RIESZ TRANSFORMS AND HARMONIC LIP;-CAPACITY
IN CANTOR SETS

JOAN MATEU AND XAVIER TOLSA

ABSTRACT. We estimate the L2 norm of the s—dimensional Riesz trans-
forms on some Cantor sets in R?. To this end, we show that the Riesz
transforms truncated at different scales behave in quasiorthogonal way.
As an application, we obtain some precise numerical estimates for the
Lipschitz harmonic capacity of these sets.

1. INTRODUCTION

In this paper we estimate the L? norm of the s—dimensional Riesz trans-
forms on some Cantor sets in R? with respect to the natural probability
measure associated to these Cantor sets. As an application, we obtain pre-
cise estimates of their Lipschitz harmonic capacity x. We also show that
the capacity x of these Cantor type sets is comparable to their capacity x4,
which is originated by (d—1)—dimensional Riesz transforms of positive mea-
sures. These results are the natural generalization to higher dimensions of
the estimates obtained for analytic capacity of Cantor sets in [MTV]. The
main new difficulty to overcome in the present situation is the absence of a
notion similar to curvature of measures, which plays an important role in
[MTV].

For general compact sets, in [To] it has been proved that analytic capacity
and positive analytic capacity are comparable. Recently, Volberg [Vo] has
shown that the capacities k and x4 are also comparable. So the compara-
bility of k¥ and k4 for Cantor sets mentioned above is only a particular case
of Volberg’s result. However, the estimates of Lipschitz harmonic capacity
for Cantor sets that we obtain in the present paper do not follow from Vol-
berg’s theorem. Let us also mention that in [MPV], for 0 < s < 1, capacities
associated to s—dimensional Riesz transforms are studied and it is proved
that they are comparable to their corresponding positive versions.

To state our results in detail we need some definitions. For 0 < s < d,
the s—dimensional Riesz kernel is the vectorial kernel

x
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and the s—dimensional Riesz transform (or s—Riesz transform) of a real
Radon measure v with compact support is

Rov(x) = / K*(y—z)du(y), & supp(v).

For x € supp(v), the integral above is not absolutely convergent in general.
This is the reason why one considers the truncated s—Riesz transform of v,
which is defined as

Riv(x) = / K*(y —x)dv(y), zeRY e >0.
ly—z|>e

These definitions also make sense if we consider distributions instead of
measures. Given a compactly supported distribution 7', we set

R(T)=K*xT
(in the principal value sense for s = d), and analogously
RIT)=K:«T,

where KZ(x) = Xjg»e/|2z[*T!. Given a positive Radon measure with

compact support and a function f € L!(u), we consider the operators
R(f) == R(fdu) and R}, (f) := RI(f du). We say that R}, is bounded on

L?(p) if R, is bounded on L*(x) uniformly in € > 0, and we set

”RZHLZ(,U,) = sup HRZvSHL2(u)'
e>0

If the measure p is fixed, to simplify notation, we will write also R® f instead
of R, f, and [|R®[|12(,) instead of ||R}[|L2(,)-

Given a compact set E C R?, the Lipschitz harmonic capacity of F is
(L.1) K(E) = sup [(T', 1),

where the supremum is taken over all distributions 7' supported on F such
that | R=L(T)|| reomdy < 1. The capacity £ was introduced by Paramonov
[Pa] in order to study problems of C! approximation by harmonic functions
in R? (the reader should notice that x is called ' in [Pa]). For d = 2, x
coincides with the real version of analytic capacity, Yre, which is originated
by real distributions. Some properties of xk have been studied in [MP1] and
[MP2].

If in the supremum in (1.1) we only consider distributions 7" given by
positive Radon measures supported on E, we obtain the capacity xy. For
d = 2, k4 coincides with the positive analytic capacity ..

Now we turn our attention to Cantor sets. Given a sequence A = (A\,)22,
0 < A, <1/2, we construct a Cantor set by the following algorithm. Con-
sider the unit cube Q° = [0,1]¢. At the first step we take 27 closed cubes
inside Q°, of side-length A1, with sides parallel to the coordinate axes, such
that each cube contains a vertex of Q°. At step 2 we apply the preceding
procedure to each of the 2¢ cubes produced at step 1, but now using the
proportion factor Ao. Then we obtain 22d cubes of side length o9 = A1 ).
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Proceeding inductively, we have at the n—th step 2"? cubes R, 1<j< ond,
of side length o, = H;‘Zl Aj. We consider

ond

En = E()\hv)\n) = U Q??
j=1
and we define the Cantor set associated to A = (A,);2; as
E=EQ\) =()En.
n=1

For example, if lim, o 0p/ 2-nd/s — 1 then the Hausdorff dimension of
E()) is s. If moreover o, = 2745 for each n, then 0 < H*(E(\)) < oo,
where H® stands for the s—dimensional Hausdorff measure.

Given a fixed Cantor set E()), we denote by p the uniform probability
measure on E()), so that p(Q7) = 27" for n > 0 and 1 < j < 2™, Also,
given the N—th generation En of E()\), we denote by py the probability
measure on Ey given by

~ LYEyN
PN = ZdEn)’
where £ stands for the Lebesgue measure in RY.

Our first result reads as follows.

