ON THE ANALYTIC CAPACITY 4

XAVIER TOLSA

ABSTRACT. The analytic capacity «+ is a version of the usual analytic
capacity « which is generated by Cauchy potentials of positive mea-
sures. Some recent results have shown the importance of 4 for the
understanding of the metric-geometric properties of . This paper is
devoted to the study of 4. Among other things, it is shown that al-
though this capacity is not originated by a positive symmetric kernel,
it satisfies some properties usually fulfilled this other type of capacities
(such as Riesz capacities).

1. INTRODUCTION

The analytic capacity of a compact set £ C C is defined as

V(E) = sup | f'(c0)],
where the supremum is taken over all analytic functions f : C\ E—C with

|f] <1on C\ E and f'(0c0) = lim, o 2(f(2) — f(o0)). On the other hand,
the analytic capacity v (or capacity v4) of E is

V+(E) = Sup n(E),

where the supremum is taken over all positive Radon measures p supported

1
on E such that the Cauchy transform f = -« p is a function in L>°(C) with
z

/
£l < 1. Since (£ #1) (00) = p(E), we have 7+ (E) < 7(E).

The notion of analytic capacity was first introduced by Ahlfors [Ah] in
order to study removable singularities of bounded analytic functions. He
showed that a compact set E is removable for all bounded analytic functions
if and only if v(E) = 0. Later, Vitushkin rediscovered analytic capacity and
he used it for problems of rational approximation on compact sets [Vi]. The
main drawback of his techniques arises from the fact that there is not a
complete description of analytic capacity in metric or geometric terms.

As far as we know, the capacity 4 was introduced by Murai [Mu, pp.
71-72]. He introduced ~y; only for sets supported on rectifiable curves, and
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he showed its relationship with the weak (1,1) boundedness of the Cauchy
transform on these curves.

The main objective of this paper is to study the capacity vy. We will
show that although v, is a capacity which is not originated by a positive
symmetric kernel, it satisfies some properties analogous to the properties
fulfilled by this other kind of capacities (for example, Riesz capacities). In
particular, v4 can be described in terms of an energy or a potential, and it
admits a dual characterization in terms of this potential.

There are several reasons why the capacity 74 deserves some attention.
As Murai noticed, 74 has a strong connection with the L?-boundedness of
the Cauchy transform. Moreover, Melnikov, Paramonov and Verdera have
shown recently that -y, is useful to deal with problems of C!-approximation
of subharmonic functions.

On the other hand, it is easily seen that a conjecture of Melnikov about
the characterization of sets with zero analytic capacity (see [Da2, Section
12]) is equivalent to the assertion v & 7., that is to say, there exists some
positive absolute constant C' such that

(1.1) C™ 4 (E) < y(E) < Cy4(E)

for all compact sets £ C C. A positive answer to this conjecture would yield
a description of v with a metric-geometric flavour, and would imply that ~
is semiadditive, by the results on vy in [Tol]. Let us also mention that in
[MTV] it has been shown that (1.1) holds for a big class of Cantor type sets.

We need to introduce some notation and definitions. We let M (C) be the
set of all complex Radon measures on C. M, (C) stands for the set of all
positive finite Radon measures on C, and 3(F) is the set of all u € M, (C)
supported on E with u(B(z,r)) < r for all x € C.

Given three pairwise different points z,y, z € C, their Menger curvature
is

1

C(xvyvz) = ma

where R(z,y,z) is the radius of the circumference passing through z,y, z

(with R(x,y,2) = o0, c¢(x,y,z) = 0 if z,y,z lie on a same line). If two
among these points coincide, we let ¢(x,y, z) = 0. For p € M, (C), we set

@) = [ [ ety 2P dutw)du(e)
and we define the curvature of p as
) = [ e dua) = [ [ [ elag.2? duta)auty)n).

The notion of curvature of a measure was introduced by Melnikov [Me]
when he was studying a discrete version of analytic capacity. He proved the
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following inequality:
’ 3/2

[l 4]
(1.2) Y(E) > C sup ,
pes(e) (lull + ()12

where C' > 0 is some absolute constant. In [Tol] it was shown that, indeed,

il
(1.3) v+(E) =~ sup .
- pes(e) (lull + ()12

The arguments in [Tol] also show that

el
1.4 Y+(E) = sup ———5—
) HE) S e el + )
(1.5) ~ sup{||pl :p € X(E), ci(a:) <1Vz € E}.

Moreover, in (1.5) we can replace the condition “Vax € E” by “Vx € C”.
Let M be the maximal radial operator:
p(B(z,r))

Mpu(x) = sup ————>=,
r>0 r

and let ¢, (z) = (ci(x))l/z. From (1.5), it easily follows that we also have

(1.6) Y4+(E) =~ sup{||p| : supp(p) C E, Mu(z) + cu(x) < 1Vx € E}.

As above, the condition “Ya € E” can be replaced by “VYa € C” in (1.6). So,
if we set

Usla) = Mu(e) + cu(a),

then (1.6) suggests that the function U, behaves as a potential for the ca-
pacity v4. In this paper we will obtain other results which support this
assertion.

The idea of introducing the potential U, is due to Verdera. In [Ve2] it
is shown that if one defines the energy associated to p as E(u) := [ U, dp,
then

Y(E) = C sup{E(u)~" : supp(p) C B, ||p|l = 1},

with C' > 0. In fact, notice that, using our characterization (1.6) of 74, it
follows that

Y4 (E) ~ sup{E(u)~" : supp(p) C E, ||ul| = 1}.

The plan of the paper is the following. In Section 2 we obtain some
results which show the close connection between v, and the L? and weak
(1,1) boundedness of the Cauchy transform. In Section 3 we obtain a dual
characterization of v, in terms of an infimum involving U,. As a corollary,
we prove that v4(F) = 0 if and only if there exists some finite Radon
measure /4 such that U,(x) = oo for all x € E. Also, it is shown that the
capacity v+ of some Cantor sets can be estimated easily using these results.
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In Section 4 we show that U, satisfies a minimum principle which implies
that

(1.7) Y+ (E) = ¥4+ (Oout E),

where Oy E' is the outer boundary of E (for the definition of 9y, E and
additional details see Section 4). Let us remark that in the case of the
analytic capacity, we have v(E) = (0ot E'). So the estimate (1.7) is implied
by the conjecture v ~ ;.

