
ON THE ANALYTIC CAPACITY γ+

XAVIER TOLSA

Abstract. The analytic capacity γ+ is a version of the usual analytic
capacity γ which is generated by Cauchy potentials of positive mea-
sures. Some recent results have shown the importance of γ+ for the
understanding of the metric-geometric properties of γ. This paper is
devoted to the study of γ+. Among other things, it is shown that al-
though this capacity is not originated by a positive symmetric kernel,
it satisfies some properties usually fulfilled this other type of capacities
(such as Riesz capacities).

1. Introduction

The analytic capacity of a compact set E ⊂ C is defined as

γ(E) = sup |f ′(∞)|,
where the supremum is taken over all analytic functions f : C \E−→C with
|f | ≤ 1 on C \E and f ′(∞) = limz→∞ z(f(z)− f(∞)). On the other hand,
the analytic capacity γ+ (or capacity γ+) of E is

γ+(E) = sup
µ

µ(E),

where the supremum is taken over all positive Radon measures µ supported

on E such that the Cauchy transform f =
1
z
∗µ is a function in L∞(C) with

‖f‖∞ ≤ 1. Since
(1

z
∗ µ

)′
(∞) = µ(E), we have γ+(E) ≤ γ(E).

The notion of analytic capacity was first introduced by Ahlfors [Ah] in
order to study removable singularities of bounded analytic functions. He
showed that a compact set E is removable for all bounded analytic functions
if and only if γ(E) = 0. Later, Vitushkin rediscovered analytic capacity and
he used it for problems of rational approximation on compact sets [Vi]. The
main drawback of his techniques arises from the fact that there is not a
complete description of analytic capacity in metric or geometric terms.

As far as we know, the capacity γ+ was introduced by Murai [Mu, pp.
71-72]. He introduced γ+ only for sets supported on rectifiable curves, and
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he showed its relationship with the weak (1,1) boundedness of the Cauchy
transform on these curves.

The main objective of this paper is to study the capacity γ+. We will
show that although γ+ is a capacity which is not originated by a positive
symmetric kernel, it satisfies some properties analogous to the properties
fulfilled by this other kind of capacities (for example, Riesz capacities). In
particular, γ+ can be described in terms of an energy or a potential, and it
admits a dual characterization in terms of this potential.

There are several reasons why the capacity γ+ deserves some attention.
As Murai noticed, γ+ has a strong connection with the L2-boundedness of
the Cauchy transform. Moreover, Melnikov, Paramonov and Verdera have
shown recently that γ+ is useful to deal with problems of C1-approximation
of subharmonic functions.

On the other hand, it is easily seen that a conjecture of Melnikov about
the characterization of sets with zero analytic capacity (see [Da2, Section
12]) is equivalent to the assertion γ ≈ γ+, that is to say, there exists some
positive absolute constant C such that

(1.1) C−1γ+(E) ≤ γ(E) ≤ Cγ+(E)

for all compact sets E ⊂ C. A positive answer to this conjecture would yield
a description of γ with a metric-geometric flavour, and would imply that γ
is semiadditive, by the results on γ+ in [To1]. Let us also mention that in
[MTV] it has been shown that (1.1) holds for a big class of Cantor type sets.

We need to introduce some notation and definitions. We let M(C) be the
set of all complex Radon measures on C. M+(C) stands for the set of all
positive finite Radon measures on C, and Σ(E) is the set of all µ ∈ M+(C)
supported on E with µ(B(x, r)) ≤ r for all x ∈ C.

Given three pairwise different points x, y, z ∈ C, their Menger curvature
is

c(x, y, z) =
1

R(x, y, z)
,

where R(x, y, z) is the radius of the circumference passing through x, y, z
(with R(x, y, z) = ∞, c(x, y, z) = 0 if x, y, z lie on a same line). If two
among these points coincide, we let c(x, y, z) = 0. For µ ∈ M+(C), we set

c2
µ(x) =

∫ ∫
c(x, y, z)2 dµ(y)dµ(z),

and we define the curvature of µ as

c2(µ) =
∫

c2
µ(x) dµ(x) =

∫ ∫ ∫
c(x, y, z)2 dµ(x)dµ(y)dµ(z).