Theorem 1.1. Let E(\), with 2745 < X\, < X\ < 1, be a Cantor set and
0<s<d. Forall N=1,2,... we have

N q 1/2 N ] 1/2
-1 s
C (Z (2"51053)2> < HR HLZ(pN) <C <Z W) )

n=1 n=1

where the constant C depends on Ao, s and d, but not on N.

In the theorem, R® is the operator Rj; . Notice that the number 2-d/s
appearing in the theorem is a critical value, so that if, for some positive
constant ) < 1, we have A, < n2~%* for all n, then H*(E()\)) = 0 and thus
IR z2(p) = 0.

For s = 1 one can use the relationship between curvature of measures
and the Cauchy kernel (see [Me| and [MeV]) to obtain the estimates above.
Analogous arguments would also work for 0 < s < 1 (see [MPV]). How-
ever, for s > 1 we don’t have at our disposal a notion such as curvature
of measures (see [Fa]). Nevertheless, we will show in Section 3 that, on
E(X), the Riesz transforms truncated at different scales behave in a qua-
siorthogonal way because of the antisymmetry of the kernel and the special
structure of F()\). More precisely, we show that if R® is bounded on L?(py),
then ), ”Rle%Q(pN) < 0o, where Ry, is an appropriate truncation of the

operator R* (see (3.2)). So one can consider (Y., ]Rk1($)|2)1/2 as a suit-
able square function that relates the L?(py) boundedness of R® with the
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geometry of F(A) (for s = 1 another suitable square function is given by
curvature).

We will apply Theorem 1.1 to prove the following estimates for the Lips-
chitz harmonic capacity of Enx = E(A1,...,AN).

—d
Theorem 1.2. Assume that for all n, 241 < A\, < X <
N =1,2,... we have

N . ~1/2 N 1 —1/2

n=1 n=1

1
5. For any

where the constant C depends on d and g, but not on N.

The proof of this result is inspired by the arguments in [MTV] for analytic
capacity. We will argue by induction on N, and a basic tool for the proof
will be the local T'(b)—theorem of M. Christ [Chl], as in [MTV].

The plan of the paper is the following. In next section we state some
preliminary results which will be used to obtain the theorems above. The-
orem 1.1 is proved in Section 3 and Theorem 1.2 in Section 4. Finally,
in Section 5 we will show another consequence of Theorem 1.1. We will
prove that if the s—Riesz transforms are bounded on E()) (in L?(p)), then
all s—dimensional Calderén-Zygmund operators with antisymmetric kernel
(smooth enough) are also bounded on L?(p). In the case s = 1, this result
is already known for the Cauchy transform with respect to the length on
AD-regular 1—dimensional sets, by the results of [MMV] and [DS], and also
for homogeneous kernels and all measures p on C satisfying u(B(z,r)) < Cr
for all z € C, r > 0 [Ve]. For other measures and s—Riesz transforms it is
an open question.

Throughout all the paper, the letter C' will stand for an absolute constant
(which may depend on d and s) that may change at different occurrences.
Constants with subscripts, such as C7, will retain its value, in general. The
statement A ~ B means that there exists some positive constant C' such
that C~'A < B < CA.

2. PRELIMINARIES

As mentioned above, one of the essential tools for estimating «(Ey) in
Theorem 1.2 will the local T'(b)—Theorem of M. Christ [Chl]. We state
below a very particular version of this result, which is adapted to the case
of (d—1)—Riesz transforms on Ey.

Theorem 2.1 (Christ). Let  be a positive Borel measure supported on OEn
satisfying, for some absolute constant C, the following conditions:

(i) u(B(z,7)) < Cré=t, forx € OEN, r > 0.

(ii) p(B(z,2r)) < Cu(B(x,r)), for x € OEN, 1 > 0.
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(iii) For each ball B centered at a point in OEN there exists a function bp
in L™ (1), supported on B, satisfying |bg| < 1 and |RS~(bpdu)| < 1

p—almost everywhere on OEy, and p(B) < C"f deu‘.
Then

(2.1) / RE(f dpo) Py < € / fPd, f e L),

for some absolute constant C" (depending only on C' and d).

Now we recall a well known dualization method for the weak (1,1) in-
equality of (d—1)—Riesz transforms.

Theorem 2.2. Suppose that u(B(z,r)) < Cri=t for allz € RY, r > 0, and
that R is bounded from L'(p) into LY*°(p). For all F C R? there exists
some function b supported on F, such that 0 <b <1, [bdu > p(F)/2, and
| R~ (b dp)|| oo may < C for all e > 0.

The original argument for the proof is in [DQ] (see also [Uy]|, and [Ch2,
p.107-108]). Regarding the fact that b can be chosen independently of €, see
[NTV, Theorem 2.1] for example.