In Section 5 we show that the assumption p € ¥(E) in the characteri-
zations (1.3), (1.4) and (1.5) of y4 can be weakened. It is enough to ask
lim sup,._, M < 1. This result will be used in Section 6, where some
density estimates involving v, related to instability will be obtained.

I would like to thank Mark Melnikov and Joan Verdera for helpful com-

ments on the manuscript.

2. RELATIONSHIP BETWEEN <4 AND THE CAUCHY TRANSFORM

Given a complex Radon measure v on C, the Cauchy transform of v is

Cv(z) = / ¢ i . dv(§).

This definition does not make sense, in general, for z € supp(v). In fact,
one can see that the integral above is convergent at a.e. (H?) z € C (that
is, at almost every z € C, with respect to H?, where H* stands for the
s-dimensional Hausdorff measure). This is the reason why one considers the
truncated Cauchy transform of v, which is defined as

1
el = [ an(e),
: |E—z|>e §—z

for any ¢ > 0 and z € C. Given a p-measurable function f on C (where
w is a positive Radon measure on C), we also denote Cf = C(fdu) and
Cef = Co(fdp) for any e > 0. It is said that the Cauchy transform is
bounded on L?(u1) if the operators C. are bounded on L?(p) uniformly on
e>0.

Using (1.5) and the main result of [Tol], it is not difficult to check that

7 (B) ~ sup{ ] : supp(s) C B, j non-atomic, [|C]| 2 < 1},

where ||C|[2(,,) stands for the norm of the Cauchy transform on L?(p), that
is,

ICll 22y = sup lICe | L2 )
e>0

Another result that shows the close relationship between +, and the Cauchy
transform is the following.

Proposition 2.1. If u is any positive Radon measure on C, then

(2.1) Tl s Cola) > Ap) < oL
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Let us remark that the capacity v4 of a general set A C C is defined as
v+ (A) = sup{y4+(F) : E C A, E compact}.

In [Vel] Verdera asked if the estimate (2.1) is true with v replaced by
~. Obviously, one obtains a positive answer if the conjecture v =~ v holds.

Proof. Let G = {z : Cip(z) > A}. Take v € 3(G) such that v4(G) = |||
and c2(z) < 1 for all z € C. Since the Cauchy transform is bounded on
L%(v), the maximal Cauchy transform is bounded from M (C) into L1*°(v)
(see [NTV] or [To2]) and so

11(G) < Or(G) = Or({Canz) > A}) < 1L

3. A DUAL VERSION FOR THE ANALYTIC CAPACITY Y+

In this section we will show a characterization of v, in terms of the
potential U which can be understood as the dual version of (1.6). The
following estimate, which was suggested to the author by Joan Verdera, is
a first step towards this characterization.

Theorem 3.1. If i is any positive Radon measure on C, then
(3.1) telf s Unla) > ) < oL

To obtain Theorem 3.1, we will need the following result, whose proof is
similar to Lemma 3 of [Tol]:

Lemma 3.2. Let u and v be positive Radon measures such that
Az,v,p) < B for all € supp(v).

Then,

(3.2) Az, v, p) < Cy My(x) Mu(z) + 23 for all z € C.

where C7 1s some absolute constant. We also have

(3.3) Az, v, p) < Cp My(x) - sup Mu(z) +28 for all z € C.
z€supp(v)

Proof of Theorem 3.1. We set
E={z:U,(z) > A},
Ey={x: Mp(x) > \/2}
and
Ey ={z: Mpu(z) < \/2 and c,(z) > \/2}.
Hence, £ C E1 U Ej, and 74 (E) < C(v+(E1) + 7+ (E2)).
It is not difficult to check that

(3.4) () < ol



6 XAVIER TOLSA

We only have to take v € X(Ej) such that vy (E;) ~ ||v|| and c2(z) < 1
for all x € C. Since the maximal operator M is bounded from M (C) to
LY (v), we get

1 () < Ov(E) = v({Mp(a) > /2)) < oL
Now we will show that

(3.5) () < oL

Let us take v € X(F3) such that v, (E3) ~ ||| and ¢2(x) < 1 for all z € C.
Observe that

A (p,v,v) < |l = Blvl,
where G = ||u||/|lv]]- Then there exists a closed subset F' C supp(v)
such that v(F) > |jv||/4 and c*(x,pu,v) < 28 for all # € F. Therefore,
(z, 1, vip) <20 for all z € F, and by Lemma 3.2,

A(z, p, vp) SCA+4p3
for all z € C, since Mpu(z) < A/2 for all z € supp(v). Thus,

Y4+ (E2) < C’/dup < / T, s ) dvip ()

C
= 5 [Cwnmpdi) < 5 [©r+a5)d
C ( [l
< AMMpl + .
A2 v
So we obtain
Nl ] )
3.6 Es) < C N =l I

From this inequality we derive (3.5). Indeed, if ||u||/X > [|u]|?/(A2y4 (E2)),
then (3.6) implies 74 (F2) < 2Cy Xl and if all/A < [Jul2/ (N2 (Ez)) we
also get (3.5). O

Theorem 3.3. For E C C compact, we have
(87  ve(E)~inf{|lul : g€ My (C),Up(x) > 1¥a € B},
Before proving Theorem 3.3 we will state and prove the following corollary.

Corollary 3.4. Let E C C be compact. Then, v+(FE) = 0 if and only if
there exists some measure p € M4 (C) such that Uy(x) = oo for all x € E.

Proof. If U, (x) = oo for all z € E, then 4 (£) = 0. This follows easily from
Theorem 3.3 or directly from (3.1).

