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Abstract. We obtain the complete characterization of those domains G ⊂ C
which admit the so called estimate of the Cauchy integral, that is to say,˛̨̨R

∂G f(z) dz
˛̨̨
≤ C(G) ‖f‖∞ γ(E) for all E ⊂ G and f ∈ H∞(G \ E), where

γ(E) is the analytic capacity of E. The corresponding result for continuous

functions f and the continuous analytic capacity α(E) is also proved.

1. Introduction

The problem of estimating the Cauchy integral over the boundary of a domain
was posed by Vitushkin in connection with the theory of uniform rational ap-
proximation on compact subsets of the complex plane. The problem consists of
characterizing those bounded domains G ⊂ C with rectifiable boundary for which
there exists a constant C(G) such that for any compact set E ⊂ G and any function
f bounded and holomorphic on G \ E the following estimate holds:

(1)
∣∣∣∣∫
∂G

f(z) dz
∣∣∣∣ ≤ C1(G) ‖f‖∞γ(E),

where γ(E) is the analytic capacity of E (see next section for the precise meaning of
the notions appearing in this section). Vitushkin also raised the analogous question
for functions f continuous on Ḡ and holomorphic on G \ E, changing γ(E) by the
continuous analytic capacity α(E).

The estimate (1) was proved in 1966 in [Me1] for G being a disk, and more
generally, for G with analytic boundary. Later on, Vitushkin [Vi1] proved the
estimate (1) for domains G bounded by piecewise Lyapunov curves (i.e. piecewise
C1+ε curves). In [De], Davie generalized the result to the case of hypolyapunov
curves (i.e. curves satisfying a Dini type condition).

In [Vi2, Section III.1], Vitushkin showed an example of a domain G with recti-
fiable boundary such that the estimate of the integral (1) does not hold (that is,
rectifiability of the boundary alone does not imply (1)), and he conjectured that
(1) holds if G is a Jordan domain such that

(2) γ(F ) ≥ C2(G)H1(F ) for all closed subsets F ⊂ ∂G,

for some constant C2(G) > 0 (H1 denotes the 1-dimensional Hausdorff measure, or
arc length). In the present paper we prove that this conjecture is true.

Let us remark that when ∂G is a curve, condition (2) is equivalent to the fact
∂G is Ahlfors regular, that is to say,

H1(B(x, r) ∩ ∂G) ≤ Cr for all x ∈ C, r > 0.
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This follows from a theorem of David [Dd] which asserts that the Cauchy integral
operator is bounded in L2 on Ahlfors regular curves.

Now we state our result in detail.

Theorem 1. Let G be a bounded open set in C whose boundary ∂G is a finite
disjoint union of Jordan rectifiable (closed) curves. Then, the following conditions
are equivalent:

(a) There exists some constant C2(G) > 0 such that for any closed set F ⊂ ∂G,

γ(F ) ≥ C2(G)H1(F ).

(b) The Cauchy integral operator CH1|∂G is bounded on L2(H1
|∂G).

(c) There exists some constant C1(G) such that for any compact set E ⊂ G
and any function f ∈ H∞(G \ E), we have

(3)
∣∣∣∣∫
∂G

f(z) dz
∣∣∣∣ ≤ C1(G)‖f‖∞γ(E).

(d) There exists some constant C3(G) such that for any compact set E ⊂ G
and any function f ∈ H∞(G \ E) ∩ C(Ḡ), we have

(4)
∣∣∣∣∫
∂G

f(z) dz
∣∣∣∣ ≤ C3(G)‖f‖∞α(E).

The constants C1(G) and C3(G) depend only on C2(G), or equivalently, on the
L2(H1

|∂G) norm of CH1|∂G, and conversely.

Notice that in Theorem 1 we consider a more general setting than G being a
Jordan domain. Moreover, we show that condition (2) is not only sufficient, but
also necessary for the estimate of the Cauchy integral.

Vitushkin’s original motivation for studying estimates like (1) was to obtain
necessary and sufficient conditions for uniform rational approximation. Let X ⊂ C
be compact and, as usual, let R(X) be the algebra of uniform on X limits of rational
functions with poles out of X, and A(X) the algebra of functions continuous on X

and holomorphic on
◦
X (this is the interior of X). Given f ∈ A(X) one asks when

f also belongs to R(X). A direct consequence of Theorem 1 is that such function f
has to satisfy the following estimate, for any Jordan domain G with Ahlfors regular
boundary:

(5)
∣∣∣∣∫
∂G

f(z) dz
∣∣∣∣ ≤ C(G)ωf

(
diam(G)

)
γ(G \X),

where C(G) depends only on the Ahlfors regularity constant of ∂G and ωf (·) is the
modulus of continuity of f . Conversely, condition (5) is also sufficient for f to be
in R(X). Indeed, it is enough that (5) holds either for all the squares G ⊂ C [Vi2]
or for all the disks G ⊂ C [Pa].

In the proof of Theorem 1 we use the quite recent results and ideas involved in
the proof of the semiadditivity of γ [To4] and α [To5].

The plan of the paper is the following. In Section 2 we recall some preliminary
definitions and results. In Section 3 we prove the equivalence (a) ⇔ (b) of Theorem
1. The main implications are (b) ⇒ (c) and (b) ⇒ (d), and they are proved in
Sections 4 and 5 respectively. In Section 6 we show that (c) ⇒ (a) and, finally, in
Section 7 that (d) ⇒ (a).
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2. Preliminaries

Throughout all the paper, the letter C will stand for an absolute constant that
may change at different occurrences. Constants with subscripts, such as C1, will
retain its value, in general.