Let ¢ be a fixed C* radial function supported on B(0, 1) such that 0 <
¢ <1, Voo < C, and [@dL? = 1. For ¢ > 0 we denote p.(x) =

e~%p(z/¢). The regularized operators IN‘Zg_l, € > 0, are defined as
Eg_lz/ = x R =@« K& xw,

Let K& = o« K971, 1t is easily seen that K9 (z) = K9 (x) if |z > e,
IK& Y < C/edt, and |VK2Y(z)] < C/|z|?. Further, since K¢ ! is a
uniformly continuous kernel, Rf:l_lu is continuous on R?. Notice also that
if |[Rw(z)] < B ae. x € R? with respect to Lebesgue measure, then
IRy ()| < B for all z € RY. Moreover, we have

(2.2)

|REMw(x) — RS w(x)| = ‘/|y_m|<e K&y —x)du(y)| < C |U|(Z(xf 2}

3. RIESZ TRANSFORMS ON CANTOR SETS

This section is devoted to the proof of Theorem 1.1. Given a Cantor set
E(\), for any m > 0 the family of cubes of the m-th generation of En()) is
denoted A,,. Given a cube ) we set

N (@)

"D ="

So 0(Q) is the average s-dimensional density of py over Q. We also set
O = 0(Q), with Q € A,,.

To simplify notation, in this section we will write R f(z) instead of R® f(z),
K () instead of K*(z), and p instead of py. Also, || - || stands for the L?(p)
norm.
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For the sake of clarity, we will split the proof of Theorem 1.1 in two parts.

1/2
3.1. Proof of ||R|[12(u),r2(n) < C (ZN 92> . By the T'(1)—Theorem of

n=1%n

David and Journé (for homogeneous spaces), we have

R|| 2 2,y < C'sup - sup j j
1R 22 ). 22 J (070 LI R (DI

n=1"n

1/2
So the inequality ||R|[z2(u),z2(0) < C (ZN 6’2) follows from next result.

Proposition 3.1. Given m with 0 < m < N, for any cube Q™ of the m—th
generation of En, we have

N
(3.1) 1RxQm 172 (ygmy < C D (@),

n=m

Proof. For k € 7Z, we set
(3.2) Rf@)= [ K- 2)i@)du()
Qk\QET!

where Q’,; stands for the cube of generation & that contains z if m < k < N,
and Q]; =g if k < mor k > N. Notice that Ry = 0 if either £ < m or
k > N. Moreover, for x € Q™ we have

Rxqn(x) =) Rixgn(x).
keZ

Notice also that ||RkXQmH%2(#|Qm) = HRkXQmHQLQ(u) for all k € Z, by the
definition of Ry. We will prove that

(3.3) 1B @ 72 (gm) < C Y | Rixamll*.
kez

Because of the special geometric properties of the Cantor set E()), it is easy
to check that

(3-4) 1Rixqmll = (@),

for k with m < k < N. Therefore, (3.1) follows from (3.3).
We write

(35) IBxQ" [ 72uqm) = 1Y Rrxon?
kEZ

=Y lRixer P+ > (Rjxgm, Rixgm)-
ke j.k: £k

We claim that the following estimate holds:
(3.6) [(Rjxgm, Rixgm)| < C279 M| Rixgm] | Rixgm |-
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Then we deduce

> URjxgm, Rixgm)l < C2 > | Rixam |,

Jik:j#k J

since the matrix {2797*}, ;. defines a bounded operator on ¢2. Now (3.3)
follows from the decomposition (3.5) and the last estimate.

Let us turn our attention to (3.6). Assuming k > j, let Qf be some cube
of the k—th generation, and azf its center. Notice that

/ Rixgm(z)du(x) =0,
QF
due to the antisymmetry of K (x). Then we have
1= | Rixen (@) Roxgn () dute)
= [ (Fixan(@) ~ Ryxan () Fixen(a) duta).

Thus,

k
|Z;

k
< [Bexqm ll L guqry Supk‘RjXQm(ﬂf) — Rjxqm(x7)|-
TEQ;]

Moreover, for each = € Qf we have

CLQE) n(Q3)
| ixqm () iXQ (z)‘ = dist(le,Q;]v\Q‘;:H)SH
_CHQb MQh)
o UQr)T
k 4
= ej@gcojzflﬂ*k‘.
((Qz)
Therefore, we obtain
[(Rjxqm, Rexqm)l < > |If|
i:QfCQm
< Co;27 7R N [ RexQm | 1 (a1 iy
i:QfCQm

= C0; 27| Ryxgm |1

From this estimate and (3.4), inequality (3.6) follows. O
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1/2
3.2. Proof of |[R|| 1> 12 > C (ZN 92) . Let Ry1 be the follow-

n=1"n
ing truncated version of R1:

(37) i@ = [ K=t
Yelly

The preceding estimate follows from next result.

Proposition 3.2. We have

N
IRN1> > C ) 62,

n=0
Given P € A,, and k > m, we define
R{1) =xole) [ Ky o) duly)
P\QF(x)

where Q¥(z) stands for the cube of the k-th generation that contains z.
Next lemma concentrates the main difficulties of the proof of Proposition
3.2.