Suppose that 4 (E) = 0. By Theorem 3.3, for each n there exists some
measure p, € M, (C) with ||u,| < 27" and such that Mpu,(x) + ¢y, () > 1
for all z € E. We set pp = > > np,. Then p € M, (C) and, for each n,
Mu(z) + cu(x) > n (Mpnp(x) + ¢y, (x)) > n for x € E. O



ON THE ANALYTIC CAPACITY ~4+ 7

Let us remark that the measure p constructed in the proof of the corollary
also satisfies U, (y) < oo for all y € E°.
We will need the following estimate for the proof of Theorem 3.3:

Lemma 3.5. Letv € M, (C). Let Q C C be a closed square with side length
d. Let L be a closed segment of length 0/2 parallel to one of sides of Q and

centered in (). Suppose thal v = a'H|1L and v <§Q \ Q) = 0. Then, there

exists some absolute constant Cs such that for all x,y € @Q,

) < 5 ) + Cs Muly)’

and 10
(@) < 5 cpy) + Cs My(a)*.

The proof of Lemma 3.5 follows by standard arguments.

To prove Theorem 3.3 we will need to apply a variational argument on
some ‘nice’ approximation of E by another compact E. The following lemma
will be very useful.

Lemma 3.6. Consider a grid of squares of side length 6 > 0 in C with sides
parallel to the axes. Take a finite collection of closed squares {Q;}ier of the
grid. For each i € I, let L; be the closed segment of length 0/2 centered in
Q; and parallel to the x axis. Set E = Uier Li- Let EO(E) be the subset of

X(E) of measures p of the form p =73, ;a; H|1LZ-' There exists a measure

v € Xo(E) such that

2 2
[ A 7]

W+ W)~ oo Tl + ()

The mazimal measure v satisfies

(3.8)

(3.9) *(v) < 2|lv|
and
(3.10) Uy(z) > Cy

for all x € E, where Cy > 0 is some absolute constant.

Proof. The existence of v follows easily by a compactness argument.
Let us see that (3.9) holds. Since v is maximal and v/2 is also in Xy(E),
we have

[/ ll?/4
vl +c(v) ~ [vll/2+c*(v)/8
Therefore,
vl , @) _ vl )
i} > 20 .
2 * 8 — 4 + 4

That is, ¢2(v) < 2||v|.
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Now we turn our attention to (3.10). Suppose that Mv(z) < 1/10 for
some z € L; C E. Since v is a constant multiple of H|1Li on L;, Mv(z) <1/5
for all x € L;. For each A > 0, we define the measure vy = v + )‘H|1Li' It
is not difficult to check that if A is small enough, then Mwvy(y) < 1 for all
y € E. This is clear if y € L;. Otherwise, if d = |x —y| > 4, then

vA(Bly,r) _ v(B(y,7)) <1

forr <d—4¢6/2. If r >d—6/2 > d/2, then

VA(B:,% r)) < V(B($,47;)) + Ad/2 < A(Mv(x) + ) < % L

Therefore, vy € EO(E) for A > 0 small enough. Since v satisfies (3.8), if we
denote

lall?
A =" —
T = T+ e
then f/(0) < 0. Observe that f()\) equals
(vl +8/2)° |
|l + X072 + ¢2(v) + BX (M, v,v) + 3N (v, ]y HE ) + N3 (M)

So,

, Il o (vl + (@) = Iv]I* (/2 + 3> (M}, v.v))
o= (vl + @) '
Therefore, f/(0) < 0 if and only if
(Il + (W) < vl (6/2+ 3¢*(Hjp,,v.v)).

That is,

vl +2¢2() _ 6 (M, v)

vl = 9 '

Therefore, 2(H|1Li,u, v)/6 > 1. So there exists some 2’ € L; such that

c
6
?(2',v,v) > 1. By Lemma 3.5

1

2(z) > 1% <3 e Mu(x)2> .

If C3 - Mv(x)? < 1/6, then

(3.11) 2(z) > %

So we have proved that if Mv(z) < min(1/10, 1/(6C3)'/?), then (3.11)
holds, and the lemma follows. O
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Proof of Theorem 3.3. Let 1 € M (C) be such that Mpu(x) + cu(z) > 1
for all z € E. By Theorem 1, v (E) < C'||p]|.

So we must show that for each e > 0 there exists some measure u € M (C)
such that v, (E) > C'||u|| — €, where C' > 0 is some absolute constant, with
p satisfying Mpu(x) 4+ ¢y (z) > 1 on E. Let 6 > 0 be such that v (E) >
v+(V5(E)) — €, where V5(E) stands for the d-neighborhood of E. Consider
a grid of squares of side length § > 0 with sides parallel to the axes. Let
{Q;}icr the closed squares of the grid that intersect E. For each i € I, let
L; be the closed segment of length §/2 centered in @); and parallel to the z
axis. Let B = Uier Li- Notice that E C V5(E). Thus 4 (E) > v, (E) —¢.

Let v € ZO(E) be the maximal measure of Lemma 3.6 for the compact
set E. Since 2(v) < 2||v||, we have v, (E) > C'||v||. We know that Mv(z)+
cv(x) > Cy for all x € E, with Cy > 0. We are going to show that this also
holds for z € E, changing the constant Cy by another constant C smaller
enough. Clearly, this will will finish the proof of the theorem: Only has to
take p = v/C}.

Let x € E. Suppose that Mv(x) < Cs, where C5 > 0 is some constant
much smaller than Cy, which will be defined later. Let @Q; be a square of
the grid such that z € @Q;. It is not difficult to check that for y € L;,
Mv(y) < 4Cs. Thus for y € L;, ¢,(y) > Cy — 4C5 > C4/2, choosing Cs
small enough. Now, by Lemma 3.5

2 2 2
c2(x) > % <%—03M1/(x)2> > 9 <C4—C;>,-C'52> > G

choosing C'5 small enough again. O

3.1. An application to the study of the analytic capacity v, of some
Cantor sets. We construct a Cantor set F(\) C C as follows. Let A :=
{An}n C R be a non-increasing sequence with limit 1/4, satisfying 1/4 <
An, < 1/3 for all n. In R, we consider the sets Ko = [0,1], K1 = [0, A\;] U
[1 — A1,1], and for each n, K, made up of a finite union of closed intervals
which have been obtained from K,,_; in the following way. We replace each
connected component K,,_1; of K,_1 by the two endmost closed intervals
contained in this same component, each one with length equal to A, times
the length of connected component K,,_1 ;. We set

KO = () K.

and then,
E(\) = K(\) x K()\).
Let us observe that K, the union of 2" closed intervals of length ¢, =
A1+ Ap. So, if we denote E,, = K,, x K,,, we have

EO) = () B
n=1
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where
47L

En = U En,j7
j=1

with F, ; being a square with side length o, for every j =1, ...,4".
The Cantor sets E(\) were introduced by Garnett in [Gar], where he
asked for what sequences \ the set E(\) has non zero analytic capacity. He

4—n
proved that if Z —— <o, then y(E(X)) > 0.