The notation A ≈ B means that there exists an absolute constant C > 0 such
that C−1A ≤ B ≤ CA.

2.1. Analytic capacity, the Cauchy transform, and curvature of measures.
The analytic capacity of a compact set E ⊂ C is

(6) γ(E) = sup |f ′(∞)|,

where the supremum is taken over all holomorphic functions f : C \ E−→C with
|f | ≤ 1 on C \ E, and f ′(∞) = limz→∞ z(f(z)− f(∞)).

The continuous analytic capacity of E is

α(E) = sup |f ′(∞)|,

where the supremum is taken over all complex functions which are continuous in
C, holomorphic on C \ E, and satisfy |f(z)| ≤ 1 for all z ∈ C.

A positive Radon measure µ is said to have linear growth if there exists some
constant C such that µ(B(x, r)) ≤ Cr for all x ∈ C, r > 0. The linear density of µ
at x ∈ C is (if it exists)

Θµ(x) = lim
r→0

µ(B(x, r))
r

.

Given a complex Radon measure ν on C, the Cauchy transform of ν is

Cν(z) =
∫

1
ξ − z

dν(ξ).

This definition does not make sense, in general, for z ∈ supp(ν), although one
can easily see that the integral above is convergent at a.e. z ∈ C (with respect to
Lebesgue measure). This is the reason why one considers the truncated Cauchy
transform of ν, which is defined as

Cεν(z) =
∫
|ξ−z|>ε

1
ξ − z

dν(ξ),

for any ε > 0 and z ∈ C. Given a µ-measurable function f on C (where µ is some
fixed positive Radon measure on C), the Cauchy integral operator Cµ is defined by

Cµf := C(f dµ).

The ε-truncated version of Cµ is Cµ,εf := Cε(f dµ). We say the Cauchy integral
operator is bounded on L2(µ) if the operators Cµ,ε are bounded on L2(µ) uniformly
on ε > 0.

The maximal Cauchy transform of a complex measure ν is

C∗ν(x) = sup
ε>0

|Cεν(x)|.

We also set Cµ,∗(f) = C∗(f dµ).
If in the supremum (6) which defines γ(E), additionally we ask the functions f

to be Cauchy transforms of positive measures, we get the capacity γ+ of E. The
definition of α+ is analogous.
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Given three pairwise different points x, y, z ∈ C, their Menger curvature is

c(x, y, z) =
1

R(x, y, z)
,

where R(x, y, z) is the radius of the circumference passing through x, y, z (with
R(x, y, z) = ∞, c(x, y, z) = 0 if x, y, z lie on a same line). If two among these points
coincide, we let c(x, y, z) = 0. For a positive Radon measure µ, we set

c2µ(x) =
∫ ∫

c(x, y, z)2 dµ(y)dµ(z),

and we define the curvature of µ as

(7) c2(µ) =
∫
c2µ(x) dµ(x) =

∫ ∫ ∫
c(x, y, z)2 dµ(x)dµ(y)dµ(z).

The notion of curvature of measures was introduced in [Me2], where some estimates
of analytic capacity in terms of curvature were obtained.

Curvature of measures is connected to the Cauchy transform too. Indeed, Mel-
nikov and Verdera [MV] proved that if µ has linear growth, then

(8) ‖Cεµ‖2L2(µ) =
1
6
c2ε(µ) +O(µ(C)),

where c2ε(µ) is an ε-truncated version of c2(µ) (defined as in the right hand side of
(7), but with the triple integral over {x, y, z ∈ C : |x− y|, |y − z|, |x− z| > ε}).

In [To4], the following result has been proved:

Theorem A. For any compact set E, we have

γ(E) ≈ γ+(E)

≈ sup
{
µ(E) : supp(µ) ⊂ E, µ(B(x, r)) ≤ r ∀x ∈ E, r > 0 and c2(µ) ≤ µ(E)

}
≈ sup

{
µ(E) : supp(µ) ⊂ E, µ(B(x, r)) ≤ r ∀x ∈ E, r > 0 and

‖Cµ‖L2(µ),L2(µ) ≤ 1
}
,

(9)

with absolute constants.

The corresponding result for α was obtained in [To5].

Theorem B. For any compact set E, we have

α(E) ≈ α+(E)

≈ sup
{
µ(E) : supp(µ) ⊂ E, Θµ(x) = 0 ∀x ∈ E,

µ(B(x, r)) ≤ r ∀x ∈ E, r > 0 and c2(µ) ≤ µ(E)
}

≈ sup
{
µ(E) : supp(µ) ⊂ E, Θµ(x) = 0 ∀x ∈ E,

µ(B(x, r)) ≤ r ∀x ∈ E, r > 0 and ‖Cµ‖L2(µ),L2(µ) ≤ 1
}
,

(10)

with absolute constants.
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A direct consequence of the Theorems A and B is that γ and α are semiadditive.
That is, for all compact sets E,F ⊂ C,

γ(E ∪ F ) ≤ C
(
γ(E) + γ(F )

)
,

and
α(E ∪ F ) ≤ C

(
α(E) + α(F )

)
.

The following potential was introduced by Verdera in [Ve]:

(11) Uµ(x) := Mµ(x) + cµ(x),

where M is the maximal radial Hardy-Littlewood operator:

Mµ(x) = sup
r>0

µ(B(x, r))
r

,

and cµ(x) =
(
c2µ(x)

)1/2. We remark that γ can be characterized in terms of this
potential:

γ(E) ≈ sup{µ(E) : supp(µ) ⊂ E, Uµ(x) ≤ 1∀x ∈ C}.
An analogous characterization for α and α+ exists. See [To5] for the details.

