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ABSTRACT. Given a doubling measure . on R?, it is a classical result of
harmonic analysis that Calderén-Zygmund operators which are bounded
in L?(p) are also of weak type (1, 1). Recently it has been shown that the
same result holds if one substitutes the doubling condition on x by a mild
growth condition on . In this paper another proof of this result is given.
The proof is very close in spirit to the classical argument for doubling
measures and it is based on a new Calderén-Zygmund decomposition
adapted to the non doubling situation.

1. INTRODUCTION

Let 4 be a positive Radon measure on R? satisfying the growth condition
(1.1) w(B(x,r)) < Cor™ for all z € R, > 0,

where n is some fixed number with 0 < n < d. We do not assume that p is
doubling [u is said to be doubling if there exists some constant C' such that
w(B(x,2r)) < Cu(B(x,r)) for all z € supp(u), r > 0]. Let us remark that
the doubling condition on the underlying measure ;¢ on R? is an essential
assumption in most results of classical Calderén-Zygmund theory. However,
recently it has been shown that a big part of the classical theory remains
valid if the doubling assumption on p is substituted by the size condition
(1.1) (see for example the references cited at the end of the paper).

In this note we will prove that Calderén-Zygmund operators (CZO’s)
which are bounded in L?(y) are also of weak type (1,1), as in the usual
doubling situation. This result has already been proved in [Tol] in the
particular case of the Cauchy integral operator, and by Nazarov, Treil and
Volberg [NTV2] in the general case. The proof that we will show here is
different from the one of [NTV2] (and also from the one of [Tol], of course)
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and it is closer in spirit to the classical proof of the corresponding result
for doubling measures. The basic tool for the proof is a decomposition of
Calderén-Zygmund type for functions in L!(u) obtained in [Tod].

Our purpose in writing this paper is not only to obtain another proof
in the non doubling situation of the basic result that CZO’s bounded in
L%(p) are of weak type (1,1), but to show that the Calderén-Zygmund
decompositon of [To4] is a good substitute of its classical doubling version.

Let us introduce some notation and definitions. A kernel k(-,-) from
Ll (RYx R\ {(z,y) : x = y}) is called a Calderén-Zygmund kernel if

C
1) |k(x,y)| < )
(1) [k(z,y)| P—
(2) there exists 0 < ¢ < 1 such that

|x—x’]5

/ /
k(z,y) — k(2" y)| + [k(y, z) — k(y, 2)| < CW
if |x —2'| <z —y|/2.
Throughout all the paper we will assume that u is a Radon measure on R¢
satisfying (1.1). The CZO associated to the kernel k(-, -) and the measure
is defined (at least, formally) as

Tf(z) = / k() £ (v) du(y).

The above integral may be not convergent for many functions f because
k(x,y) may have a singularity for z = y. For this reason, one introduces the
truncated operators T, € > 0:

i@ = [ e S dn)

and then one says that 7" is bounded in LP () if the operators T; are bounded
in LP(u) uniformly on & > 0. It is said that T is bounded from L'(p) into
LY (1) (or of weak type (1,1)) if

o 1) > 2) < 0 /1

for all f € L'(u), uniformly on € > 0. Also, T is bounded from M (C) (the
space of complex Radon measures) into L°°(y) if

pl{x : |Tev(z)| > A} < C”Z\”

for all v € M(C), uniformly on ¢ > 0. In the last inequality, Tv(z) stands
for [, . k(. y) dv(y) and ] = o] (RY).
The result that we will prove in this note is the following.

Theorem 1.1. Let pu be a Radon measure on R satisfying the growth condi-
tion (1.1). If T is a Calderén-Zygmund operator which is bounded in L*(1),
then it is also bounded from M(C) into LY (u). In particular, it is of weak

type (1,1).
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2. THE PROOF

First we will introduce some additional notation and terminology. As
usual, the letter C' will denote a constant which may change its value from
one occurrence to another. Constants with subscripts, such as Cp, do not
change in different occurrences.

By a cube Q C R? we mean a closed cube with sides parallel to the axes.
We denote its side length by ¢(Q) and its center by zg. Given @ > 1 and
B > a™, we say that @ is (a, 3)-doubling if pu(a@Q) < [ u(Q), where a@ is
the cube concentric with @ with side length o ¢(Q). For definiteness, if «
and [ are not specified, by a doubling cube we mean a (2, 2d+1)—doubling
cube.

Before proving Theorem 1.1 we state some remarks about the existence
of doubling cubes.