Now it is known that

. 4=m\2\ g2\
(312) © (Z (0>) <7 (BO) < © (Z <0)> .

n

The left inequality follows from an estimate obtained by Mattila [Ma] and
from the results about 74 in [Tol]. Indeed, if u is a measure supported
on E(X) such that pu(E, ;) = 47" for all n,j, it is shown in [Ma] that
w(B(x,r)) < Cr for all z,r and

(3.13) Ap)<C Zn: <%:>2.

This inequality and the characterization of vy (E) in (1.3) yield the left
inequality in (3.12).

The right inequality in (3.12) was obtained recently by Eiderman [Ei].
Let us show that this inequality can be obtained also by a straightforward
application of Theorem 3.3. Indeed, it is not difficult to check that, for any
x € E(N),

e B, EO) ~ 3 (4)

ag
n=0 n

where g is the measure defined above. Then, applying Theorem 3.3 to the

measure
o —1/2
N 4=\ ?
G=p (Z <U) ) ,

n=0

we deduce the right inequality of (3.12).
Let us notice that recently, in [MTV], it has been shown that

VEWN)) = 7+(EX)

for all the sequences A as above. The estimates (3.12) are necessary for the
proof, which is based on the use of the local T'(b) theorem of M. Christ.
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4. A MINIMUM PRINCIPLE AND THE CAPACITY Y+ OF THE OUTER
BOUNDARY

From Lemma 3.2, it easily checked that the potential U, satisfies the
following maximum principle: If U,(x) < X for all x € supp(u), then
Uu(y) < CX for all y € C. In this Section we will see that U, also satisfies
a minimum principle. However, this result (and its subsequent corollary)
depend on the following result of P. Jones, whose proof, to the best of our
knowledge, has not been published up to now.

Claim 4.1 (P. Jones, 1998). If E C C is compact and connected, then
v+(E) ~ diam(E).

Given a compact set E C C, we denote by E the union of E and the
bounded connected components of £¢. The intersection between E and the
closure of the unbounded component of E® is the outer boundary of E, and
we write it as Oyt F. Recall that OF = 0, F.

Let us state our minimum principle.

Theorem 4.2 (Minimum principle). Assume that Claim 4.1 holds. Let
A > 0 be some fized constant. If E C C is compact and i is a positive Radon
measure on C such that U,(z) > X for all © € OpuE, then U,(y) > C71 A
forally € E.

Before the proof, let us state and prove the following corollary:
Corollary 4.3. Assume that Claim 4.1 holds. If E C C is compact, then
V+(E) = 7+ (Oout ).

Proof. Obviously, V4 (9, E) < v4+(E). On the other hand, by Theorem 3.3
there exists some measure g such that v4 (0, E) =~ ||p|| and U,(x) > 1
for all z € OpE. By Theorem 4.2, U,(y) > C~! for all y € E, and so
Y+ (E) < C||pl|, by Theorem 3.1. Therefore, v4(E) < Cv4(Oput E). O

Let us remark that in the case of the analytic capacity, the proof of the
identity v(E) = v(0put ) is straightforward. In the case of v, the proof of
V+(E) = 74 (0o E) relies on Claim 4.1, which seems to be a difficult result.

Proof of Theorem 4.2. We will show that there exists some ¢ > 0 (small
enough) such that if y €F is such that Mu(y) < e, then Uy,(y) > C L.

Let y €E, d = dist(y, 0w E) and A = B(y,d). Then, it is not difficult to
check that, for x € 2A,

(4.) ame (2) = Cuaye ()] < CMp(y) < C e,
This follows from the inequality

d

lc(z, z,t) — ey, 2, )| < C ————
’ ly — z[ly — t]



12 XAVIER TOLSA

for x € 2A and z,t € (4A)€ (see Lemma 2.4 of [Tol], for example) and some
standard estimates.
Assume that
A

(4.2) UM(4A)C (z0) > 10

for some g € (Tput F)N2A. Tf M p1j4n)e(w0) > A/20, then one easily gets that
M|(4A)c(y) > 071 )\, which implieS U,u(y) > Cil A If C“\(4A)C (.1‘0) > )\/20,
then ¢y, e (y) = A/40 by (4.1), if € has been chosen small enough. Thus if
(4.2) holds, U, (y) > C~! X in any case.

Suppose now that (4.2) does not hold for any x € (9t E) N 2A, that is,
A
(4.3) Upjanye (%) < 10
for all x € (0ot ) N 2A. We will show that this implies that
(4'4) U.U\4A (1‘) Z C_l/\
for all x € (Oput ) N 2A. Assuming this for the moment, by Theorem 3.1,

(4.5) 1 (Oel2) 0122) < 0 ER)

If © is the connected component of E which contains y, then € is simply con-
nected and thus 0f2 is connected. Thus 02N 2A has at least one connected
component with diameter > d. Since 02 C J, F/, by Claim 4.1,

Y ((Oout B) N 2A) > 74 (0QN2A) > C L d.