2.2. Vitushkin’s localization operator Vϕ. Given f ∈ L1
loc(C) and ϕ ∈ C∞

compactly supported, we set

Vϕf := ϕf − 1
π
C(f ∂̄ϕ) =

1
π
C(ϕ ∂̄f).

Here ∂̄f should be understood in the sense of distributions. Recall that if the
support ϕ is contained in a ball of radius r, ‖ϕ‖∞ ≤ C4, and ‖∇ϕ‖∞ ≤ C4/r, then
Vϕf has the following properties (see [Ga, Lemma VIII-7.1], for example):

• ‖Vϕf‖∞ ≤ C5‖f‖∞,
• ‖Vϕf‖∞ ≤ C6 ωf (r), where ωf stands for the modulus of continuity of f ,
• Vϕf is holomorphic outside supp(∂̄f) ∩ supp(ϕ),
• if f is continuous on C, then Vϕf is also continuous in C.

The constants C5 and C6 depend only on C4.

3. Proof of the equivalence (a) ⇔ (b)

The implication (b) ⇒ (a) is well known. It follows from the fact that the
L2 boundedness of the Cauchy integral operator implies that it is of weak type
(1, 1) (see [NTV1] or [To2], for example), and from a dualization of the weak (1, 1)
inequality. It can also be proved using the estimate of analytic capacity in terms
of curvature obtained in [Me2].

We consider now the other implication. So we assume that

(12) γ(F ) ≥ C−1H1(F ) for all closed sets F ⊂ ∂G.

This condition implies that H1
|∂G has linear growth, because for any closed ball

B̄(x, r) we have

H1(B̄(x, r) ∩ ∂G) ≤ Cγ(B̄(x, r) ∩ ∂G) ≤ Cr.

In [To3] it has been shown that there is an absolute constant C7 such that for any
complex Radon measure ν and any λ > 0 the following holds:

(13) γ+

{
x ∈ C : C∗ν(x) > λ

}
≤ C7

‖ν‖
λ
.
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Then, by (12) and the comparability between γ and γ+, we get

H1
{
x ∈ ∂G : C∗ν(x) > λ

}
≤ Cγ

{
x ∈ ∂G : C∗ν(x) > λ

}
≤ C

‖ν‖
λ
.

Thus the Cauchy integral operator is bounded from the space of complex Radon
measures M(C) into L1,∞(H1

|∂G). In particular, it is of weak type (1, 1) (with
respect to arc length measure on ∂G). This is equivalent to the L2 boundedness on
∂G (see [To1] or [NTV1], for example).

Let us remark that one can prove the implication (a) ⇒ (b) by different argu-
ments. For example, instead of using the inequality (13), one can use the local T (b)
theorem of Nazarov, Treil and Volberg [NTV2].

4. Proof of the implication (b) ⇒ (c)

4.1. A preliminary lemma. The following result will play a key role in the proof
of (b) ⇒ (c).

Lemma 2. Let E ⊂ C be compact. There exists an open set Ω containing E with
a Whitney decomposition Ω =

⋃
i∈I Qi, where {Qi}i∈I are Whitney squares such

that γ+(Ω) ≈ γ+(E) and ∑
i∈I

γ+(E ∩ 2Qi) ≤ Cγ+(E).

Let us remark that, unless stated otherwise, we assume that all the squares are
closed and have sides parallel to the axes.

Proof. In (a) and (b) in Lemma 5.1 of [To4] the same result has been proved
assuming that E is a finite union of segments. To prove it for this type of sets, it
has been shown in [To4, Lemma 4.1] that there exists a measure σ supported on
E, with linear growth, such that σ(E) ≈ γ+(E) and Uσ(x) ≥ 1 for all x ∈ E. If E
is an arbitrary compact set, then we have

γ+(E) ≈ inf{µ(C) : µ ∈M+(C), Uµ(x) ≥ 1∀x ∈ E},

where M+(C) stands for the set of all positive Radon measures, by [To3, Theorem
3.3]. As a consequence, in this case there also exists some measure σ (which in
general will not be supported on E and will not have linear growth) such that
σ(E) ≈ γ+(E) and Uσ(x) ≥ 1 for all x ∈ E.

Now the same arguments used to prove (a) and (b) of [To4, Lemma 5.1] work
since it can be checked that the assumptions concerning the support and linear
growth of σ are not necessary. �

4.2. Proof of the implication (b)⇒(c). Suppose that the Cauchy integral op-
erator CH1

|∂G
is bounded on L2(H1

|∂G). We want to show that (3) holds. We assume

that f vanishes on C \ Ḡ and also, by homogeneity, that ‖f‖∞ ≤ 1.
Let Ω be the open set containing E in Lemma 2, and Ω =

⋃
i∈I Qi a Whitney

decomposition into squares satisfying the conditions mentioned in the same lemma.
Now we consider a partition of unity: let {ϕi}i∈I be a family of C∞ functions such
that 0 ≤ ϕi ≤ 1, ‖∇ϕi‖∞ ≤ C/`(Qi) and supp(ϕi) ⊂ 3

2Qi for each i ∈ I, so that∑
i∈I ϕi = 1 on Ω.
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Consider the (finite) subfamily of squares {Qj}j∈J , J ⊂ I, such that 2Qj∩E 6= ∅.
Notice that ψ :=

∑
j∈J ϕj = 1 on a neighborhood of E. Moreover, ψ is a compactly

supported C∞ function because J is finite. Then we have

f =
∑
j∈J

Vϕjf + V1−ψf.