Remark 2.1. Because p satisfies the growth condition (1.1), there are a lot
of “big” doubling cubes. To be precise, given any point z € supp(u) and
¢ > 0, there exists some (a, 3)-doubling cube @ centered at x with [(Q) > c.
This follows easily from (1.1) and the fact that § > ™. Indeed, if there are
no doubling cubes centered at x with I(Q) > ¢, then u(a™Q) > ™ u(Q) for
each m, and letting m — oo one sees that (1.1) cannot hold.

Remark 2.2. There are a lot of “small” doubling cubes too: if 5 > a¢, then
for p-a.e. x € RY there exists a sequence of (a, 3)-doubling cubes {Qy}x
centered at x with ¢(Qr) — 0 as k — oo. This is a property that any Radon
measure on R? satisfies (the growth condition (1.1) is not necessary in this
argument). The proof is an easy exercise on geometric measure theory that
is left for the reader.

Observe that, by the Lebesgue differentiation theorem, for p-almost all
r € R% one can find a sequence of (2,29%1)-doubling cubes {Qy}x centered
at x with £(Qx) — 0 such that

lim
k—oo f1(Qr) Qx

fdu= f(x).

As a consequence, for any fixed A > 0, for p-almost all 2 € R? such that
|f(x)] > A, there exists a sequence of cubes {Qj}r centered at = with
£(Qx) — 0 such that

1 A
limsup/ fldpy > ——.
k—o0 /’L(2Qk) Qk‘ | : 2d+1

In the following lemma we will prove an easy but essential estimate which
will be used below. This result has already appeared in previous works
([DM], [NTV2]) and it plays a basic role in [To2] and [To4] too.

Lemma 2.3. If Q C R are concentric cubes such that there are no (a, 3)-
doubling cubes (with 3 > ™) of the form o*Q, k > 0, with Q C o*Q C R,
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then,

1
[ ea
RQ 17— 2q]

where Cy depends only on «, 3, n, d and Cjy.

Proof. Let N be the least integer such that R C a¥Q. For 0 < k < N we
have p(@*Q) < u(aNQ)/BN~F. Then,

N

1 1
Ladue) < 3 L)
/R\Q |5C - xQ|n z:l akQ\ak—1Q |1: - $Q|n

- CZEO/“Q

FN (@ Q)
= Cza(k N)n aNQ)
<

lan (5) <

O

The Calderén-Zygmund decomposition mentioned above has been ob-
tained in Lemma 7.3 of [To4]| and in that paper it has been used to show
that if a linear operator is bounded from a suitable space of type H' into
L'(p) and from L% (p) into a space of type BMO, then it is bounded in
LP(u). We will use a slight variant of this decompositon to prove Theorem
1.1. Let us state the result that we need in detail.

Lemma 2.4 (Calderén-Zygmund decomposition). Assume that p satisfies
(1.1). For any f € L*(p) and any X > 0 (with X\ > 29| || v /llull if
l|lpell < 00) we have:

(a) There exists a family of almost disjoint cubes {Q;}; (thatis, >, xq, <
C') such that

1 A
(2.2) H(277Qi)/nQi|f|d'u§2d+l forn>2,
(2.3) fI <A ae (u)on RN\, Qi

(b) For each i, let R; be a (6,6™"1)-doubling cube concentric with Q;,

with [(R;) > 41(Q;) and denote w; = ZXQi . Then, there exists a
kXQp
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family of functions @; with supp(p;) C R; and with constant sign
satisfying

(2.4) /%‘ dM:/ Jwidp,
Qi
(2.5) > lpil < BA
(where B is some constant), and

(26) Il pR) <€ [ 7ldn

Let us remark that other related decompositons with non doubling mea-
sures have been obtained in [NTV2] and [MMNO]. However, these results
are not suitable for our purposes.

Although the proof of the lemma can be found in [To4], for the reader’s
convenience we have included it in the last section of the present paper.

Proof of Theorem 1.1. We will show that 7" is of weak type (1,1). By
similar arguments, one gets that T is bounded from M (C) into LY*°(u). In
this case, one has to use a version of the Calderén-Zygmund decomposition
in the lemma above suitable for complex measures (see the end of the proof
for more details).