Lemma 3.3. Let Py be a cube from Ay, 0 < mg < N, and take 0 < § <1
and M with mog < M < N. Assume that 0(Py) > 0(Q) > 00(Py) for any
Q € Ay, with mg < m < M. Then

M
(3:8) IRLI? = C©) Y > 0Q)*u(Q).
m=mgo QEAmM
QCPy

Proof. Unless stated otherwise, all the cubes that we will consider in the
proof are contained in Py and belong to U%:mo A,

Let A be some big constant which will be fixed below. Given any cube P,
we say that @ belongs to Stop(P) if @ is a cube contained in P such that

K(y —x) du(y)‘ > AG(Py) forallz €@
P\Q

and for all @ with @ C @ C P, there exists & € @ such that
_K(y—)du(y)
P\Q

Now we define Stop”(P) by induction: we set Stop!(P) := Stop(P), and
for k > 2,

Stop®(P) = {Q : 3P € Stop" ' (P) such that Q € Stop(P)}.
That is, Stop”(P) = Stop(Stop*~!(P)). Finally, we denote

Top := {Py} U U Stop® (Py).
k>1

< AH(P())
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Given P € Top, observe that the cubes from Stop(P) are pairwise disjoint.
The family Stop(P) may or may not cover P (remember that we are only
considering a finite number of generations). We denote PS5 = UQeStop( P) Q

(this is the part of P covered by the cubes in Stop(P)).
Now we define

Kpl(z)= > xolx) K(y — z)dp(y)

QeStop(P) P\Q

+ xp\pstr (T) / K(y — x)du(y).
P\QM (z)

Then, by construction, we have

Rf1= > Kpl.

PeTop
Thus,
(3.9) IRRLI = Y IKpUP+ Y (Kpl Kql).
PcTop P,Q€Top: P#Q
We claim that
(3.10) |Kp1? > C0(P)2u(P),
and also that
C

(3.11) > (Kp1, Kol)| < — > KPP

P,Q€eTop: P£Q PeTop

Assume the estimates (3.10) and (3.11) for the moment. Notice that if A
has been chosen big enough, from (3.9) and (3.11) we get

P
1RGP~ > (KPP,
PecTop

and then by (3.10),

(312)  [RPUP=C7" Y 0P u(P) > CT'%0(R)* Y p(P).
PecTop PecTop

We will show now that the last sum in the inequality above is comparable
to the sum on the right hand side of (3.8). Indeed, for each Q € A,
with mg < m < M and m far enough from M, it is easy to see that there
exists Pg € Top, with Py C @, with comparable size (i.e. Py € Ay, with
m < m' <m+ng < M for some fixed ng which may depend on A). Assume
Q@ ¢ Top and take the smallest cube P € Top containing (). Because of the
definition of Stop(P), there exists some & € @) such that

K(y —2)du(y)| < A0(Fp).
P\Q
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It is easily checked that this implies that

(3.13)

K(y—2x) d,u(y)‘ < (A+C)9(Py) < C3A0(Py) forall z € Q.
P\Q

Let ]3Q € Apin, be a cube which contains one of four corners of @ (for
instance, if @ = [0,0,,]%, then we can take Py = [0, 0mn,]?). Because of
the geometry of Exn () we have

‘ /Q P K(y — z)du(y)

assuming that ng = ng(A4, J) has been chosen big enough. As a consequence,
by (3.13),

> C ngd O(Py) > (C3 + 1) A0(Py),

K(y—x) du(y)‘ > AQ(Py) forallx € Q.
P\Pg
Thus there exists some Py € Stop(P) C Top (which may coincide with Pp)

such that ]5Q C Pg C @, assuming m +ng < M. From the fact that @ and
Py have comparable sizes, it easily follows that

D> Q) <CY u(Pg)+nop(Po) <C Y p(P).
Q Q PcTop

So (3.8) follows from (3.12).
To conclude the proof of the lemma it only remains to prove (3.10) and

(3.11). This task is carried out in the Lemmas 3.4 and 3.5 below. O
Lemma 3.4. Using the notation above, for P € Top we have

(3.14) IKp12 = CT10(P)2u(P)

and also

(3.15) IKp1]2 > AO(P)*u(P),

Proof. Let us prove the first estimate. Suppose that P € A,, and let
Py, ..., Py be the siblings of P (i.e. the cubes in A,,;+1 which are contained
in P). We have

/
xp Kpl=xpRip1+ Y Ry 1,
SCPy

where the ’ in the last sum means that the sum is only over an appropriate
collection of cubes S C P;. By antisymmetry, we have |, g R,Snsl dp = 0.
Thus,

Kp1du‘ = ‘/ R§+11du‘.
Py Py

From the geometric properties of the Cantor sets Fy it is easily seen that

2
P > o1 w(P) > o1 P
fi 11 d“) 2O GspL B\ Py M 2O

Py
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Therefore,
6(P) u(P) < C / Kpl|du < C|Kpl||u(P)V2,
P

and (3.14) follows.
The inequality (3.15) holds by construction, because of the choice of the
cubes in Stop(P). O

Lemma 3.5. There exists a constant C such that
c 2
(3.16) Y [(KplKql)| < 1 > KPP
P,Q€eTop: P#£Q PeTop

Proof. Let P,@Q € Top, with Q@ C P. Denote by Py the cube in Stop(P)
which contains ). We are going to show first that the following estimate
holds:

C(UQ)\ [ 1) \"*
aan el < 5 (7525) (Fisg) kel 1K

Because of the antisymmetry of K(y — z), for any cube S € Ay, we have

/ Ry 1du=0.
P

/ KQld,u, = O,
P

because K¢ is the addition of a finite number of functions R;j 1 (for appro-
priate S’s). So we have

/Q Kol(2)Kpl(x)du(z)

Then we infer that

_ '/QKQl(x)(Kpl(x)—Kpl(xQ))du(:U)

< Bl Sgg!KPl(x)—KPl(wQ)!,
€T

where z¢ is the center of Q). For any x € Q,

|Kpl(z)—Kpl(zg)| :/ K (y—2)—K(y—zq)|du(y) < CUQ) /P\P %-
Q

P\Pg
By standard arguments, the integral on the right side is bounded above by
PNnP, 0(F,
CpMPO0FR) (o 0(R)
UFg) n=1 tnFQ) ((Fg)

Therefore, using (3.15) we deduce

@)
iy el (@)

C (@ \"* «Q)
A <M(P5tp)> (Py) [ KQ1| [ KpL].