The function V1−ψf is bounded on G, although its L∞ norm may depend on #J .
Also, it is holomorphic in G because

∂̄(V1−ψf) = (1− ψ) ∂̄f = 0 in G,

since 1− ψ vanishes in a neighborhood of E and f is holomorphic in G \E. Thus,

(14)
∫
∂G

f(z) dz =
∑
j∈J

∫
∂G

Vϕjf(z) dz.

Let J1 ⊂ J be the set of indices such that 2Qj∩∂G = ∅ if j ∈ J1, and J2 = J\J1.
By the definition of γ, for j ∈ J1 we have∣∣∣∣∫

∂G

Vϕj
f(z) dz

∣∣∣∣ ≤ Cγ(E ∩ 2Qj),

because E ∩ 2Qi ⊂ G and ‖Vϕj
f‖∞ ≤ C. Therefore, using Lemma 2 and the fact

that γ ≈ γ+, we obtain

(15)
∣∣∣∣∑
j∈J1

∫
∂G

Vϕjf(z) dz
∣∣∣∣ ≤ C

∑
j∈J1

γ(E ∩ 2Qj) ≤ Cγ(E).

For j ∈ J2 we will show below that

(16)
∣∣∣∣∫
∂G

Vϕjf(z) dz
∣∣∣∣ ≤ C

(
γ(E ∩ 2Qj) +H1(∂G ∩ 3Qj)

)
.

Before proving this estimate, let us see that (3) follows from (14), (15), and (16).
Indeed, using Lemma 2 again, by the finite overlap of the Whitney squares Qj , we
get ∣∣∣∣∑

j∈J2

∫
∂G

Vϕjf(z) dz
∣∣∣∣ ≤ C

(∑
j∈J

γ(E ∩ 2Qj) +
∑
j∈J

H1(∂G ∩ 3Qj)
)

≤ C
(
γ(E) +H1(∂G ∩ Ω)

)
.

Because of the L2(H1
|∂G) boundedness of the Cauchy integral operator, we have

H1(∂G ∩ Ω) ≤ Cγ+(∂G ∩ Ω) ≤ Cγ+(Ω) ≤ Cγ+(E).

Thus, ∣∣∣∣∑
j∈J2

∫
∂G

Vϕj
f(z) dz

∣∣∣∣ ≤ Cγ(E),

which, jointly with (15), yields (3).
It only remains to prove (16) for j ∈ J2. Let Dj be a disk with radius `(Qj)/4

whose center zj coincides with the center of Qj . Consider the following measure:

νj :=
−1

πH2(Dj)

(∫
f∂̄ϕj dm

)
H2|Dj .
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We want to compare Vϕjf with the function gj := Cνj . Notice that

1
π

∫
f∂̄ϕj dm = (Vϕjf)′(∞) = g′j(∞).

Then, using the definition of γ, the fact that ‖Vϕj
f‖∞ ≤ C, and the semiadditivity

of γ, we get∣∣∣∣ 1
π

∫
f∂̄ϕj dm

∣∣∣∣ ≤ Cγ
(
(E ∪ ∂G) ∩ 2Qj

)
≤ C

(
γ(E ∩ 2Qj) + γ(∂G ∩ 2Qj)

)
≤ C

(
γ(E ∩ 2Qj) +H1(∂G ∩ 2Qj)

)
.(17)

As a consequence,

(18) ‖gj‖∞ ≤
∣∣∣∣ C

`(Qj)

∫
f∂̄ϕj dm

∣∣∣∣ ≤ C
γ(E ∩ 2Qj) +H1(∂G ∩ 2Qj)

`(Qj)
≤ C.

In the last inequality we used the fact that the arc length measure on ∂G has linear
growth, because the Cauchy integral operator is bounded on L2(H1

|∂G). Since gj
and Vϕj

f are bounded by C and (Vϕj
f)′(∞) = g′j(∞), the following estimate holds

for z 6∈ 3Qj :

|Vϕj
f(z)− gj(z)| ≤

C`(2Qj)γ
(
(E ∪ ∂G) ∩ 2Qj

)
dist(z, 2Qj)2

≤
C`(Qj)

[
γ(E ∩ 2Qj) +H1(∂G ∩ 2Qj)

]
|z − zj |2

.(19)

Let us estimate the integral∫
∂G

|Vϕjf(z)− gj(z)| dH1(z) =
∫
∂G∩3Qj

+
∫
∂G\3Qj

=: I1 + I2.

From the uniform boundedness of gj and Vϕjf , it follows immediately that I1 ≤
CH1(∂G ∩ 3Qj). To deal with I2 we use (19) and the fact that the arc length
measure on ∂G has linear growth. Then we get

I2 ≤
∫
∂G\3Qj

C`(Qj)
[
γ(E ∩ 2Qj) +H1(∂G ∩ 2Qj)

]
|z − zj |2

dH1(z)

≤ C
(
γ(E ∩ 2Qj) +H1(∂G ∩ 2Qj)

)
.

As a consequence,∣∣∣∣∫
∂G

Vϕj
f(z) dz

∣∣∣∣ ≤ C
(
γ(E ∩ 2Qj) +H1(∂G ∩ 3Qj)

)
+

∣∣∣∣∫
∂G

gj(z) dz
∣∣∣∣.