Let f € L'(u) and A > 0. It is straightforward to check that we may
assume A\ > 2d+1]\f]\L1(u)/||u||. Let {Q;}; be the almost disjoint family of
cubes of Lemma 2.4. Let R; be the smallest (6,6""!)-doubling cube of the
form 6*Q;, k > 1. Then we can write f = g + b, with

9=fxeay,q. t )i

and

b:Zbi =) (wi f— i),

i
where the functions ; satisfy (2.4), (2.5) (2.6) and w; = Zi%@z .
k
By (2.1) we have

C C
u(Ljﬁ@) S/\Zi:/@lfldué/\/lf!d#.

So we have to show that

(2.7) p{o e m\J20is (0@ >} < $ [ 1f1dn

Since [b;dp = 0, supp(b;) C R; and [|bil|r1(,) < C [, [f]dp, using con-
dition 2 in the definition of a Calderén-Zygmund kernel (which implies
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Hoérmander’s condition), we get

/ Tubi| dyt < C/!bildué c/ fldp.
RA\2R; Qi

Let us see that

(2.8) / |Tebz-|dusc/ Fldp
2R;:\2Q; Qi

too. On the one hand, by (2.6) and using the L?() boundedness of T and
that R; is (6,6""1)-doubling we get

1/2
/ Tl dp < (/ \Tawilzdu> p(2R;)
2R; 2R;
1/2
< C(/\%Wu) (Ri)'?
< ¢ [ \fldn.
Q

On the other hand, since supp(w; f) C Q;, if x € 2R; \ 2Q;, then |1, f(x)| <
C fQi |f| dp/|x — zq,|™, and so

/ T (w; )Idu<0/ _ / Fldu,
2R\2Q; 2rA20; 1T — TQ,|" xQz‘

By Lemma 2.3, the first integral on the right hand side is bounded by some
constant independent of @Q; and R;, since there are no (6,6"*!)-doubling
cubes of the form 6¥Q; between 6Q; and R;. Therefore, (2.8) holds.

Then we have

/ e < Y | Tty dy
RNy, 2Q% 5 JRAU, 2Qk
< CZ/Q < [ 1fldn
Therefore,
C
d .
@9 efreri\Uze )= af< T [ ilde

The corresponding integral for the function g is easier to estimate. Taking
into account that |g| < C' A, we get

(210) e e RN J20u: [Tg0)] > 2} / glPdp< < / 9l du.
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Also, we have

[1sldn < /Rd\UiQilfldquzi:/lw\du
/Ifldﬂ+zi:/Qi|f!du§C/f|du-

Now, by (2.9) and (2.10) we get (2.7).

If we want to show that 7' is bounded from M (C) into L% (u), then in
Lemma 2.4 and in the arguments above fdu must be substituted by dv,
with v € M(C), and |f|du by d|v|. Also, condition (2.3) of Lemma 2.4
should be stated as “On R? \ U; Qi, v is absolutely continuous with respect
to u, that is v = fdv, and moreover |f(z)| < X a.e. (u) x € R\ U, Q:”.
With other minor changes, the arguments and estimates above work in this
situation too. ]

IN

3. PROOF oF LEMMA 2.4

(a) Taking into account Remark 2.2, for p-almost all z € R? such that
|f(x)| > A, there exists some cube @, satisfying

1 A
1 —_ d —
(31) gy o > 5
and such that if @/, is centered at = with [(Q) > 21(Qz), then

1 A
M(QQ'I)/Q/ ’f\duéﬁ-

Now we can apply Besicovich’s covering theorem (see Remark 3.1 below) to
get an almost disjoint subfamily of cubes {Q;}; C {Qs}, satisfying (2.1),
(2.2) and (2.3).

(b) Assume first that the family of cubes {Q;}; is finite. Then we may
suppose that this family of cubes is ordered in such a way that the sizes of
the cubes R; are non decreasing (i.e. [(R;+1) > [(R;)). The functions ¢;
that we will construct will be of the form ¢; = a; x4,, with a; € R and
A; C R;. Weset A1 = Ry and ¢ = a1 XR,, Where the constant o is chosen
so that le fwidp= [ 1dp.