(Kpl,Kgl)| < CO(P)

IN

So (3.17) holds.
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To estimate the sum on the left hand side of (3.16), notice that if P,Q €
Top and Q € Stop*(P), then Q@ C P*P and ((Q)/¢(Pg) < 27%+!. Using
(3.17) we obtain

Y. UKpLEQlL)| =2 )  [(Kpl Kql)

P,QeTop: P#£Q 2?1633?;

<> Y G (KDY e g

PeTop QeTop

Qg Pstp
- @) \'*?
= Z [22 2. (M(Pstz,)> Kol | IIKp1].
PeTop QEStopk (P)

By Cauchy-Schwartz we have

()
QeStop* (P
(2 MOV war)”

QeStop® (P) QeStop” (P)

(% HKQ1|2>1/2-

QeStop” (P)

since the cubes in Stop*(P) are contained in P and pairwise disjoint.
Consequently, by Cauchy-Schwartz again,

1/2
S (Kol Kpl) 22— Zquln( 3 \KQ1H2>

P,Q€eTop: P#Q PeTop QeStop* (P)
o ) ) L\ 2
<Oy (Z o) (X it
k PeTop PeTop QeStop” (P)
C
<3 jma
PeTop

0

Remember that we are assuming that the sequence of densities {6;}i>0 is
non-increasing, which is equivalent to saying that \; > 2-%4* for all i.

If all the densities 6; are (uniformly) comparable to 6y, then Proposition
3.2 follows immediately from the estimates obtained in Lemma 3.3. If the
densities §; decrease too much, we need to introduce some additional stop-
ping time arguments. To this end we define a finite increasing sequence of
integers {d;}o<i<p, with 0 < d; < N, as follows. We set dy := 0. If d; has
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already been defined and d; < IV, then we let d;11 be the least integer such
that d;y1 > d; and 04,,, < 064, If d;1 does not exist because 6; > 604, for
d; <i < N, then we set d;y; = N and the construction of {d;} is finished.

We denote
K@) = [ Ky - a)duy),
Q% (z)\Q%+1(z)

By convenience, if d; = N, we set K; = 0. Observe that

p—1
Ryl = ZKil.
=0

In next lemma we show that the functions K;1, ¢ > 0, behave in a qua-
siorthogonal way.

Lemma 3.6. If § is small enough, then

IRN1]? ~ ZIIK 1%,

Proof. First we will show that the following estimate holds for ¢ < j:

04,
(3.18) (KL, Kj1)| < 0804, — | K1,

g i+1
where ¢ > 0 is some fixed constant depending only on d and s. Indeed we
have

(3.19) ‘/Kl L Kj1 du‘ ‘/ (K1 — K;1(zg)) K;1dp|.

QGA

For x € Q we have

|Kil(z) — Ki1(z0)| < c/ 1Q)

7(1 ,
it o — gl 1(y)

where Rfy is the cube from A;, which contains Q. To estimate the integral

on the right side, we consider an intermediate cube Rg, with d; <k <d;41
to be chosen below, and we write

0(Q)
/d¢ dit1 |p — y|sHL dnly) = /di K +/k dit1
RG\Rg, Yy R \RE, R§\R

k 9 dig1—1 0
(3.20) < Cadj<z O_Lwr Z UW)
m=d; m m=k+1 M

For the first sum, since the densities 0,, are non increasing, we have
k

| Chq4
e < 9 7, < 7 X
Z O di Z - 2|k_di+1|ad¢+1

m=d; m=d;
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We consider now the last sum in (3.20). From the construction of E(\) it
easily follows that 6,,_1 < 297%6,, for any m. Then we get

diy1—1 diy1—1 (dfs)lk*d'
z+1‘
S I, 3 L €2 0 0u
— /LJr p— .
m—kt1 M i1 7 Odit1

If we choose k such that 2/F—di+1l ~ §=1/(1+d=9) (we will fix § < 1 below),
from the preceding estimates we deduce

di+1—1

T O CVOHIT0,, O8O,

m—d; Om O0d;11 Od;q

Thus we obtain
o

]Kll(a:) — Kil(xQ)\ < C (559011..

dit1

If we plug this estimate into (3.19) and we apply Hoélder’s inequality, (3.18)
follows.
Now since ||K;1|| > C~16,,, from (3.18) we get

04, i
(3:21) KL, K51)| < O 5 | K |[Kj1) < o2 K1)

dig1

We have
(3.22) IRNLP =) IKL? +2 ) (Kil, K1),

i 1,7:10<g
The last term on the right side is estimated using (3.21). Since the matrix
{271"=71}, ; is bounded on ¢2, we have