By Fubini and (17) we obtain∣∣∣∣∫
∂G

gj(z) dz
∣∣∣∣ =

∣∣∣∣∫
∂G

Cνj(z) dz
∣∣∣∣ = C|νj(G)| ≤ C

(
γ(E ∩ 2Qj) +H1(∂G ∩ 2Qj)

)
.

So (16) holds, and the theorem follows.
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5. Proof of the implication (b) ⇒ (d)

5.1. The capacities γh. The capacity γh of a compact set E ⊂ C, introduced
in [To5], is defined as follows. We consider a continuous function h : (0,+∞) →
(0,+∞) such that h(r)/r is non decreasing in r,

(20) h(r) ≤ r and h(2r) ≤ 4h(r) for all r > 0,

and moreover

(21) lim
r→0+

h(r)
r

= 0.

We set
γh(E) = sup |f ′(∞)|,

where the supremum is taken over all functions f ∈ L∞(C) which are holomorphic
in C \ E, with f(∞) = 0, ‖f‖L∞(C) ≤ 1, such that

(22)
∣∣∣∣∫ f ∂̄ϕ dL2

∣∣∣∣ ≤ h(r)r‖∇ϕ‖∞

for any real function ϕ ∈ C∞c supported on some ball of radius r. If f satisfies all
these properties we say that f is admissible for γh and E, and we write f ∈ Ah(E).

The capacity γh+(E) is defined in an analogous way, but we ask an additional
condition on the functions in the supremum above. Namely, f should be the Cauchy
transform of some positive Radon measure supported on E.

Let us remark that the doubling property h(2r) ≤ 4h(r), for r > 0, implies that

(23) h(λt) ≤ 4λ2h(t) for all λ > 1 and t > 0.

In [To5], the following result has been proved:

Theorem C. For any compact set E, we have

α(E) ≈ sup
h
γh(E),

with the supremum over all continuous functions h : (0,+∞)−→(0,+∞) satisfying
(20) and (21), with h(r)/r non decreasing. Moreover, for any fixed h fulfilling these
properties,

γh(E) ≈ γh+(E)

≈ sup
{
µ(E) : supp(µ) ⊂ E, µ(B(x, r)) ≤ h(r) ∀x ∈ E, r > 0, and c2(µ) ≤ µ(E)

}
≈ sup

{
µ(E) : supp(µ) ⊂ E, µ(B(x, r)) ≤ h(r) ∀x ∈ E, r > 0, and

‖Cµ‖L2(µ),L2(µ) ≤ 1
}
,

(24)

with absolute constants (independent of E and h, in particular). As a consequence,
γh and α are countably semiadditive.

The next lemma asserts that the localization operator Vϕ behaves well with
respect to the capacity γh:

Lemma 3 ([To5]). Let E ⊂ C be compact and f ∈ Ah(E). Let ϕ be a C∞ function
supported on B̄(x0, r), such that ‖ϕ‖∞ ≤ C8 and ‖∇ϕ‖∞ ≤ C8r

−1. Then there
exists some constant C depending on C8 such that C−1Vϕf ∈ Ah(E ∩ B̄(x0, r)).
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5.2. Estimate of the Cauchy integral in terms of γh. We will prove the
following result, which may have some independent interest.

Theorem 4. Let G be a bounded open set in C such that its boundary ∂G is a
finite disjoint union of Jordan rectifiable curves. Suppose that the Cauchy integral
operator CH1|∂G is bounded on L2(H1

|∂G). Then there exists a constant C9(G),
which only depends on the L2(H1

|∂G) norm of CH1|∂G, such that for any compact
set E ⊂ C and any function f ∈ C(C̄) ∩H∞(G \ E), we have

(25)
∣∣∣∣∫
∂G

f(z) dz
∣∣∣∣ ≤ C9(G)γh(E),

where h(r) = r ωf (r).

The implication (b) ⇒ (d) in Theorem 1 follows easily from the preceding the-
orem. Indeed, given f ∈ C(Ḡ) ∩ H∞(G \ E), we may extend it continuously to
the whole complex plane without increasing ‖f‖∞. Then we apply Theorem 4 to
f/‖f‖∞, and we get∣∣∣∣∫

∂G

f(z) dz
∣∣∣∣ ≤ C9(G)‖f‖∞γh(E) ≤ C‖f‖∞α(E)

(observe that C9(G) does not depend on h).
Let us remark that the condition f ∈ C(C̄) ∩H∞(G \ E), implies that C−1f ∈

Ah(E) for some absolute constant C and h(r) = r ωf (r) (see [To5, Lemma 4.1].
The converse implication seems to be false in general (as far as we know).

5.3. Preliminary lemmas for the proof of Theorem 4. The following lemma
will play an essential role in the proof of Theorem 4.

Lemma 5. Let E ⊂ C be compact. There exists an open set Ω containing E with
a Whitney decomposition Ω =

⋃
i∈I Qi, where {Qi}i∈I are Whitney squares such

that γh+(Ω) ≈ γh+(E) and ∑
i∈I

γh+(E ∩ 2Qi) ≤ Cγh+(E).

The proof of this result is similar to the one of Lemma 2. See Lemma 7.2 of
[To5] for the details.

We will also need next lemma.

Lemma 6. Consider f ∈ C(C̄) and set h(r) = rωf (r). Let ϕ be a C∞ function
supported on a square Q such that ‖ϕ‖∞ ≤ 1 and ‖∇ϕ‖∞ ≤ C10/`(Q). Let Γ be
an Ahlfors regular closed Jordan curve which intersects Q. We have∣∣∣∣∫

Γ

Vϕf(z) dz
∣∣∣∣ ≤ C11h(diam(Γ ∩ 2Q)),

where C11 only depends on C10 and the Ahlfors regularity constant of Γ.