The notion of curvature of a measure was introduced by Melnikov [Me]
when he was studying a discrete version of analytic capacity. He proved the
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following inequality:

(1.2) γ(E) ≥ C sup
µ∈Σ(E)

‖µ‖3/2

(‖µ‖+ c2(µ))1/2
,

where C > 0 is some absolute constant. In [To1] it was shown that, indeed,

(1.3) γ+(E) ≈ sup
µ∈Σ(E)

‖µ‖3/2

(‖µ‖+ c2(µ))1/2
.

The arguments in [To1] also show that

γ+(E) ≈ sup
µ∈Σ(E)

‖µ‖2

‖µ‖+ c2(µ)
(1.4)

≈ sup{‖µ‖ : µ ∈ Σ(E), c2
µ(x) ≤ 1∀x ∈ E}.(1.5)

Moreover, in (1.5) we can replace the condition “∀x ∈ E” by “∀x ∈ C”.
Let M be the maximal radial operator:

Mµ(x) = sup
r>0

µ(B(x, r))
r

,

and let cµ(x) =
(
c2
µ(x)

)1/2. From (1.5), it easily follows that we also have

(1.6) γ+(E) ≈ sup{‖µ‖ : supp(µ) ⊂ E, Mµ(x) + cµ(x) ≤ 1∀x ∈ E}.
As above, the condition “∀x ∈ E” can be replaced by “∀x ∈ C” in (1.6). So,
if we set

Uµ(x) = Mµ(x) + cµ(x),

then (1.6) suggests that the function Uµ behaves as a potential for the ca-
pacity γ+. In this paper we will obtain other results which support this
assertion.

The idea of introducing the potential Uµ is due to Verdera. In [Ve2] it
is shown that if one defines the energy associated to µ as E(µ) :=

∫
Uµ dµ,

then
γ(E) ≥ C sup{E(µ)−1 : supp(µ) ⊂ E, ‖µ‖ = 1},

with C > 0. In fact, notice that, using our characterization (1.6) of γ+, it
follows that

γ+(E) ≈ sup{E(µ)−1 : supp(µ) ⊂ E, ‖µ‖ = 1}.
The plan of the paper is the following. In Section 2 we obtain some

results which show the close connection between γ+ and the L2 and weak
(1, 1) boundedness of the Cauchy transform. In Section 3 we obtain a dual
characterization of γ+ in terms of an infimum involving Uµ. As a corollary,
we prove that γ+(E) = 0 if and only if there exists some finite Radon
measure µ such that Uµ(x) = ∞ for all x ∈ E. Also, it is shown that the
capacity γ+ of some Cantor sets can be estimated easily using these results.
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In Section 4 we show that Uµ satisfies a minimum principle which implies
that

(1.7) γ+(E) ≈ γ+(∂outE),

where ∂outE is the outer boundary of E (for the definition of ∂outE and
additional details see Section 4). Let us remark that in the case of the
analytic capacity, we have γ(E) = γ(∂outE). So the estimate (1.7) is implied
by the conjecture γ ≈ γ+.

In Section 5 we show that the assumption µ ∈ Σ(E) in the characteri-
zations (1.3), (1.4) and (1.5) of γ+ can be weakened. It is enough to ask
lim supr→0

µ(B(x,r))
r ≤ 1. This result will be used in Section 6, where some

density estimates involving γ+ related to instability will be obtained.
I would like to thank Mark Melnikov and Joan Verdera for helpful com-

ments on the manuscript.