Therefore, by (4.5), d < C u(4A)/X, and so U,(y) > Mpu(y) > C7LA
Now we only have to show that (4.3) implies (4.4). Since U, (z) > A, we
have either Mp(x) > A/2 or ¢,(x) > A/2. Notice that

Mptyanye () < Upjyae () < A/10,
and so if Mu(x) > A\/2, then

1 1
Uaa ) = Miaa(e) = (5= 15)

and (4.4) holds. If ¢,(x) > A/2, then we write
20\ — 2 2 2
Cu(x) - cu\m (x) + CM|(4A)C (a?) + 26#\4A7#|(4A)C (m)

Observe that ci(az) > \2/4, Cl2i|(4A)C () < A?/100 and, also,

1
. < —du(t)d
CN|4A:H«\(4A)C (.CE) = C/ze4A [€(4A)C |y — t|2 Iu’( ) N(Z)

Mz(y) dp(z)

IN

C
z€E4A

)\2
< CMpy)<Ce2) <
< CMp(y) —CgA—mo’
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choosing € small enough in the last inequality. Therefore we get

Uya(z) > Chjan () >C7t

Hian

So in any case (4.4) holds. O

Remark 4.4. The main tool to prove the minimum principle of Theorem 4.2
and its corollary is Claim 4.1. Let us see that the assertion in this claim also
can be obtained from Corollary 4.3. Let 'y C C be some simple curve. We
may assume that the endpoints a,b of I'g are on the x axis, with a < b and
diam(I'g) = |a—b|. We denote by Iy, the curve I'g+n |a—b|, (a translation of
Iy in the x direction). Let I'" be the curve obtained joining I'g,T'y, - , Ty,
Let E,, C C be the region enclosed by I'", I'"" +i 4 |a — b| and the two vertical
segments joining the endpoints of I'™ and I'™ +i4 |a — b|. Since E,, contains
a horizontal segment of length (n + 1) |a — b|, we get

(4.6) e (Ba) = G5t (n+ 1) ]a— b,

By Corollary 4.3 and the countable semiadditivity of v, we have
(4.7 4 (En) < Cy4(0E,) < C7(2(n+ 1) 74+(Lo) + 8la — bl).
So, by (4.6) and (4.7) we get

Cst(n+1)|a—0bl—C;'8|a —b|

v+(To) > 2(n+1)

Letting n — oo, we obtain
¥+(To) > Cg* la —b].

Hence the minimum principle of Theorem 4.2 and the fact that the ca-
pacity v+ of a continuum is comparable to its diameter are equivalent.

5. CHARACTERIZATION OF Y+ BY MEANS OF MEASURES WITH BOUNDED
UPPER DENSITY

Given some Radon measure 11 on C, we denote by ©), (x) its 1-dimensional
upper density at x:

B
O, (z) = limsup M
r—0 r

Let A(E) be the set of Radon measures supported on E such that 67, (z) < 1
for p-a.e. x € E. The main objective of this section is to prove the following
result.

Theorem 5.1. Let E C C be compact. Then,

(B~ sup
entey Tl + ()
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Let us remark that analogous results can be obtained in connection with
the characterizations (1.3), (1.5) and (1.6) of 7;. For example, one can
describe 74 in terms of the potential Uy (z) := O}, () + cu(x):

V1 (E) = sup{||u| : supp(p) C E, Uy(x) < 1Vx € E}.
To prove Theorem 5.1, notice that ¥(E) C A(E), and so the inequality

74+(E) < C sup HM*”Z
pen(e) lIpll + c2(w)
is trivial. For the converse inequality we will need some lemmas. The first
one is an estimate involving ¢?(y).

Lemma 5.2. Let u be some Radon measure supported on B(xg, R), with
05 (r) <1 for p-a.e. v €C. If (1) < Cy u(B(xo, R)), then u(B(zo, R)) <
MR, where M is some constant depending only on Cy.

To prove this lemma we will use the following remarkable result due to
G. David and J.C. Léger [Lé, Proposition 1.2].

Theorem 5.3 (David, Léger). For any constant Cio > 10, there exists a
number n > 0 such that if p is any positive Radon measure supported on
B(xo, R) satisfying u(B(zo,R)) > R, p(B(z,r)) < Cior for all x € C,
r > 0, and c3(u) < nR, then there exists a Lipschitz graph T such that
u(L) > 55 1(C). Moreover, the Lipschitz constant of T' depends only on
ClO and n.
Proof of Lemma 5.2. Suppose that u(B(zo, R)) = MR for some big M >
105. Let
E ={zx € B(zo,R) : ci(x) < 2C9}.

By Chebychev, u(E) > u(B(xo, R))/2. We set

E,={x€E: u(B(z,r)) <3r if0<r<1/n}.

Since u(C\ UyZ; En) = 0, we can choose n big enough so that u(E,) >
|11l /3. We denote v = pg, -

We claim that there exists some ball B(x1, R;), with 21 € B(zg, R), such
that

M
Ry

(5.1) V(B(:Cl,Rl)) Z 1700

and

(5.2) v(B(z,r)) < 100Mr for all z € C and 0 < r < R;.

Indeed, let Qo be the square concentric with B(zo, R) and side length 4R.
Let D(Qo) be the collection of dyadic squares generated by Qo which are
contained in Qo. That is, D(Qo) = Ur— Dr(Qo), where Dy(Qo) stands for
the family of 22¢ squares with disjoint interiors and side length 27%£(Qq)
contained in Q.
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For each square @ € D(Qp) with side length < 1/10n we have v(Q) <
104(Q) < %K(Q). On the other hand, v(Qy) > %ﬁ(@g). So there exists
some square 1 € D(Qop) such that v(Q1) > % 2((Q1) whose side length is
minimal. If we choose z; as the center of @); and we set R; = ¢(Q1), then
B(z1, Ry) fulfils the required properties.

Now we consider the measure o = 1—1810 V|B(x1,R;)- Notice that supp(o) C
B(z1, Ry), ||o|| > R1, o(B(z,7)) < 10% for all z € C, and

4 4 4
Ar) < 10y a) < 107 Ar) < T

for all z € E N B(x1, R1). Hence,

C Cn
(o) < e o]l < a2 f

If M? > Cy1/n, by Theorem 5.3 we derive that there exists a Lipschitz graph
I, with Lipschitz constant L bounded above, such that o(I') > 5o
Therefore,

99 99
r'AB > 27 (B E,)> —MR;.
p'N B2, R)) 2 755 mB(@1, Ra) N En) 2 15555 MEy

Since ©j,(z) <1 p-a.e., we have
,U,(F N B(l‘l, Rl)) < 2LR;.
Thus, M < CL. O

We will prove Theorem 5.1 by an application of a variational argument
on a set E which approximates F, as in Lemma 3.6.