Proof. We consider first the case Γ ⊂ 2Q. We take z0 ∈ Γ. Notice that Vϕf =
Vϕ(f − f(z0)), because Vϕ1 = 0. So if we set f̃(z) := f(z)− f(z0), we have∫

Γ

Vϕf(z) dz =
∫

Γ

Vϕf̃(z) dz =
∫

Γ

ϕ(z)f̃(z) dz − 1
π

∫
Γ

C(f̃ ∂̄ϕ)(z) dz =: I1 + I2.
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First we estimate I1:

|I1| ≤
∫

Γ

|ϕ(z)f̃(z)| dH1(z) ≤ ‖f̃‖∞,ΓH1(Γ)

≤ Cωf (diam(Γ))H1(Γ) ≤ Ch(diam(Γ)).

Now we turn our attention to I2. Observe that by Cauchy’s formula we have

I2 = C

∫
Int(Γ)

f̃(z)∂̄ϕ(z) dH2(z),

where Int(Γ) stands for the bounded component of C \ Γ. Then we get

|I2| ≤
C

`(Q)
‖f̃‖∞,Int(Γ)H2(Int(Γ))2 ≤ C ωf (diam(Γ)) diam(Γ)2

`(Q)
≤ Ch(diam(Γ)).

Thus the lemma holds in this case.
Suppose now that Γ 6⊂ 2Q. From the fact that Γ ∩Q 6= ∅, we deduce

(26) diam(Γ ∩ 2Q) ≥ `(Q)
2

.

Let zQ be the center of Q. Notice that the ball B(zQ, 2`(Q)) contains supp(ϕ).
We consider the curve Γ̃ := ∂

(
B(zQ, 2`(Q)) ∩ Int(Γ)

)
. Since Vϕf is holomorphic

outside B(zQ, 2`(Q)), by Cauchy’s theorem we have∫
Γ

Vϕf(z) dz =
∫

eΓ Vϕf(z) dz.

Therefore, ∣∣∣∣∫
Γ

Vϕf(z) dz
∣∣∣∣ ≤ C‖Vϕf‖∞H1(Γ̃).

Recall that from the identity

Vϕf(z) =
1
π

∫
f(z)− f(ξ)

z − ξ
∂̄ϕ(ξ) dH2(ξ),

one easily infers that ‖Vϕf‖∞ ≤ Cωf (`(Q)) = Ch(`(Q))/`(Q). On the other hand,
from the Ahlfors regularity of Γ, it easily follows that H1(Γ̃) ≤ C`(Q). Thus,∣∣∫

Γ
Vϕf(z) dz

∣∣ ≤ Ch(`(Q)) and so the lemma also holds in this situation, by (26).
�

5.4. Proof of Theorem 4. Let Ω be the open set containing E described in
Lemma 5, and Ω =

⋃
i∈I Qi the corresponding Whitney decomposition into squares

Qi. We consider the same family of C∞ functions ϕi, i ∈ I, used in the proof of
the implication (b) ⇒ (c) of Theorem 1, with supp(ϕi) ⊂ 3

2Qi, and also the same
finite subfamily of squares Qj , j ∈ J ⊂ I (recall that these are the squares such
that 2Qj ∩ E 6= ∅). Arguing as in the proof of (b) ⇒ (c), we have again

(27)
∫
∂G

f(z) dz =
∑
j∈J

∫
∂G

Vϕj
f(z) dz.

Let J1 ⊂ J be the set of indices such that 2Qj∩∂G = ∅ if j ∈ J1, and J2 = J\J1.
By Lemma 3 and the definition of γh, for j ∈ J1 we have∣∣∣∣∫

∂G

Vϕjf(z) dz
∣∣∣∣ ≤ Cγh(E ∩ 2Qj),
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since E ∩ 2Qi ⊂ G and C−1Vϕjf ∈ Ah(E ∩ 2Qj), for some constant C. Therefore,
by Lemma 5 and the fact that γh ≈ γh+,

(28)
∣∣∣∣∑
j∈J1

∫
∂G

Vϕjf(z) dz
∣∣∣∣ ≤ C

∑
j∈J1

γh(E ∩ 2Qj) ≤ Cγh(E).

Now we have to deal with the squares Qj such that 2Qj∩∂G = ∅. Let Γk, k ∈ K,
denote the family of disjoint closed Jordan curves such that ∂G =

⋃
k∈K Γk. Using

Lemma 6 and the defnition of γh, for j ∈ J2, we have∣∣∣∣∫
∂G

Vϕjf(z) dz
∣∣∣∣ ≤ ∑

k:Γk∩2Qj 6=∅

∣∣∣∣∫
Γk

· · ·
∣∣∣∣ +

∣∣∣∣ ∑
k:Γk∩2Qj=∅

∫
Γk

· · ·
∣∣∣∣

≤ C
∑

k:Γk∩2Qj 6=∅
h
(
diam(Γk ∩ 4Qj)

)
+ Cγh

(
[E ∪Gc] ∩ 2Qj

)
.

To estimate the last term we use the (countable) semiadditivity of γh and the fact
that γh(F ) ≤ Ch(diam(F )) for any compact set F ⊂ C:

γh
(
[E ∪Gc] ∩ 2Qj

)
≤ Cγh

(
E ∩ 2Qj

)
+ Cγh

(
Gc ∩ 2Qj

)
≤ Cγh

(
E ∩ 2Qj

)
+ C

∑
k:Γk∩2Qj 6=∅

h
(
diam(Γk ∩ 4Qj)

)
.