2. Relationship between γ+ and the Cauchy transform

Given a complex Radon measure ν on C, the Cauchy transform of ν is

Cν(z) =
∫

1
ξ − z

dν(ξ).

This definition does not make sense, in general, for z ∈ supp(ν). In fact,
one can see that the integral above is convergent at a.e. (H2) z ∈ C (that
is, at almost every z ∈ C, with respect to H2, where Hs stands for the
s-dimensional Hausdorff measure). This is the reason why one considers the
truncated Cauchy transform of ν, which is defined as

Cεν(z) =
∫

|ξ−z|>ε

1
ξ − z

dν(ξ),

for any ε > 0 and z ∈ C. Given a µ-measurable function f on C (where
µ is a positive Radon measure on C), we also denote Cf ≡ C(f dµ) and
Cεf ≡ Cε(f dµ) for any ε > 0. It is said that the Cauchy transform is
bounded on L2(µ) if the operators Cε are bounded on L2(µ) uniformly on
ε > 0.

Using (1.5) and the main result of [To1], it is not difficult to check that

γ+(E) ≈ sup{‖µ‖ : supp(µ) ⊂ E, µ non-atomic, ‖C‖L2(µ) ≤ 1},
where ‖C‖L2(µ) stands for the norm of the Cauchy transform on L2(µ), that
is,

‖C‖L2(µ) = sup
ε>0

‖Cε‖L2(µ).

Another result that shows the close relationship between γ+ and the Cauchy
transform is the following.

Proposition 2.1. If µ is any positive Radon measure on C, then

(2.1) γ+({x : C∗µ(x) > λ}) ≤ C
‖µ‖
λ

.
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Let us remark that the capacity γ+ of a general set A ⊂ C is defined as
γ+(A) = sup{γ+(E) : E ⊂ A, E compact}.

In [Ve1] Verdera asked if the estimate (2.1) is true with γ+ replaced by
γ. Obviously, one obtains a positive answer if the conjecture γ ≈ γ+ holds.

Proof. Let G = {x : C∗µ(x) > λ}. Take ν ∈ Σ(G) such that γ+(G) ≈ ‖ν‖
and c2

ν(x) ≤ 1 for all x ∈ C. Since the Cauchy transform is bounded on
L2(ν), the maximal Cauchy transform is bounded from M(C) into L1,∞(ν)
(see [NTV] or [To2]) and so

γ+(G) ≤ Cν(G) = Cν({C∗µ(x) > λ}) ≤ C
‖µ‖
λ

.

¤

3. A dual version for the analytic capacity γ+

In this section we will show a characterization of γ+ in terms of the
potential U which can be understood as the dual version of (1.6). The
following estimate, which was suggested to the author by Joan Verdera, is
a first step towards this characterization.

Theorem 3.1. If µ is any positive Radon measure on C, then

(3.1) γ+({x : Uµ(x) > λ}) ≤ C
‖µ‖
λ

.

To obtain Theorem 3.1, we will need the following result, whose proof is
similar to Lemma 3 of [To1]:

Lemma 3.2. Let µ and ν be positive Radon measures such that

c2(x, ν, µ) ≤ β for all x ∈ supp(ν).

Then,

(3.2) c2(x, ν, µ) ≤ C1 Mν(x) Mµ(x) + 2β for all x ∈ C.

where C1 is some absolute constant. We also have

(3.3) c2(x, ν, µ) ≤ C1 Mν(x) · sup
z∈supp(ν)

Mµ(z) + 2β for all x ∈ C.

Proof of Theorem 3.1. We set

E = {x : Uµ(x) > λ},
E1 = {x : Mµ(x) > λ/2}

and
E2 = {x : Mµ(x) ≤ λ/2 and cµ(x) > λ/2}.