Lemma 5.4. Consider a grid of squares of side length 6 > 0 in C with sides
parallel to the axes. Take a finite collection of closed squares {Q;}icr of the
grid. For each i € I, let L; be the closed segment of length 0/2 centered in

Qi and parallel to the x axis. Set E = J;c; Li. Let Ao(E) be the subset of
measures v of the form p =3, ; aiH|1Li7 with 0 < a; < 1. There exists a

measure v € Ao(E) such that

(53) S ] | )
IVl + ) engem) Il + ¢ (1) ’

The mazimal measure v satisfies

(5:4) c*(v) < 2|l

and

(5.5) v(B(z,r)) < Ciar forallz e E, r>0,

where Ciy > 0 is some absolute constant. Also, vy (E) > C~ ’Y+,O(E).
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Proof. The existence of v follows easily by a compactness argument. More-
over, the same argument used in Lemma 3.6 to prove (3.9) applies to present
situation and yields (5.4). On the other hand, the inequality v (E) >
c-! 7+70(E) is a direct consequence of (5.5), which implies that the maxi-

mal measure v belongs to X(F), after dividing by some absolute constant.
It remains to see that (5.5) holds. Consider a fixed ball B(zo, R). We only

need to deal with the case R > 100, say. Let In = {i € I : L,NB(xo, R) # &}

and Ey = Uier, Li- Given A € [0,1], let vy = v — Ay, It is clear that

vx € Ao(E). Let f()) be the function

|Eo-

f()\) _ ||V)\||2

[All + 2 (va)

By the maximality of v, f'(0) < 0.
Operating as in the proof of Lemma 3.6 (we only need to replace H|1LZ~ by

and 0/2 by —v(Ey)), we deduce that f/(0) < 0 is equivalent to

_V‘EC)’
2w(Eo)(|lv]| + ) > [Wl(v(Eo) + +3 Az v.v)),
that is,
= vl +220) o
v(Ep) W >c (V\EWV’ v).

Since c?(v) < 2||v||, this implies
5 ~
From Lemma 5.2, we deduce v(Ep) < C R. O

Proof of Theorem 5.1. Given any measure p € A(E), we have to show that

el
[lall + ¢ (u)

Let E, = {x € supp(p) : p(B(z,7r)) < 3r if0<r<1/n}. We choose
n big enough so that u(E,) > ||u]|/2. Given g9 > 0 arbitrarily small, let
do > 0 be such that v (E) > v4(Vs, (E)) — €o.

Notice that there exists some (big) constant Cy3 such that p(B(x,r) N
E,) < Ciar for all r > 0, with Ci3 depending on n and diam(E). We let
N > 10 be the least integer such that Cj3 < 2.

Consider a grid of squares with side length ¢ := min(&y/2, 272V /n), with
sides parallel to the axes. Let {Q;}icr be the closed squares of the grid that
intersect F,. For each i € I, let L; be the closed segment of length 6/2

centered in ); and parallel to the x axis. Let E = Uier Li, and let v be

(5.6) Ve (E)>C™!

the measure supported on E which coincides with some multiple of H‘ILZ_ on
each segment L;, and which satisfies v(L;) = u(Q; N Ey). Notice that by the
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definitions of E,, and v, we have ||v| > ||u]|/2 and v(L;) < 6£(Q;) for each
1 € I. We will show that

(5.7) c*(v) < C () + llpl)),

where C' is some absolute constant. This estimate implies (5.6), because
+v € Ag(E), and by Lemma 5.4 we have

W(E) 2 1(Va(E)) — 0 2 7(E) — <o
2 2
P U N 7]
S W) 0T Tl )

for any €9 > 0.
Let us prove (5.7). We will use the notation

(A, B,C) = /A /B /C ey, 2)2 dv(z) dv(y) dv(2).

=" (Qi.C,C) = > c2(Q:,3Qi,C) + ) c2(Qi. C\ 3Q;, C).

el el el

We have

First we estimate c2(Q;, 3Q;, C) for a fixed i. Given x € L;, we have

1
CQ@?”BQN”IC\QJ < C/yESQV /Z¢Q' de(y) dv(z)

1
< 06 T dv(2).
l—z|>6/2 [T — 2|
Notice that v(2¥Q;) < 6£(2FQ;) if 0 < k < N, and v(2FQ;) < C134(2*Q;)
for kK > N. Then we obtain

1 = 1
7dy z = / 7d z
/a:—226/2 |1’ - Z|2 ( ) Z 2k =1z —2|>062F |l’ - Z|2 ( )

=0

+ Z / 1w

2k—1< |z —2|>52k |z — 2

1 Ci3 C
. < -4+ — < .
(5 9) C<5 2N5) )

Observe that the last constant C above does not depend on C73 because of
the choice of N. Thus, we get c2(Q:,3Q;,C\ Q;) < Cv(Q;). It is easy to
check that we also have c2(Q;,3Q;, Q;) < Cv(Q;). Thus,

(5.10) 2(Qi,3Q;i,C) < Cv(Qy).
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Now we have to deal with the last term on the right of (5.8). We write

¢ (Qi,C\3Q:i,C) = Y (QiQ;,C\ (3QiU3Qy))
J:Q;N3Qi=2
+ > (Qi,Q4,3Q)) = Ai + By
7:QiN3Qi=2

Using (5.10), we deduce

B < )Y h(@i,Q5,3Q))

il iel jel
(5.11) < ) C,Q4,3Q)) < CY w(@)) < Cv.
jel jel

It remains to estimate A;. Let Q);, j € I, be such that Q; N3Q; = &, and
Qr C C\ (3Q; U3Q;). Let y € Qj, z € Qk, and denote by g, the center
of each square Q. Notice that |z —y| = |¢; — ¢j|, |z — 2| = |¢; — qi| and
ly — 2| = |gj — qi|. By Lemma 2.4 of [Tol], we have

cs cs Cs
le(x,y, 2) — (@i, 45, qi)| < + + .
lz—ylly—2  ly—=lly—=z [z —=|[z -y

Thus,

c(z,y,2)? < 2c(q,q5,q)*

C6? 52 52
2 2 + 2 2 + 2 2
lz —yPly —2* |y —zfly—=2[* |z —x|*]z -yl
(5.12) = 2¢(qi,qj,q%)* + S1 + S2 + Ss.