Suppose that ¢1,...,¢r_1 have been constructed, satisfy (2.4) and

k—1
> leil < BA,
=1

where B is some constant which will be fixed below.
Let Ry, ..., Rs,, be the subfamily of Ry, ..., Ry_1 such that R, Ry # &.
As I(Rs;) < I(Ry) (because of the non decreasing sizes of R;), we have
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Rs; C 3Ry. Taking into account that for i =1,...,k —1

/Iwilduﬁ/ |f| du
Qi

by (2.4), and using that Ry, is (6,6""!)-doubling and (2.2), we get
Z/!sosj!du < Z/ |f] dps
J J Qs;

< O [ Ifldn < OM(6R) < Co(R).
3Ry

Therefore,
p(Ry)
5

p{Eles] > 2022} <
So we set
Ap = Ri N {Zj|gosj| < 202)\} ,

and then p(Ay) > u(Ry)/2.
The constant oy, is chosen so that for ¢ = oy x4, we have f(pk du =
ka fwg du. Then we obtain

1 2
apl < —— d g/ dp < G\
o M(Ak)/lefl S i g < O

(this calculation also applies to k = 1). Thus,

okl + > lips, | < (2C2 + Cs) A
j

If we choose B = 2C5 + C3, (2.5) follows.
Now it is easy to check that (2.6) also holds. Indeed we have

||saium>u<Ri>sc|az-m<Ai>=c' /Q Fusdy| < © /Q fldn.

Suppose now that the collection of cubes {Q;}; is not finite. For each
fixed N we consider the family of cubes {Q;}1<i<y. Then, as above, we
construct functions gp{v yees ,@% with supp(gpf-v ) C R; satisfying

/%NdM:/Q fwidp,

N
> e <BA
=1

and
1M | oo (Ri) < C /Q Fldu.

Notice that the sign of golN equals the sign of [ fw;du and so it does not
depend on N.
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Then there is a subsequence {p¥}rc7, which is convergent in the weak *
topology of L*(u) to some function ¢; € L*(u). Now we can consider a
subsequence {5 }rer, with Iy C I; which is also convergent in the weak *
topology of L () to some function ¢y € L>(u). In general, for each j we
consider a subsequence {gog‘?}ke 1; with I; C I;—1 that converges in the weak
* topology of L>(1) to some function ¢; € L>(u). It is easily checked that
the functions ¢; satisfy the required properties. O

Remark 3.1. Recall that Besicovich’s covering theorem asserts that if Q C R?
is a bounded set and for each x € () there is a cube @), centered at z, then
there exists a family of cubes {Q, }; with finite overlap, that is Y, xo, < C,
which covers (2.

In (a) of the preceeding proof we have applied Besicovich’s covering the-
orem to = {z : |f(x)| > A\}. However this set may be unbounded, and
the boundedness property is a necessary assumption in Besicovich’s theorem
(example: take 2 = [0, +00) C R and consider @, = [0, 2z] for all z € Q).

We can solve this problem using different arguments. One possibility is
to consider for each r > 0 the set Q, = {x : |z| < 7, |f(x)] > A} and to
apply Besicovich’s covering theorem to €2,.. With the same arguments as
above, we can decompose f = g+ b, with |g| < A only on €, and b as above.
Then the proof of Theorem 1.1 can be modified to show that for any fixed
constants A\, R > 0 one has

(R lFET)
—.

However we prefer the following solution. We are interested in showing
that the Calderén-Zygmund decomposition of Lemma 2.4 works also without
assuming Q = {x : |f(x)| > A} bounded. Let us sketch the argument.
Consider a cube Qg centered at 0 big enough so that

20| £l 11y /1(Qo) < A

So for any cube @) containing Q¢ we will have

(3.2) 2 fll £y /10(Q) < A

For m > 0 we set Q, 1= (%)m Q. For each m we can apply Besicovich’s
covering theorem to the annulus @, \ Qm-1 (we take Q_1 := @), with
cubes @, centered at x € supp(p) N (Qm \ @m—1) as in (a) of the proof
above, satisfying (3.1).

In this argument we have to be careful with the overlapping among the
cubes belonging to coverings of different annuli. Indeed, there exist some
fixed constants N and N’ such that if m > N’ for x € supp(u)N(Qm \Qm-1)
we have

(33) Q:L’ C Qm-i—N \ Qm—N-

pfz € BO,R) : [Tof(z)] > A} < C
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Otherwise, it is easily seen that £(Q;) > %E(Qm), choosing N big enough.
It follows that Qo C 2Q, since £(Qp) < £(Qy,) for N’ big enough too. This
cannot happen because then 2@Q), satisfies (3.2), which contradicts (3.1).
Because of (3.3), the covering made up of squares belonging to the Besi-
covich coverings of different annuli @, \ @m—1, m > 0, will have finite

overlap.

Notice that in this argument, it is essential the fact that in (3.1) we are
not dividing by u(Q.), but by ©(2Qz).
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