Therefore, by Lemma 5 again,

(29)
∣∣∣∣∫
∂G

f(z) dz
∣∣∣∣ ≤ C

∑
j∈J2

∑
k:Γk∩2Qj 6=∅

h
(
diam(Γk ∩ 4Qj)

)
+ Cγh(E).

Our next objective consists of showing that the first term on the right hand side in
the preceding inequality is bounded above by γh(E). To this end, for each j ∈ J2

and k ∈ K such that Γk ∩ 2Qj 6= ∅, we consider a square P jk ⊂ 4Qj with side
length diam(Γk ∩ 4Qj)/2 such that P jk ∩ Γk 6= ∅. By Vitali’s covering theorem,
there exists a subfamily {Pmn }(m,n)∈S of the squares P jk such that the squares 2Pmn ,
(m,n) ∈ S, are pairwise disjoint, and any square P jk is contained in some square
6Pmn , with (m,n) ∈ S. Now we consider the measure

µ :=
∑

(m,n)∈S

h(`(Pmn ))
H2(Pmn )

H2
|Pm

n
.

Observe that supp(µ) ⊂ Ω. We claim that µ satisfies

(30) µ(Ω) ≥ C−1
∑
j∈J2

∑
k:Γk∩2Qj 6=∅

h
(
diam(Γk ∩ 4Qj)

)
,

(31) µ(B(z, r)) ≤ Ch(r) for all z ∈ C, r > 0,

and also that the Cauchy integral operator Cµ is bounded on L2(µ), with constants
depending only on the norm of the Cauchy integral operator CH1|∂G on L2(H1

|∂G).
Observe that using the characterization of γh in terms of the L2 norm of the Cauchy
integral operator in (24), from our claims we deduce∑

j∈J2

∑
k:Γk∩2Qj 6=∅

h
(
diam(Γk ∩ 4Qj)

)
≤ Cµ(Ω) ≤ Cγh(E),

and then, by (29), the theorem follows.
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Let us see that (30) holds. Notice that for j ∈ J2, and k such that Γk∩2Qj 6= ∅,
we have

`(P jk ) =
1
2

diam(Γk ∩ 4Qj) ≤ CH1(Γk ∩ 4Qj).

Taking into account that h(r)/r is non decreasing, if 2P jk ⊂ 6Pmn , we get

h
(
diam(Γk ∩ 4Qj)

)
≤ Ch(`(P jk )) ≤ Ch(3`(Pmn ))

`(P jk )
3`(Pmn )

≤ Ch(`(Pmn ))
H1(Γk ∩ 4Qj)

`(Pmn )
.

Therefore,

∑
j∈J2

∑
k:Γk∩2Qj 6=∅

h
(
diam(Γk ∩ 4Qj)

)
≤

∑
(m,n)∈S

∑
j,k:j∈J2,

Γk∩2Qj 6=∅,
2P j

k⊂6Pm
n

h
(
diam(Γk ∩ 4Qj)

)

≤ C
∑

(m,n)∈S

∑
j,k:j∈J2,

2P j
k⊂6Pm

n

h(`(Pmn ))
H1(Γk ∩ 4Qj)

`(Pmn )
.

(32)

To estimate the last sum notice that, by construction, if 2P jk ⊂ 6Pmn , then we have

Γk ∩ 4Qj ⊂ 6P jk ⊂ 18Pmn .

Thus, using the finite overlap of the Whitney squares Qj , for each fixed (m,n) ∈ S,
we obtain∑

j,k:j∈J2,

2P j
k⊂6Pm

n

H1(Γk ∩ 4Qj) ≤
∑
k

∑
j∈J2

H1(18Pmn ∩ Γk ∩ 4Qj)

≤ C
∑
k

H1(18Pmn ∩ Γk) = H1(18Pmn ∩ ∂G) ≤ C`(Pmn ).

If we plug this estimate into (32), (30) follows:∑
j∈J2

∑
k:Γk∩2Qj 6=∅

h
(
diam(Γk ∩ 4Qj)

)
≤ C

∑
(m,n)∈S

h(`(Pmn )) = Cµ(Ω).

Now we will prove (31). Observe that it is enough to prove it for z ∈ supp(µ).
So take a fixed Pmn , (m,n) ∈ S, and z ∈ Pmn . Suppose first that r ≤ `(Pmn )/2.
Since 2Pmn does not intersect any other square Pm

′

n′ , (m′, n′) ∈ S, and on 2Pmn µ
coincides with the Lebesgue measure times h(`(Pmn ))/`(Pmn )2, we have

µ(B(z, r)) ≤ C
h(`(Pmn ))
`(Pmn )2

r2.

From the property (23) of the function h, setting λ = `(Pmn )/(2r), (31) follows (for
0 < r ≤ `(Pmn )/2).

Assume now that r > `(Pmn )/2. We set T = {(p, q) ∈ S : P pq ∩ B(z, r) 6= ∅}.
Since 2Pmn ∩ 2P pq = ∅ if (m,n) 6= (p, q), we have r ≥ `(P pq )/2 for any (p, q) ∈ T .
So there exists some constant C12 such that⋃

(p,q)∈T

P pq ⊂ B(z, C12r).
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Recall that
`(P pq ) =

1
2

diam(Γq ∩ 4Qp) ≤ CH1(Γq ∩ 4Qp),

because Γq ∩ 2Qp 6= ∅. Then, by the finite overlap of the squares 4Qp, p ∈ J2

(recall that the Qp’s are Whitney squares), we get∑
(p,q)∈T

`(P pq ) ≤ C
∑

(p,q)∈T

H1(Γq ∩ 4Qp) ≤ C
∑

(p,q)∈S

H1(B(z, C12r) ∩ Γq ∩ 4Qp)

≤ CH1(B(z, C12r) ∩ ∂G) ≤ Cr.