Therefore,

<2y [ /Q | ela 000 dvte) dviy) v

J,k:Q;N3Q =2,
ka 3Q2U3QJ ,g

(5.13) / / / 5 (S1+ 52+ S3) dv(@) dv(y) du(2).
z€Q; J ly—z|>6 |Z z| >

—yl >4

Using the estimate (5.9), we get

/y $|>5/z o> s S1Av(y)dv(z)

-yl >0

1 1
< 06 / ——dv(y) / ——dv(z) < C.
y—a|>5 [T — YI? lo—a|>6 1T — 2|2
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Operating in analogous way, we obtain the same estimates for the integrals
of Sy and S3 over the same domain. Therefore,
(5.14)

S S S3) dv dv dv Cv(Q;).
/xec;z/y x|>5/2 x;;; 1+ S + Sg) dv(x) dv(y) dv(z) < Cv(Q))

Let us consider the first term on the right hand side of (5.13). Since
v(Qn) = pu(Qp,) for each h, this term equals

D; =2 > /IEQZ /yEQJ /Zer (i, g5, ar)” dp() duly) dp(z).

Jik:Q;N3Q; =42,
Qk n (3Q1 UgQ]

By an estimate analogous to (5.12) and operating as above, we will derive

<4 Y /Q/Q/Q (2,9, 2)? () da(y) dpu(2)

j,k:Qj ﬂ3Q¢=@
QrN(3Q:U3Q;) =

(5.15) + Cv(Q;) < 4c (Qi, C,C) + Cv(Qi).

Now, (5.7) follows from the estimates (5.10), (5.11), (5.13), (5.14) and
(5.15). O

The following corollary follows from Theorem 5.1 and will be used in next
section.

Corollary 5.5. Let E C C be compact. If i is a positive Radon measure
supported on E such that ©},(x) =0 for p-a.e. x € E, then

L lel??
’Y"F( ) C ( )1/2
Proof. Notice that p is not supported on a line (unless p = 0). As a
consequence, cZ(M) # 0. We can apply Theorem 5.1 to the measure g =

1/2
(Q’&%) i, which belongs to A(F), and the corollary follows. O

6. DENSITY ESTIMATES FOR 74 AND INSTABILITY
The main result of this section is the following.

Theorem 6.1. Let E C C be compact with v (E) > 0. Let u be a positive
Radon measure supported on E. Then, for vyi-almost all x € supp(u) one
(and only one) of the following statements holds:

(a)

)
6.1 liminf ————— < .
(6.1) LB
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(b)
62) (BB
r—0  u(B(z,r))

This result should be understood as a kind of instability result (see [O’F],
for instance). Notice that if (a) does not hold for some z, then clearly
we have lim, o r/u(B(z,r)) = oco. The statement (b) is sharper because
Y+(B(z,r) N E) < r. Indeed, it may happen vy (B(z,r) N E)/r — 0 as
r — 0. This is the case, for example, when E coincides with the set E()) of
Section 3.1 and Y o7 47 *"0, % < o, for any z € E()).

It is worth to compare Theorem 6.1 with the following result due to
Mattila and Paramonov [MP] which also deals with densities for -y, .

Theorem 6.2 (Mattila, Paramonov). Let h : [0,+00) — [0,400) be a non
decreasing continuous function with h(0) =0 and h(t) > 0 for ¢t > 0.

(a) Let E C C be compact with v+ (E) > 0. If h satisfies 01 hg?rz dt < oo,
then for y4-almost all x € F,
B E
limsupfy_k( (x,r)ﬂ ) - 00

r—0 h(r)
(b) Suppose that h(t) <t fort>0. If fol

hi;(),t) dt = oo and the function

g(r) = h(r) exp < /Tl ht)’ dt) e,

23

satisfies g~ (47771 /g7 (477) € [e,1/2) for some ¢ € (0,1/2) and
all j big enough, then there exists a Cantor set Ey C R? with

C™'h(r) <4 (B(x,7) N Eg) < Ch(r)
for all x € Ey, r € (0,1), and some C > 0 depending only on h.

From Theorem 6.2 it follows that there exist compact sets E; C C and
continuous non decreasing functions h : [0, +00) — [0, +00) with h(0) = 0

and h(t) > 0 for ¢ > 0, which satisfy lim;_ @ =0 and

V+(B(z,r) N E1)
h(r)

for all z € Ey, r > 0. In view of (6.3), one can ask if

. ’)/_;,_(B(:E,T)mEl)
(6.4) hIil_S}(l)lp HA(B(w,r) 1 By < 00,

(6.3) <C

where H" is the generalized Hausdorff measure associated with the function

h. However, notice that (6.2) in Theorem 6.1 seems to suggest that (6.4)

should be false. We will deal with this question in Proposition 6.4 below.
To prove Theorem 6.1 we need the following lemma.
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Lemma 6.3. Let o be some positive finite Radon measure without atoms
on C. If (i) < oo, then, for p-almost all x € C,

1 62(N|B(x,7‘))
m ————-—
r—0 M(B(.T7 7’))

Although we think that this result is known, we will show the detailed
proof for the reader’s convenience.

=0.

Proof. For each m > 1, let

Ap = {z € C: limsup, _o (e (B, r)] ™ > 1/m}

For r > 0, we denote
=[] ) ) () ).
T—Y|IST

Notice that lim,_q () = 0, because ¢?(u) < oo and p has no atoms.
Given any r > 0 and m > 1, for each z € A, there exists some ball B(z, s)

with s < 7/2 such that pu(B(z, s)) < mc(pp(,s). With this type of balls,

we consider a Besicovitch covering of A,,. That is, A, C |, B(xi, s;), with

> XB(xi,s:) < C. Then,

/KAm)S}:MﬂﬂxmﬁbSﬁn}:camsmwa)SCWWﬂu%

which tends to 0 as r — 0. Thus p(A4,,) = 0 for each m. O

Proof of Theorem 6.1. It is easy to check that (a) and (b) cannot hold simul-
taneosly. Indeed, if (a) is satisfied, using the estimate vy (B(z,7) N E) <,
we obtain

limi < liminf ——— < oo.
Y uBnnE) R wBay) —

Now we must prove that either (6.1) or (6.2) holds v;-a.e. That is, if we
denote by A the set of x € supp(u) such that both (6.1) and (6.2) fail, then
we have to show that v4(A) = 0.