Hence, E ⊂ E1 ∪ E2, and γ+(E) ≤ C(γ+(E1) + γ+(E2)).
It is not difficult to check that

(3.4) γ+(E1) ≤ C
‖µ‖
λ

.
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We only have to take ν ∈ Σ(E1) such that γ+(E1) ≈ ‖ν‖ and c2
ν(x) ≤ 1

for all x ∈ C. Since the maximal operator M is bounded from M(C) to
L1,∞(ν), we get

γ+(E1) ≤ Cν(E1) = ν({Mµ(x) > λ/2}) ≤ C
‖µ‖
λ

.

Now we will show that

(3.5) γ+(E2) ≤ C
‖µ‖
λ

.

Let us take ν ∈ Σ(E2) such that γ+(E2) ≈ ‖ν‖ and c2
ν(x) ≤ 1 for all x ∈ C.

Observe that
c2(µ, ν, ν) ≤ ‖µ‖ = β‖ν‖,

where β = ‖µ‖/‖ν‖. Then there exists a closed subset F ⊂ supp(ν)
such that ν(F ) ≥ ‖ν‖/4 and c2(x, µ, ν) ≤ 2β for all x ∈ F . Therefore,
c2(x, µ, ν|F ) ≤ 2β for all x ∈ F , and by Lemma 3.2,

c2(x, µ, ν|F ) ≤ C λ + 4β

for all x ∈ C, since Mµ(z) ≤ λ/2 for all z ∈ supp(ν). Thus,

γ+(E2) ≤ C

∫
dν|F ≤ C

λ2

∫
c2(x, µ, µ) dν|F (x)

=
C

λ2

∫
c2(y, µ, ν|F ) dµ(y) ≤ C

λ2

∫
(C λ + 4β) dµ

≤ C

λ2

(
λ ‖µ‖+

‖µ‖2

‖ν‖
)

.

So we obtain

(3.6) γ+(E2) ≤ C2

(‖µ‖
λ

+
‖µ‖2

λ2 γ+(E2)

)
.

From this inequality we derive (3.5). Indeed, if ‖µ‖/λ ≥ ‖µ‖2/(λ2γ+(E2)),
then (3.6) implies γ+(E2) ≤ 2C2

1
λ‖µ‖, and if ‖µ‖/λ ≤ ‖µ‖2/(λ2γ+(E2)) we

also get (3.5). ¤
Theorem 3.3. For E ⊂ C compact, we have

(3.7) γ+(E) ≈ inf{‖µ‖ : µ ∈ M+(C), Uµ(x) ≥ 1∀x ∈ E}.
Before proving Theorem 3.3 we will state and prove the following corollary.

Corollary 3.4. Let E ⊂ C be compact. Then, γ+(E) = 0 if and only if
there exists some measure µ ∈ M+(C) such that Uµ(x) = ∞ for all x ∈ E.

Proof. If Uµ(x) = ∞ for all x ∈ E, then γ+(E) = 0. This follows easily from
Theorem 3.3 or directly from (3.1).

Suppose that γ+(E) = 0. By Theorem 3.3, for each n there exists some
measure µn ∈ M+(C) with ‖µn‖ ≤ 2−n and such that Mµn(x) + cµn(x) ≥ 1
for all x ∈ E. We set µ =

∑∞
n=1 nµn. Then µ ∈ M+(C) and, for each n,

Mµ(x) + cµ(x) ≥ n (Mµn(x) + cµn(x)) ≥ n for x ∈ E. ¤
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Let us remark that the measure µ constructed in the proof of the corollary
also satisfies Uµ(y) < ∞ for all y ∈ Ec.

We will need the following estimate for the proof of Theorem 3.3:

Lemma 3.5. Let ν ∈ M+(C). Let Q ⊂ C be a closed square with side length
δ. Let L be a closed segment of length δ/2 parallel to one of sides of Q and

centered in Q. Suppose that ν|Q = a ·H1
|L and ν

(
3
2
Q \Q

)
= 0. Then, there

exists some absolute constant C3 such that for all x, y ∈ Q,

c2
ν(x) ≤ 10

9
c2
ν(y) + C3 Mν(y)2

and
c2
ν(x) ≤ 10

9
c2
ν(y) + C3 Mν(x)2.