STk K < o Y 2l R R

1,5:0<j 1,5:1<g

< o (Y imaP) (S Imr)
J

i

= O K|

Hence if we choose ¢ so that 2C6° < 1/2, by (3.22) the lemma follows. O

Proof of Proposition 3.2. By Lemma 3.3, for each ¢ we have

2
1K1 = Y /Q‘/Q\Qdiﬂ K(y—z)du(y)| du(z) = > HRfi.HlHQ

QEA, QEA,

i+1—1

d

c©) > > 0(Q)1°u(@) =C©) Y o

QEAy, PEALU-UAg | 1 j=d;
PCQ

v
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Thus, by Lemma 3.6, if ¢ is small enough,

dig1—1 N
1Bx1? > 0 SRR 2 )Y Y @2 =om) Y e
7 i j=d; Jj=0

4. THE HARMONIC LIP;—CAPACITY OF CANTOR SETS

In this section we will prove Theorem 1.2. For simplicity we change
slightly the definition of py. Now we set
H¥OEyN

PN = 7Hd*1(8EN)'

Remember that in section 3 we used Lebesgue measure instead of H4~! in
the definition of py. It is easily checked that Theorem 1.1 holds for this new

pN too.
We need to introduce the following auxiliary capacity of the sets Fy:

kp(En) = sup{a: 0 < a < 1L [|RE | 12(apy) < 1}
We have
(4.1) k(En) > ki (Ey) > C tip(En).

The first inequality is a trivial consequence of the definitions of k and k.,
and the second one follows from Theorem 2.2.
The capacity x,(EnN) is easy to estimate using Theorem 1.1:

Lemma 4.1. We have

N . —1/2
o= (S ms)

n=1

Remember that the constant involved in the relationship &~ depends on
d, but not on N.

Proof. By Theorem 1.1, we have

1/2
al 1
1RGpx | 22 (apn) = @l Ry 2y = @ Z 1\ 2
n=1 (2nd0'n71>
Since the sum on the right hand side is > 279, the lemma follows. ([

We will prove the following.

Lemma 4.2. There exists an absolute constant Cy such that for all N =
1,2,... we have

(4.2) H(EN) S C()Fcp(EN).
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Observe that Theorem 1.2 is a straightforward consequence of this result,
Lemma 4.1 and (4.1).

Proof. The arguments are similar to the ones of [MTV, Theorem 2| for
analytic capacity, where it is shown that

Y(EN) = (EN)
(although in [MTV, Theorem 2] only the estimate v(Ex) ~ v+ (Ey) is stated
explicitly).
We set
Sy =07 +65+---+62.
Remember that 6, = 27"¢/c4=1 We can assume without loss of generality
that, for each N > 1, there exists M, 1 < M < N, such that

S
(4.3) Sy < TN < Sari1.

Otherwise STN < 8; and thus, using Lemma 4.1, we get r,(Ex) > O\,
By [Pa, Lemma 2.2] we have
K(ENn) < K(E)) < CHYTYOE) < 0N

Thus, the conclusion of the lemma is trivial in this case if Cy is big enough.
Now we will proceed to prove (4.2) by induction on N, assuming that
(4.3) holds. The case N =1 is obviously true. The induction hypothesis is

k(Epn) < Cokp(Ey) if0<n<N,

where the precise value of C will be determined later.
We distinguish two cases.
Case 1: For some absolute constant Ay to be determined below,

(4.4) H(E(AM_H,--- ,)\N)) S A(]QM H(EN).

Case 2: (4.4) does not hold.
We deal first with Case 2. By induction hypothesis applied to the sequence
AM+1,+ ,An and by Lemma 4.1, we have

K(En) < AJ'0 (E(Avt1,--.,AN))
Aalcbe]?/[l’{p(E()\M-‘rb R )\N))

05

N

IN

Astcy,C
0 ZN oy 1/2
n=M+1 (2d\pr1..290,,)2
1

(Sa)

Clearly, the inequality Sp; < STN is equivalent to
1 2
N 2 = N 2
Zn:MJrl en Zn:l Hn

= Aj'cyC

(4.5)
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and so, again by Lemma 4.1,
(4.6) K(EN) < Ayt CoChp(EN).

Taking Ag = C, (4.2) follows in Case 2.
Let us consider Case 1. We distinguish again two cases, according to
whether 0%/1—&-1 is greater than Sy, or not. If (9]2\4“ > Sy, then

Svi+1 = Sm +0]2\4+1 ~ 9%/[+1.

Thus ] 1
fp(Epr1) ® == g—— = CH* Y (0En11).
M1 M+1

Hence, by (4.3),
K(En) < k(Eni1) < CH Y OB 41) = kp(Byit1) = rp(En),

and so (4.2) holds for Cy big enough.

Suppose now that 012\4 +1 < Sy Then we have
(47) SM—H ] SM ] SN-
We consider the measure
_ K(EN) a1
o Hd—l(aEM) |OEN -
Clearly ||u|| = x(Ex). We will show below that R4~! is bounded on L?(p)

(with absolute constants). Assuming this fact for the moment, from Lemma
4.1 and (4.7) we deduce

1

C
K(EN) = |lpll < Crp(Enm) < T2~ ap S Crp(EN),
S~ Sy

and (4.2) follows.

