0G N Q)).

Z /aGV%,f(z) dz

JEJ2

Because of the L? (H‘IBG) boundedness of the Cauchy integral operator, we have
H' (G NQ) < Oy (8GN Q) < Cry(Q) < Cry(B).

Thus,

< Cy(E),

> /m Vo, f(2)dz

J€J2

which, jointly with (15), yields (3).
It only remains to prove (16) for j € Jo. Let D; be a disk with radius £(Q;)/4

whose center z; coincides with the center of ();. Consider the following measure:

-1 _
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We want to compare V,,, f with the function g; := Cv;. Notice that

~ [ 190, dm = (V1Y (00) = g5(00).

Then, using the definition of ~, the fact that ||V,,, f|lcc < C, and the semiadditivity
of v, we get

‘i/fa% dm‘ < Cy((BEUdG)N2Q;) < C(v(EN2Q;) +~(0G N2Q;))
(17) < C(v(EN2Q;) +H(0GN2Q,)).
AS a consequence,
C - EN2Q;)+H (OGN 20Q;,
(18) ||gj||oos]E(Qj)/fawjdm]sc”( 120) OG0 <o

In the last inequality we used the fact that the arc length measure on dG has linear
growth, because the Cauchy integral operator is bounded on LQ(H‘laG). Since g;

and V,,, f are bounded by C' and (Vy, f)(c0) = gj(o0), the following estimate holds
for z ¢ 3Q);:

CU(2Q;)v((EUOG) N2Q,)
dist(z,2Q;)?
CUQy) V(B N2Q;) +H'(9G N2Q;)]

|z — 2;]?

Ve, f(2) —gi(2)] <

(19)

IN

Let us estimate the integral

[ Wes@-g@aee=[ v —nin
oa 0GN3Q; dG\3Q;

From the uniform boundedness of g; and V,,, f, it follows immediately that I; <
CH'(OG N 3Q;). To deal with Ir we use (19) and the fact that the arc length
measure on JG has linear growth. Then we get

L - / CUQ;) [v(EN2Q;) +HY (IG N2Q,)] L (2)
T Joac\3q; |2 = z?

C(v(EN2Q;) +H'(0G N2Q;)).

IN

As a consequence,

/ Vi, f(2)dz| < C(v(EN2Q;) + H'(0G N 3Q;)) + ‘/ gj(2) dz|.
oG oG
By Fubini and (17) we obtain
/ () dz| = | [ Cvy(2)de| = Cluy(@)] < C((E N 2Q,) + H (06 N 2Q))).
oG oG

So (16) holds, and the theorem follows.
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5. PROOF OF THE IMPLICATION (b) = (d)

5.1. The capacities v". The capacity v" of a compact set E C C, introduced
in [Tob], is defined as follows. We consider a continuous function A : (0, +o00) —
(0, +00) such that h(r)/r is non decreasing in r,

(20) h(r)<r and h(2r) <4h(r) for all r >0,

and moreover

(21) lim A7)
r—0+ 7

=0.

We set

Y (E) = sup |f'(c0)],
where the supremum is taken over all functions f € L>°(C) which are holomorphic
in C\ B, with f(c0) =0, || f|£e(c) < 1, such that

(22) ’ / fopdL?

for any real function ¢ € CZ° supported on some ball of radius r. If f satisfies all
these properties we say that f is admissible for v* and E, and we write f € A"(E).
The capacity ’yi (E) is defined in an analogous way, but we ask an additional
condition on the functions in the supremum above. Namely, f should be the Cauchy
transform of some positive Radon measure supported on F.
Let us remark that the doubling property h(2r) < 4h(r), for r > 0, implies that

(23) h(At) < 4X?h(t)  forall A > 1 and t > 0.
In [To5], the following result has been proved:

< h(r)r|[Velloo

Theorem C. For any compact set E, we have

a(E) ~ sup (E),
h

with the supremum over all continuous functions h : (0, +00)— (0, +00) satisfying
(20) and (21), with h(r)/r non decreasing. Moreover, for any fixed h fulfilling these
properties,

ICulzay, 20y < 1},

with absolute constants (independent of E and h, in particular). As a consequence,
" and o are countably semiadditive.

The next lemma asserts that the localization operator V,, behaves well with
respect to the capacity 'yh:

Lemma 3 ([To5]). Let E C C be compact and f € A"(E). Let ¢ be a C* function
supported on B(xo,r), such that ||¢llc < Cs and [|[Vo|loe < Csr~'. Then there
exists some constant C' depending on Cs such that C~1V,,f € AM(E N B(zo,7)).
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5.2. Estimate of the Cauchy integral in terms of 7". We will prove the
following result, which may have some independent interest.