The proof of Lemma 3.5 follows by standard arguments.
To prove Theorem 3.3 we will need to apply a variational argument on

some ‘nice’ approximation of E by another compact Ẽ. The following lemma
will be very useful.

Lemma 3.6. Consider a grid of squares of side length δ > 0 in C with sides
parallel to the axes. Take a finite collection of closed squares {Qi}i∈I of the
grid. For each i ∈ I, let Li be the closed segment of length δ/2 centered in
Qi and parallel to the x axis. Set Ẽ =

⋃
i∈I Li. Let Σ0(Ẽ) be the subset of

Σ(Ẽ) of measures µ of the form µ =
∑

i∈I aiH1
|Li

. There exists a measure

ν ∈ Σ0(Ẽ) such that

(3.8)
‖ν‖2

‖ν‖+ c2(ν)
= sup

µ∈Σ0( eE)

‖µ‖2

‖µ‖+ c2(µ)
.

The maximal measure ν satisfies

(3.9) c2(ν) ≤ 2‖ν‖
and

(3.10) Uν(x) ≥ C4

for all x ∈ Ẽ, where C4 > 0 is some absolute constant.

Proof. The existence of ν follows easily by a compactness argument.
Let us see that (3.9) holds. Since ν is maximal and ν/2 is also in Σ0(Ẽ),

we have
‖ν‖2

‖ν‖+ c2(ν)
≥ ‖ν‖2/4
‖ν‖/2 + c2(ν)/8

.

Therefore,
‖ν‖
2

+
c2(ν)

8
≥ ‖ν‖

4
+

c2(ν)
4

.

That is, c2(ν) ≤ 2‖ν‖.
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Now we turn our attention to (3.10). Suppose that Mν(x) ≤ 1/10 for
some x ∈ Li ⊂ Ẽ. Since ν is a constant multiple of H1

|Li
on Li, Mν(x) ≤ 1/5

for all x ∈ Li. For each λ > 0, we define the measure νλ = ν + λH1
|Li

. It
is not difficult to check that if λ is small enough, then Mνλ(y) ≤ 1 for all
y ∈ Ẽ. This is clear if y ∈ Li. Otherwise, if d = |x− y| ≥ δ, then

νλ(B(y, r))
r

=
ν(B(y, r))

r
≤ 1

for r ≤ d− δ/2. If r > d− δ/2 ≥ d/2, then

νλ(B(y, r))
r

≤ ν(B(x, 4r)) + λδ/2
r

≤ 4(Mν(x) + λ) ≤ 4
10

+ 4λ.

Therefore, νλ ∈ Σ0(Ẽ) for λ > 0 small enough. Since ν satisfies (3.8), if we
denote

f(λ) =
‖νλ‖2

‖νλ‖+ c2(νλ)
,

then f ′(0) ≤ 0. Observe that f(λ) equals

(‖ν‖+ λ δ/2)2

‖ν‖+ λ δ/2 + c2(ν) + 3λ c2(H1
|Li

, ν, ν) + 3λ2c2(ν,H1
|Li

,H1
|Li

) + λ3c2(H1
|Li

)
.

So,

f ′(0) =
‖ν‖ δ (‖ν‖+ c2(ν))− ‖ν‖2 (δ/2 + 3 c2(H1

|Li
, ν, ν))

(‖ν‖+ c2(ν))2
.

Therefore, f ′(0) ≤ 0 if and only if

δ (‖ν‖+ c2(ν)) ≤ ‖ν‖ (δ/2 + 3 c2(H1
|Li

, ν, ν)).

That is,

‖ν‖+ 2c2(ν)
‖ν‖ ≤

6 c2(H1
|Li

, ν, ν)

δ
.