To prove that R?~! is bounded on L?(u), we will show that y satisfies the
conditions of the local T'(b)—Theorem. First we verify condition (i). Let B
be a ball of radius r centered at x € 0F;. If r < ops, we have

K(EN)
4.8 B) < ———F—
because k(Ey) < k(Ey) < CHYYOEy). For r > oy we can replace
arbitrary balls centered at points in OE; by cubes Q%, 0 <n < M, 0<j <
274 In other words, it suffices to prove

Cri-1 < Crd_l,

(4.9) Q) <CHTH0QF), 0<n<M1<j<2"
We have
n 1 E — n
M) = (BN g = gy 0G))
E, _ _
< Q) < CH0G))

and so (4.9) holds.
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The same kind of ideas can be used to verify that condition (ii) is fulfilled.
The details are left for the reader.

Summing up, we have reduced the proof to checking that the hypothesis
(iii) of the local T'(b)—Theorem is satisfied. As above we can replace balls
centered at points in F); by cubes Q;”, 1< < 2”d, 0 <n < M. That is,
it is enough to show that given a cube Q7,1 < j < 2nd () < n < M, there
exists a function b7 in L°°(u), supported on 0Q7, satisfying [|b} ]l < 1 and
HRgflb’leoo < 1 uniformly in € > 0, and such that

(4.10) W@ < C ’ / b}‘du‘ |

By definition there exists a distribution 7" supported on En such that
k(En) < 2|(T,1)| and ||Rd_1T||Loo(Rd) < 1. By an approximation argument,
T can be replaced by a real measure v supported on Ey such that k(Ey) <
Clv(En)| and ||Rd_1VHLoo(Rd) < 1. For a fixed generation n, 0 < n < M,
there exists some index k, 1 < k < 2" such that

2nd

R(Ex) < O3 (@] < C2"u(Qp)].
j=1
Equivalently, x(Q}) < Clv(Q})].
In order to define the functions b} we need to describe a simple prelimi-

nary construction. By standard arguments, one can construct a compactly
supported C* function ¢ in RY, with 0 < p < 1, fBQo @dH1 > 1, and

| RY~ 1(goalf[k%? Moo < C uniformly in & > 0.
Set
M
x — v
M _ J
Pj (x)=¢ ( o ) Xan.VI(?C)a
where Uj\/[ is vertex of Qéw closest to the origin. So, by translation and

dilation invariance one has ||Rd_1( Ml %Qlo)Hoo < C uniformly in ¢ > 0

an
/sonu— ) 8QM /sonHd '@ = T (@),

First we define b7. We set
M SDM
bp = Z v(Q; )W
i:QiVICQZ vi aft
For ¢ # k, we construct b} by translation of b}!. More precisely, we have
Q7 = w! + QF for some wy', and then we put

bi' () = b (x — wy'), z € RY.

)
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Now we will prove that b} satisfies condition (iii). It is clear that

[ than] = i@ = e
In order to prove that b} is bounded it is enough to verify that
(4.11) (@ < ou@)h), 1<j<2M

By a result of Paramonov [Pa, Lema 4.1 p.192] on localization of singularities
of harmonic functions, we get HRd_l(XQM dv)|| poo(gey < C. So we conclude
J

that
v(Q)")| < Cr(QY N Ey),

since Rd_l(XQM dv)(z) is the gradient of a harmonic function outside Qj-\/[ N
J

Ey. By (4.4), since the set Q?/IQEN can be obtained from E(Ay;41 -+, En)
by a translation and a dilation of factor o,s, we obtain

R(QY N Ex) = 0% n(EQursr - Ex)) < AOQ—J}MF@(EN) = Aop(Q),

and then (4.11) follows.

To complete the proof we only need to check that RI~! (b} dp) is a bounded
function. Actually, we will prove it only for ¢ < ops. Then, using the local
T(b)—Theorem of M. Christ, we will show that RZ~! is bounded on L?(p)
uniformly in 0 < ¢ < opy. By Cotlar’s inequality, it will follow easily that
R4 is bounded in L?(x) uniformly for all € > 0 (independently of M).

From ||Rd_1(XQZdV)||Loo(Rd) < C we derive

||§g71(XQ2dV)||Loo(Rd) < C uniformly in € > 0.

By (2.2), R&71(b} dp) is bounded if and only if figil(bﬁ dy) is bounded.
Thus we only need to estimate the difference

(412) RN () - R vgpdv)@) = Y Rl (),
QM cQy

M _ My 7 M _
where o' = v(Q] )m - XQ;VdV' Clearly, we have [daj’ = 0 and

Hég_loz;uHOO < C for 1 < j < 2™, If we denote by x5M the center of Q;VI,
by [Pa, Corollary 3.4, p.191] we have
d

_ g .
»vg

Since Rg_lozé\/[ = Rd_laé‘/f x g, for e < opr we get

d
~g_ O' .
L]
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Using this estimate and arguing as in [MTV], it easily follows that (4.12) is
uniformly bounded for e < oj;. Thus the function b} associated to the cube
Qy satisfies the hypothesis (iii) in the 7'(b)—Theorem.

Now, by translation invariance it is clear that b? for j # k also satisfies
hypothesis (iii).

Consequently, the local T'(b)—Theorem can be applied (for ¢ < ojr) and
then the proof is complete. O

Remark 4.3. In the proof above we have replaced the distribution T sup-
ported on Ey such that x(Ex) < 2|(T,1)| and ||Rd*1THLoo(Rd) < 1bya
real measure v supported on Ep satisfying analogous estimates. Actually,
this step is not really needed in the proof. The reader can verify quite easily
that all the arguments and estimates for v also work for the distribution 7.