Theorem 4. Let G be a bounded open set in C such that its boundary OG is a
finite disjoint union of Jordan rectifiable curves. Suppose that the Cauchy integral
operator Cyjpc s bounded on Lz(H‘laG). Then there exists a constant Co(G),

which only depends on the LQ(H‘laG_) norm of Cyjag, such that for any compact
set E C C and any function f € C(C)N H>®(G \ E), we have

(25) (2)dz

oG

< Go(G)Y"(E),

where h(r) = rwg(r).

The implication (b) = (d) in Theorem 1 follows easily from the preceding the-

orem. Indeed, given f € C(G) N H*(G \ E), we may extend it continuously to
the whole complex plane without increasing || f|l. Then we apply Theorem 4 to

T/ fllo, and we get

(2)dz
oG
(observe that Co(G) does not depend on h).

Let us remark that the condition f € C(C) N H>®(G \ E), implies that C~1f €
A"(E) for some absolute constant C' and h(r) = rws(r) (see [To5, Lemma 4.1].
The converse implication seems to be false in general (as far as we know).

< Co(G)Iflor"(B) < Cllflloccr(E)

5.3. Preliminary lemmas for the proof of Theorem 4. The following lemma
will play an essential role in the proof of Theorem 4.

Lemma 5. Let E C C be compact. There exists an open set §) containing E with
a Whitney decomposition Q = J,c; Qi, where {Q;}icr are Whilney squares such
that v (Q) = % (E) and

D A (EN2Q:) < CYL(E).
icl
The proof of this result is similar to the one of Lemma 2. See Lemma 7.2 of
[To5] for the details.
We will also need next lemma.

Lemma 6. Consider f € C(C) and set h(r) = rwy(r). Let ¢ be a C* function
supported on a square Q such that ||¢|lcc < 1 and |[V@|leo < C10/4(Q). Let T be
an Abhlfors reqular closed Jordan curve which intersects Q. We have

/F Vo f(2) dz

where C11 only depends on Chg and the Ahlfors regularity constant of T.

< Cy1h(diam(I' N 2Q)),

Proof. We consider first the case I' C 2Q). We take zp € I'. Notice that V,f =

Vo (f — f(20)), because V,1 = 0. So if we set f(z) := f(2) — f(20), we have

/Fwa(z)dZZAwa(z)dz:A@(z)f(z)dz—%/FC(fégo)(z)dz =1 + I».
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First we estimate I:

|11

IN

ﬁ}w@&ﬂzﬂdwwz>snfm&rH%r>
Cwy(diam(T))YH*(T') < Ch(diam(T)).

Now we turn our attention to Is. Observe that by Cauchy’s formula we have

h—OAgmﬂdW@MH@%

N

where Int(T") stands for the bounded component of C\ I'. Then we get

C = C wy(diam(I")) diam(T")
2| < @”f”oo,lnt(l‘) H?(Int(I))? < @)

Thus the lemma holds in this case.
Suppose now that I' Z 2Q). From the fact that I' N Q # &, we deduce

(26) diam(T' N 2Q) > @

i < Ch(diam(I")).

Let zg be the center of ). Notice that the ball B(zq,2¢(Q)) contains supp(¢).
We consider the curve I' := 8(B(zq,2¢(Q)) N Int(I')). Since V,f is holomorphic
outside B(zqg,2¢(Q)), by Cauchy’s theorem we have

/ Vof(z)dz = /~ Vo f(z)dz.
r T
Therefore,

< OV, fllo MM (D).

/FV@f(z) dz

Recall that from the identity
V) =+ [ LI s aneco),

one easily infers that ||V, f|lec < Cw;(0(Q)) = Ch(4(Q))/4(Q). On the other hand,
from the Ahlfors regularity of T, it easily follows that H(I') < C¢(Q). Thus,
| [- Vo f(2) dz| < Ch(£(Q)) and so the lemma also holds in this situation, by (26).

(]

5.4. Proof of Theorem 4. Let €2 be the open set containing F described in
Lemma 5, and Q = J,.; Q; the corresponding Whitney decomposition into squares
Q;. We consider the same family of C'°° functions ¢;, ¢ € I, used in the proof of
the implication (b) = (¢) of Theorem 1, with supp(y;) C %Qi, and also the same
finite subfamily of squares Q;, j € J C I (recall that these are the squares such
that 2Q; N E # @). Arguing as in the proof of (b) = (c), we have again

(27) g flz)dz=>" /8 . Vo, f(2) dz.

jEJ
Let J; C J be the set of indices such that 2Q;N0G = @ if j € Jy, and Jo = J\ Ji.
By Lemma 3 and the definition of 4", for j € J; we have