Therefore, c2(H1
|Li

, ν, ν)/δ ≥ 1
6 . So there exists some x′ ∈ Li such that

c2(x′, ν, ν) ≥ 1
3 . By Lemma 3.5

c2
ν(x) ≥ 9

10

(
1
3
− C3 Mν(x)2

)
.

If C3 ·Mν(x)2 ≤ 1/6, then

(3.11) c2
ν(x) ≥ 3

20
.

So we have proved that if Mν(x) ≤ min(1/10, 1/(6C3)1/2), then (3.11)
holds, and the lemma follows. ¤
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Proof of Theorem 3.3. Let µ ∈ M+(C) be such that Mµ(x) + cµ(x) ≥ 1
for all x ∈ E. By Theorem 1, γ+(E) ≤ C ‖µ‖.

So we must show that for each ε > 0 there exists some measure µ ∈ M+(C)
such that γ+(E) ≥ C ‖µ‖ − ε, where C > 0 is some absolute constant, with
µ satisfying Mµ(x) + cµ(x) ≥ 1 on E. Let δ > 0 be such that γ+(E) ≥
γ+(Vδ(E)) − ε, where Vδ(E) stands for the δ-neighborhood of E. Consider
a grid of squares of side length δ > 0 with sides parallel to the axes. Let
{Qi}i∈I the closed squares of the grid that intersect E. For each i ∈ I, let
Li be the closed segment of length δ/2 centered in Qi and parallel to the x

axis. Let Ẽ =
⋃

i∈I Li. Notice that Ẽ ⊂ Vδ(E). Thus γ+(E) ≥ γ+(Ẽ)− ε.
Let ν ∈ Σ0(Ẽ) be the maximal measure of Lemma 3.6 for the compact

set Ẽ. Since c2(ν) ≤ 2‖ν‖, we have γ+(Ẽ) ≥ C ‖ν‖. We know that Mν(x)+
cν(x) ≥ C4 for all x ∈ Ẽ, with C4 > 0. We are going to show that this also
holds for x ∈ E, changing the constant C4 by another constant C ′

4 smaller
enough. Clearly, this will will finish the proof of the theorem: Only has to
take µ = ν/C ′

4.
Let x ∈ E. Suppose that Mν(x) ≤ C5, where C5 > 0 is some constant

much smaller than C4, which will be defined later. Let Qi be a square of
the grid such that x ∈ Qi. It is not difficult to check that for y ∈ Li,
Mν(y) ≤ 4C5. Thus for y ∈ Li, cν(y) ≥ C4 − 4C5 ≥ C4/2, choosing C5

small enough. Now, by Lemma 3.5

c2
ν(x) ≥ 9

10

(
C2

4

4
− C3 Mν(x)2

)
≥ 9

10

(
C2

4

4
− C3 · C2

5

)
≥ C2

4

16
,

choosing C5 small enough again. ¤

3.1. An application to the study of the analytic capacity γ+ of some
Cantor sets. We construct a Cantor set E(λ) ⊂ C as follows. Let λ :=
{λn}n ⊂ R be a non-increasing sequence with limit 1/4, satisfying 1/4 ≤
λn ≤ 1/3 for all n. In R, we consider the sets K0 = [0, 1], K1 = [0, λ1] ∪
[1− λ1, 1], and for each n, Kn made up of a finite union of closed intervals
which have been obtained from Kn−1 in the following way. We replace each
connected component Kn−1,j of Kn−1 by the two endmost closed intervals
contained in this same component, each one with length equal to λn times
the length of connected component Kn−1,j . We set

K(λ) =
∞⋂

n=1

Kn,

and then,
E(λ) = K(λ)×K(λ).