5. CALDERON-ZYGMUND OPERATORS ON CANTOR SETS

In this section we prove that if E()\) is a Cantor set in R? such that
Y02 =3 W < 00, where 0 < s < d, then any s—Calderén-Zygmund
operator with antisymmetric kernel is bounded on L?(p). In fact, our result
answers the following question in a particular case.

Question. Let p be a positive Radon measure satisfying u(B(z, 7)) <
Cr® for r > 0, such that the s—Riesz transform is bounded on L?(y). Then,
are all s—Calderén-Zygmund operators with antisymmetric kernel bounded
on L?(p)?

A kernel K(-,-) from L} (R? x R?\ {(z,y) : z = y}) is an s—Calderén-
Zygmund kernel, 0 < s < d, if

(i) [K(z,y)| < 55

lz—y[*>
(ii) there exists 0 < § < 1 such that
' ’ |z — x/‘d
(K (z,y) — K(',y)| + | K(y,z) — K(y,2')| < Cm
if |x —2'| <|z—y|/2.
The Calderén-Zygmund operator 7}, associated to the kernel K (-,-) and the
measure p is defined as

Tu.f(z) = /K(xvy)f(y) du(y),  x & supp(p).

The above integral may be not convergent for x € supp(u) because K (z,vy)
has a singularity for x = y. For this reason one introduces the truncated
operators 1, ., € > 0:

Tyef(z) =/|_ N K(z,y) f(y)du(y).

One says that T}, is bounded on L?(p) if the operators T}, . are bounded on
L?() uniformly in € > 0. When p is fixed we will write T instead of 7}, and
T. instead of T}, .
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The result that we will prove in this section is the following.

Theorem 5.1. Let A = ()22 be a sequence such that 0 < A\, < Ao < 1/2.
If the Cantor set E(\) satisfies

1
2.0 = 2 gy <

then any s— Calderdn-Zygmund operator with antisymmetric kernel is bounded
in L?(p), where p is the uniform probability measure on E(\).

Proof. For any Calderén-Zygmund operator 7" with antisymmetric kernel,
we will prove that

(5.1) 1T 72,026y < C D 07 < o0
By the T'(1)—Theorem, we have

p(QT) ITxar 2o + 1T xer | L2piQm)
iz eo = O3 g5t FCREE '
So it is enough to show that
e 1/2
(5.2) ITxqr | 2@ier) < C<Z 91%) p(Q)Y2,
k=m

and analogously for T*. In order to prove (5.2), we take a suitable decom-
position of T'. For any fixed m > 0 and k > m, let Q™ be a cube of the
m—th generation of the Cantor set and = € Q. We define

Tif(x) = /Qk\Qk+1 K(z,y)f(y)dp(y),

where QF is the cube of generation k containing 2. Then, we have

Txom(z) =Y Trxon(@).
k=m

We write
(5.3)

[o¢]
||TXQM||%2(p\Qm) = Z HTkXQmH%Z(QO) + Z (Tixgm, Trkxgm)-
k=m Ji.k>m, j#k

To estimate the first term in (5.3) we use condition (i) from the definition
of Calderén-Zygmund kernel. So,

p(QF)
Trxom ()| = K(z,y)d < C—>2— =(C6b,
| Tixgm (2)| ’/QWQ(QI;\QW) (,y)dp(y) (OF 1) s
and consequently,

(5.4) I Tix@m 122y @my < CORPIQ™).
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Now we consider the second term in (5.3). Using the antisymmetry of the
kernel K and arguing as in the proof of inequality (3.6), we have

> UTixgm, Tixgm)|
gk>m, j#k

<C > 27 Hep@Q™) 2 Tixom | 2 gm)
J.k>m, j#k

<Cc Y 27 He0p@Qm).

Jk=m, j#k

Therefore, by (5.3),

ITxom F2im)y < C D ITixamlzgiomy +C >, 2777 M0,60im(Q™)

jzm J.k>m, j#k
< C Z (H,TjXQmH%Q(MQm) + 9?17(@7”))
j>m
< C> 05p@Q™),
jzm

where the second inequality follows from the boundedness in ¢? of the matrix
{2717=k}; ., and the last one from (5.4).
So, (5.2) holds and the proof is complete. O

FINAL REMARKS

We don’t know how to extend the arguments in Section 3 to Cantor sets
E()\) associated to a general sequence A = {\,} with 0 < X\, < \g < 1/2.
However, it can be shown that a variation of the arguments in the proof
of Theorem 1.1 can be adapted to the case where A, € (0,2-%%] for all n
(recall that we assumed ), € [27%%, \o] in the paper).

The estimates for the L? norm of Riesz transforms in Theorem 1.1 can
be extended to more general antisymmetric kernels.

By arguments analogous to the ones in Section 4 and some ideas from
[MPV], one can estimate the s-dimensional signed Riesz capacity, 7s, of the
sets F(A) considered in this paper. More precisely, if A, € [2_d/ Ao, one
obtains

N , —1/2
Vs(EN) ~ (Z (2"‘103)2> :

n=1
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