‘/ Ve, f(2)dz| < Cy"(EN2Q;),
oG
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since FN2Q; C G and C’lv%f € A"(EN2Q);), for some constant C. Therefore,
by Lemma 5 and the fact that 7" ~ ",

Z/ V, f(z)dz| < C S AM(EN2Q;) < CyM(E).
JEJ JEJ

Now we have to deal with the squares @; such that 2Q;N0G = @. Let I'y, k € K,
denote the family of disjoint closed Jordan curves such that 0G = (J,.c i 'k Using
Lemma 6 and the defnition of 4", for j € J,, we have

(28)

‘/ Vo, f(z)dz| < Z / ‘ / ‘
oG kTn2Q;2e Y Tk k: szQ —z7/Tk
<C ) h(diam(Ty N4Q;)) + Cy"([EU G N2Q;).
kiTpN2Q; £

To estimate the last term we use the (countable) semiadditivity of 4" and the fact
that v*(F) < Ch(diam(F')) for any compact set F' C C:

YHIEUGTN2Q;) < Oy (EN2Q;) + " (G° N 2Q;)
<CYM(EN2Q;)+C Y h(diam(T'y N4Q;)).
k:FkQQQ‘i#@

Therefore, by Lemma 5 again,
/ flzydz|<C > > h(diam(Ty N4Q;)) + Cy"(E).

JET2 kiTRN2Q; #2
Our next objective consists of showing that the first term on the right hand side in
the preceding inequality is bounded above by v"(E). To this end, for each j € Jy
and k£ € K such that 'y N 2Q); # @, we consider a square P,z C 4Q); with side
length diam(T'y, N 4Q;)/2 such that P,z NIy # @. By Vitali’s covering theorem,
there exists a subfamily { P}, n)eg of the squares P,g such that the squares 2P,

(29)

(m,n) € S, are pairwise disjoint, and any square P,g is contained in some square
6P, with (m,n) € S. Now we consider the measure

Z P7n |2P
2 pmy tere
(m,n)eS H )
Observe that supp(u) C 2. We claim that p satisfies
(30) p@=Cct " Y h(diam(T, N4Q;)),
jE€J2 kiTxM2Q;#2
(31) w(B(z,r)) < Ch(r) forall zeC,r >0,

and also that the Cauchy integral operator C, is bounded on L?(p), with constants
depending only on the norm of the Cauchy integral operator Cy1|sg on L? (H|18G)'

Observe that using the characterization of 4" in terms of the L? norm of the Cauchy
integral operator in (24), from our claims we deduce

Y Y r(diam(TN4Q;)) < Cu(@) < CH(E),
JEJ2 kT, N2Q; 4@

and then, by (29), the theorem follows.
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Let us see that (30) holds. Notice that for j € Jo, and k such that I'; N2Q); # @,
we have

; 1
(Pl = 5 diam(T' 14Q;) < CH (T, N4Q;).
Taking into account that h(r)/r is non decreasing, if 2P,g C 6P, we get
h(diam (T, N4Q;)) < Ch(L(P])) < Ch(3¢(PI™)) D)
H' (T N4Q;)
< ChUPT) s

Therefore,
(32)
> h(diam(Tn4@y)) < DY > h(diam(Ty N4Q;))
JEJ2 k:T1,N2Q,; #2 (m,n)eS  j,k:j€J2,

FeN2Q;#2,

2P} C6Py

m Hl(l“k N4Q;)
(m,n)€S j.k:jeJz, n
2P} C6P
To estimate the last sum notice that, by construction, if 2P,g C 6P, then we have
Iy N4Q; C 6P] C 18P

Thus, using the finite overlap of the Whitney squares @;, for each fixed (m,n) € S,
we obtain

> HTRN4Q,) <)Y H'(I8P NIy N4Q;)
J.k:g€J2, k jEJ2
2P} 6P

< CY H'(18PNTy) = H' (18P NG) < CUPY").
k

If we plug this estimate into (32), (30) follows:

Y. D h(damTrn4Q) <C Y7 h(UPT)) = Cp(®).
JEJ2 k:T1,N2Q,; #2 (m,n)€eS
Now we will prove (31). Observe that it is enough to prove it for z € supp(u).
So take a fixed P*, (m,n) € S, and z € PJ*. Suppose first that r < £(P")/2.
Since 2P does not intersect any other square P,’L’?,, (m/,n') € S, and on 2P
coincides with the Lebesgue measure times h(¢(P™))/¢(P™)?, we have
h(((P")) -
u(B(z,r)) < OWT .
From the property (23) of the function h, setting A = £(P)/(2r), (31) follows (for
0<r<LPM)/2).
Assume now that r > ((P;")/2. We set T' = {(p,q) € S: Py N B(z,r) # @}.
Since 2P, N2P? = @ if (m,n) # (p,q), we have r > {(P?)/2 for any (p,q) € T.
So there exists some constant Cjs such that

U Pg) CB(Z,CHT).
(p,q)ET
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Recall that )

((PP) = 5 diam(T', N4Q,) < CH'(I', N4Q,),
because I'; N 2Q), # @. Then, by the finite overlap of the squares 4Q),, p € Jo
(recall that the @,’s are Whitney squares), we get

S UPH<C D> H(TyN4Q,) <C Y HY(B(2,Crar) NT,N4Q,)
(p,9)€T (p,9)€T (p,q)€S
< CHY(B(z,C127) N OG) < Cr.