Let us observe that Kn the union of 2n closed intervals of length σn =
λ1 · · ·λn. So, if we denote En = Kn ×Kn, we have

E(λ) =
∞⋂

n=1

En,
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where

En =
4n⋃

j=1

En,j ,

with En,j being a square with side length σn for every j = 1, ..., 4n.
The Cantor sets E(λ) were introduced by Garnett in [Gar], where he

asked for what sequences λ the set E(λ) has non zero analytic capacity. He

proved that if
∑

n

4−n

σn
< ∞, then γ(E(λ)) > 0 .

Now it is known that

(3.12) C−1

(∑
n

(
4−n

σn

)2
)−1/2

≤ γ+(E(λ)) ≤ C

(∑
n

(
4−n

σn

)2
)−1/2

.

The left inequality follows from an estimate obtained by Mattila [Ma] and
from the results about γ+ in [To1]. Indeed, if µ is a measure supported
on E(λ) such that µ(En,j) = 4−n for all n, j, it is shown in [Ma] that
µ(B(x, r)) ≤ Cr for all x, r and

(3.13) c2(µ) ≤ C
∑

n

(
4−n

σn

)2

.

This inequality and the characterization of γ+(E) in (1.3) yield the left
inequality in (3.12).

The right inequality in (3.12) was obtained recently by Eiderman [Ei].
Let us show that this inequality can be obtained also by a straightforward
application of Theorem 3.3. Indeed, it is not difficult to check that, for any
x ∈ E(λ),

c2
µ(x,E(λ), E(λ)) ≈

∞∑

n=0

(
4−n

σn

)2

,

where µ is the measure defined above. Then, applying Theorem 3.3 to the
measure

µ̃ = µ ·
( ∞∑

n=0

(
4−n

σn

)2
)−1/2

,

we deduce the right inequality of (3.12).
Let us notice that recently, in [MTV], it has been shown that

γ(E(λ)) ≈ γ+(E(λ))

for all the sequences λ as above. The estimates (3.12) are necessary for the
proof, which is based on the use of the local T (b) theorem of M. Christ.
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4. A minimum principle and the capacity γ+ of the outer
boundary

From Lemma 3.2, it easily checked that the potential Uµ satisfies the
following maximum principle: If Uµ(x) ≤ λ for all x ∈ supp(µ), then
Uµ(y) ≤ C λ for all y ∈ C. In this Section we will see that Uµ also satisfies
a minimum principle. However, this result (and its subsequent corollary)
depend on the following result of P. Jones, whose proof, to the best of our
knowledge, has not been published up to now.

Claim 4.1 (P. Jones, 1998). If E ⊂ C is compact and connected, then

γ+(E) ≈ diam(E).

Given a compact set E ⊂ C, we denote by Ê the union of E and the
bounded connected components of Ec. The intersection between E and the
closure of the unbounded component of Ec is the outer boundary of E, and
we write it as ∂outE. Recall that ∂Ê = ∂outE.

Let us state our minimum principle.

Theorem 4.2 (Minimum principle). Assume that Claim 4.1 holds. Let
λ > 0 be some fixed constant. If E ⊂ C is compact and µ is a positive Radon
measure on C such that Uµ(x) ≥ λ for all x ∈ ∂outE, then Uµ(y) ≥ C−1 λ
for all y ∈ E.

Before the proof, let us state and prove the following corollary:

Corollary 4.3. Assume that Claim 4.1 holds. If E ⊂ C is compact, then

γ+(E) ≈ γ+(∂outE).

Proof. Obviously, γ+(∂outE) ≤ γ+(E). On the other hand, by Theorem 3.3
there exists some measure µ such that γ+(∂outE) ≈ ‖µ‖ and Uµ(x) ≥ 1
for all x ∈ ∂outE. By Theorem 4.2, Uµ(y) ≥ C−1 for all y ∈ E, and so
γ+(E) ≤ C‖µ‖, by Theorem 3.1. Therefore, γ+(E) ≤ C γ+(∂outE). ¤

Let us remark that in the case of the analytic capacity, the proof of the
identity γ(E) = γ(∂outE) is straightforward. In the case of γ+, the proof of
γ+(E) ≈ γ+(∂outE) relies on Claim 4.1, which seems to be a difficult result.