Taking into account that h(t)/t is non decreasing, we obtain

µ(B(z, r)) ≤
∑

(p,q)∈T

h(`(P pq )) =
∑

(p,q)∈T

h(`(P pq ))
`(P pq )

`(P pq )

≤ h(2r)
2r

∑
(p,q)∈T

`(P pq ) ≤ Ch(2r) ≤ Ch(r).

The L2(µ) boundedness of the Cauchy integral operator Cµ follows from the
L2 boundedness of the Cauchy integral operator on L2(H1

|∂G) by comparison, and
using the linear growth of µ (which is a consequence of (31)). We leave the details
for the reader.

Remark 7 The implication (b) ⇒ (c) of Theorem 1 can be proved using arguments
closer to the ones used to prove Theorem 4 than the ones in Subsection 4.2. More
precisely, one can obtain a variant of Lemma 6 suitable for L∞ functions, and use
it to estimate

∫
∂G

Vϕj
f(z) dz for j ∈ J2. Recall that, instead, in Subsection 4.2 the

integral
∫
∂G

Vϕj
f(z) dz was estimated with the help of some auxiliary function gj

holomorphic outside some disk Dj .

6. Proof of the implication (c) ⇒ (a)

We want to prove that if the estimate of the integral (3) holds, then for any set
F ⊂ ∂G we have

γ(F ) ≥ C−1H(F ).
Given n ≥ 1, let δ > 0 be such that γ(Uδ(F )) ≤ γ(F )+1/n. Using Vitali’s covering
theorem, it is easy to check that there exists a finite family of pairwise disjoint balls
{B(xj , rj)}j∈J with xj ∈ ∂G, B(xj , rj) ⊂ Uδ(F ), such that

H1(F ) ≤ CH1
(⋃
j∈J

B(xj , rj) ∩ F
)
.

Moreover, using well known elementary properties of the 1-dimensional Hausdorff
measure, since H1(F ) < ∞, we may assume that the radii rj are small enough so
that H1(B(xj , rj) ∩ F ) ≤ 3rj , and then we have

(33) H1(F ) ≤ C
∑
j∈J

rj .

Given any ε, with 0 < ε ≤ minj∈J rj/10, for each fixed j ∈ J there are points
a+
j , b

+
j , a

−
j , b

−
j ∈ C which satisfy the following properties:

(a) a+
j , b

+
j ∈ B(xj , rj/3) ∩G and a−j , b

−
j ∈ B(xj , rj/3) ∩ C \ Ḡ,
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(b) rj/3 ≤ |a+
j − b+j | and rj/3 ≤ |a−j − b−j |,

(c) |a+
j − a−j | ≤ ε and |b+j − b−j | ≤ ε, and

(d) there exists a simple rectifiable arc σ+
j contained in B(xj , rj/2) ∩G whose

endpoints are a+
j , b

+
j , and another simple rectifiable arc σ−j contained in

B(xj , rj/2) ∩ C \ Ḡ whose endpoints are a−j , b
−
j .

Notice that from (33) and the properties (a) and (b), we deduce

(34) H1(F ) ≤ C
∑
j∈J

|a+
j − b+j | ≈

∑
j∈J

|a−j − b−j |.

For each j ∈ J , consider the univalued branch of the function

f+
j (z) :=

−(b+j − a+
j )2

|b+j − a+
j |3

(
z −

a+
j + b+j

2
+

√
(z − a+

j )(z − b+j )
)
,

which is holomorphic on C \ σ+
j and vanishes at ∞. Let also f−j be the univalued

branch, holomorphic on C \ σ−j , of the analogous function f−j , vanishing at ∞,
defined like f+

j , interchanging a+
j , b

+
j by a−j , b

−
j . Then we have

‖f+
j ‖∞ = ‖f−j ‖∞ ≤ C13

and

(35)
∫
∂G

f+
j (z) dz = (f+

j )′(∞) = |a+
j − b+j |,

∫
∂G

f−j (z) dz = 0.

We set

(36) f :=
∑
j∈J

(f+
j − f−j ).

It is easy to check that

‖f+
j − f−j ‖∞,C\B(xj ,rj) = C(ε) → 0 as ε→ 0,

Thus, we deduce
‖f‖∞ ≤ 2C13 + C(ε) ·#J.

If we choose ε such that C(ε) ≤ 1/#J , we have ‖f‖∞ ≤ 2C13 + 1, and then using
(34), (35), and (3), we get

H1(F ) ≤ C
∑
j∈J

|a+
j − b+j | =

∫
∂G

∑
j∈J

f+
j (z) dz =

∫
∂G

f(z) dz

≤ Cγ
(⋃
j∈J

σ+
j

)
≤ Cγ

(
Uδ(F )) ≤ C

(
γ(F ) +

1
n

)
.

Since this estimate holds for any n ≥ 1, we are done.

7. Proof of the implication (d) ⇒ (a)

The proof is analogous to the one of the implication (c) ⇒ (a). We only have to
change the function f defined in (36) by a continuous function f̃ which coincides
with f outside some small neighborhood of

⋃
j∈J(σ+

j ∪ σ
−
j ), so that f = f̃ on ∂G,

and then we apply the estimate of the integral (4) for f̃ .
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