Taking into account that h(t)/t is non decreasing, we obtain

{( PP
wBem s 3 nery= Y N aey)
(p,.)€T (p,@)€T a
h(2r) »
<= (p%;TE(Pq)SCh(Qr) < Ch(r).

The L?(p) boundedness of the Cauchy integral operator C,, follows from the
L? boundedness of the Cauchy integral operator on LQ(HllaG) by comparison, and
using the linear growth of p (which is a consequence of (31)). We leave the details
for the reader.

Remark 7 The implication (b) = (c) of Theorem 1 can be proved using arguments
closer to the ones used to prove Theorem 4 than the ones in Subsection 4.2. More
precisely, one can obtain a variant of Lemma 6 suitable for L>° functions, and use
it to estimate faG Vo, f(2) dz for j € J;. Recall that, instead, in Subsection 4.2 the
integral [, oc Ve, f(2) dz was estimated with the help of some auxiliary function g;
holomorphic outside some disk D;.

6. PROOF OF THE IMPLICATION (c) = (a)

We want to prove that if the estimate of the integral (3) holds, then for any set
F C 0G we have
V(F) > CT'H(F).
Given n > 1, let & > 0 be such that v(Us(F)) < v(F)+1/n. Using Vitali’s covering
theorem, it is easy to check that there exists a finite family of pairwise disjoint balls
{B(xj,rj)}jes with x; € 0G, B(zj,r;) C Us(F'), such that

Hl(F) < CHI(U B(.Tj,’/’j) ﬁF).
jeJ
Moreover, using well known elementary properties of the 1-dimensional Hausdorff

measure, since H!(F) < oo, we may assume that the radii r; are small enough so
that H'(B(zj,7;) N F) < 3r;, and then we have

(33) HU(F)<CY rj.
jeJ
Given any ¢, with 0 < ¢ < minjey7;/10, for each fixed j € J there are points

aj', bj', a; ,b; € C which satisfy the following properties:

(a) aj,b;' € B(xj,7;/3) NG and a; ,b; € B(w;,7;/3) NC\G,
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(b) r;/3 < |aj' — bj'| and 7;/3 <la; —b; |,
(c) |aj‘ —a; | <eand \bj —b;| <e, and

(d) there exists a simple rectifiable arc 0;' contained in B(x;,r;/2) N G whose
J-r,b;r, and another simple rectifiable arc o

endpoints are a; i
B(zj,7;/2) N C\ G whose endpoints are aj,b;.

Notice that from (33) and the properties (a) and (b), we deduce

(34) H(F)<CY laf —bf|=> |ay —bj|.

jeJ jeJ

contained in

For each j € J, consider the univalued branch of the function

ot + 4yt

J 5 +\/(z—aj+)(z—b;r)),

b —aj[®
which is holomorphic on C \ O';-F and vanishes at co. Let also f; be the univalued

fi(z) =

branch, holomorphic on C \ o; , of the analogous function f;~, vanishing at oo,
+ b+
R

1f5 e = 11/ lloe < Ch3

defined like ff, interchanging a by aj,b; . Then we have

and

() dz = (7 (00) = |aT — b “(2)dz = 0.
(35) Agfj<>d (FF)(00) = |at — b1, /aGfJ()d 0
We set
(36) F=Y (=1

It is easy to check that
Hf]+ - fji”OO,C\B(Ij,T‘j) = C(g) - 0 as e — 07

Thus, we deduce
[ flloo < 2C15 + C(e) - #J.

If we choose € such that C(e) < 1/#J, we have || f||oo < 2C13 + 1, and then using
(34), (35), and (3), we get

1 at —bF| = F(2)dz = 2)dz
HE) <o laf == [ S rrede= [ )

jeJ jeJ
<cr(U o) or(wtmn < oo + o).

Since this estimate holds for any n > 1, we are done.

7. PROOF OF THE IMPLICATION (d) = (a)

The proof is analogous to the one of the implication (c) = (a). We only have to
change the function f defined in (36) by a continuous function f which coincides
with f outside some small neighborhood of UjeJ(a;r Uo; ), so that f = f on 0G,

and then we apply the estimate of the integral (4) for f
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