Let

Ag={z e A: cZ(x):oo},
and, for each n > 1,
A, ={zcA: ci(x)<n}

We have A = |J,;2, A,. Notice that, by Corollary 3.4, v4(Ag) = 0. We will
show that, for n > 1, v (4,) = 0 too.
We denote

.+ (ENB(z,r)) }
Apm =<z €A, : liminf <my.
’ { r=0"  p(B(z,r))
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Notice that 4,, = J;>_; Aym. Now we set

m=1

B o u(B(zr) N Ag)
Apnmo = {a; € Apm : h?l_}élf u(B(x,r)) —Up

and, for k > 1,

. p(Blryr)NApm) 1
A, = A, : liminf ’ -
mk {9” € Anm O T Bler) K

We will show that v4 (A mk) =0 for all n,m > 1 and k > 0.

First we deal with A, 0. We have (A, m0) = 0. This is quite easy
to check: Given any ¢ > 0, we take a Besicovitch covering of A, ,, 0 with
balls B(xz;,7;) such that z; € Ay o and p(B(zi,75) N Apm) < ep(B(z4, ;).
Then,

Apmo <Zu (@i, ri) N Apm) <EZM (zi,7;)) < Ce u(E).

Letting ¢ — 0, we derive u(Apmo) = 0. This implies y4(Anmo) = 0
because of the following claim.

Claim. If K C Ay, is such that p(K) =0, then v, (K) = 0.

Proof of the claim. We may assume that K is compact. Given any fixed
e > 0, let K¢ be an open neighborhood of K with pu(K¢) < e. We consider a
Besicovitch covering of K with balls B(z;,r;) such htat z; € K, B(x;,1;) C
K¢ and y4+ (B(zi,r;)NE) < m p(B(x;,r;)) (which is possible by the definition
of Ay m). Then we have

’y+(K) < CZ’}/Jr xza""z ﬂK <CZ’Y+ l‘z,’l“i)ﬂE)

i

< sz,u (i, 13)) < Cmp(K®) < Cme.

Since € is arbitrarily small, the claim is proved. U
Let us see that v4 (Ap m k) = 0if k > 1. For every « € A,, ,,,  there exists
a sequence of radii {r;}; tending to 0 such that
7+(B(xa Tj) N An,m) < 7+(B(x7 rj) N E)
(6.5) < mu(Bla,ry)) < kmp(Be,r;) N Au).
If we apply Corollary 5.5 to the set B(z,7;) N Ay, and to the measure
M| B(2,r;)NAn,m> WE get
(B(w,rj) N Anm)®/?
A(1B@r)nAnm) 2

(6.6) Y4 (B(z,rj) N Apm) 2 C7LE

From (6.5) and (6.6) we deduce

? (N|B(m,rj)ﬁAn,m) c-!
p(B(x,r5) N Angm) — (km)*

Y
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Therefore,

lim sup (B (2r,) N An)

j—oo (B, 15) N Apm)

for all x € Ay k. Since CQ(ILLlAm,n) < *(pa,) < oo, from Lemma 6.3
we derive (A m i) = 0. Finally, because of the claim above, we deduce
Y+ (Apmk) =0, and the proof is complete. O

>0

Proposition 6.4. Let h : [0,+00) — [0,+00) be a continuous non de-
creasing function with h(0) = 0 and h(t) > 0 for t > 0, which satisfies

@ =0. Let E C C be compact, and let
A= {:U € E: limsup 7+(B(z,r) N E) < oo} )
r—0 h(r)
If v. (A) > 0, then H"(A) is non o-finite.

liInt—>0

Notice that, in particular, the proposition says that the set E; in (6.3)
has non o-finite measure H". Thus H|hE1 is not a Radon measure, and then
Theorem 6.1 cannot be applied.

Proof. Assume that H"(A) is finite or o-finite. Then we can write A =
U,, An, with H"(A,,) < oo for each n. Also, there exists some Ay, such that
Y4+ (Ag) > 0. This implies that H"(Ay) > 0, because of the following claim.

Claim. If K C Ay, is such that v, (K) > 0, then H"*(K) > 0.
Proof of the claim. We set Ay = U,7_| Akm, with

Apm = {:1; € Ay : limsup 7+(Bl@,r) N B) < m} )
r—0 h(r)

Let m be such that v (A, N K) > 0. For each integer p > 1, we also
denote

Y+(B(z,r) N E)
h(r)
Since Ay = U;il Ap.m.p, we can choose some p > 1 such that y4 (Ag mp N

K) > 0.
Remember that H" (A m,p N K) = lims_o H(Agm,p N K), with

M (A mp N K) ~inf > h(t;),

Apmp = {l’EAk,m: <m ifr<1/p}.

where the infimum is taken over all the coverings Ay, , N K C U, B(wi,t;)
with 0 < t; <0 and x; € Ay, N K. Consider such a covering with 6 < 1/p.
Then we have

1
Z h(ti) > - Z’H(B(%‘,ti) N Agmp N K) >

C—l
W ’Y+<Ak,m,p N K)

Therefore H2(Akmp N K) > Cim ™y (Agmp N K) for all § < 1/p, and so
H"(Agmp N K) > 0. Thus H"(K) > 0. O
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Let us continue with the proof of the proposition. Notice that u := Hl@lk
is a (non zero) Radon measure. Moreover, for p-a.e. z € Ay, we have

: n(B(z,r))
(6.7) hI:l—%lpW > 0.

This is also true for v -a.e. = € Ag, because for any Z C Ay, such that
H"(Z) = 0 we have v, (Z) = 0, by the last claim. Then, for y;-a.e. © € Ay,
we deduce

lim inf 1+ (B, r) 0 Ay)
r—0 M(B(:Ear))

im su 1Bz, r)NE)Y im in _hlr) oC
< (hiflop h(r) > <l Home(:c,r))) )

since the first limit on the right hand side is finite by the definition of A,
and the second is also finite because of (6.7). This is a contradiction with
Theorem 6.1. (]
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