Proof of Theorem 4.2. We will show that there exists some ε > 0 (small

enough) such that if y ∈
◦

Ê is such that Mµ(y) ≤ ε λ, then Uµ(y) ≥ C−1 λ.

Let y ∈
◦

Ê, d = dist(y, ∂outE) and ∆ = B(y, d). Then, it is not difficult to
check that, for x ∈ 2∆,

(4.1) |cµ|(4∆)c
(x)− cµ|(4∆)c

(y)| ≤ C Mµ(y) ≤ C ελ.

This follows from the inequality

|c(x, z, t)− c(y, z, t)| ≤ C
d

|y − z||y − t|
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for x ∈ 2∆ and z, t ∈ (4∆)c (see Lemma 2.4 of [To1], for example) and some
standard estimates.

Assume that

(4.2) Uµ|(4∆)c
(x0) ≥ λ

10
for some x0 ∈ (∂outE)∩2∆. If Mµ|(4∆)c(x0) ≥ λ/20, then one easily gets that
M|(4∆)c(y) ≥ C−1 λ, which implies Uµ(y) ≥ C−1 λ. If cµ|(4∆)c

(x0) ≥ λ/20,
then cµ|(4∆)c

(y) ≥ λ/40 by (4.1), if ε has been chosen small enough. Thus if
(4.2) holds, Uµ(y) ≥ C−1 λ in any case.

Suppose now that (4.2) does not hold for any x ∈ (∂outE) ∩ 2∆, that is,

(4.3) Uµ|(4∆)c
(x) ≤ λ

10
for all x ∈ (∂outE) ∩ 2∆. We will show that this implies that

(4.4) Uµ|4∆(x) ≥ C−1λ

for all x ∈ (∂outE) ∩ 2∆. Assuming this for the moment, by Theorem 3.1,

(4.5) γ+((∂outE) ∩ 2∆) ≤ C
µ(4∆)

λ
.

If Ω is the connected component of
◦

Ê which contains y, then Ω is simply con-
nected and thus ∂Ω is connected. Thus ∂Ω∩ 2∆ has at least one connected
component with diameter ≥ d. Since ∂Ω ⊂ ∂outE, by Claim 4.1,

γ+((∂outE) ∩ 2∆) ≥ γ+(∂Ω ∩ 2∆) ≥ C−1 d.

Therefore, by (4.5), d ≤ C µ(4∆)/λ, and so Uµ(y) ≥ Mµ(y) ≥ C−1λ.
Now we only have to show that (4.3) implies (4.4). Since Uµ(x) ≥ λ, we

have either Mµ(x) ≥ λ/2 or cµ(x) ≥ λ/2. Notice that

Mµ|(4∆)c(x) ≤ Uµ|(4∆)c
(x) ≤ λ/10,

and so if Mµ(x) ≥ λ/2, then

Uµ|4∆(x) ≥ Mµ|4∆(x) ≥
(

1
2
− 1

10

)
λ,

and (4.4) holds. If cµ(x) ≥ λ/2, then we write

c2
µ(x) = c2

µ|4∆(x) + c2
µ|(4∆)c

(x) + 2c2
µ|4∆,µ|(4∆)c

(x).

Observe that c2
µ(x) ≥ λ2/4, c2

µ|(4∆)c
(x) ≤ λ2/100 and, also,

c2
µ|4∆,µ|(4∆)c

(x) ≤ C

∫

z∈4∆

∫

t∈(4∆)c

1
|y − t|2 dµ(t) dµ(z)

≤ C

∫

z∈4∆

Mµ(y)
d

dµ(z)

≤ CMµ(y)2 ≤ C ε2 λ2 ≤ λ2

100
,
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choosing ε small enough in the last inequality. Therefore we get

Uµ|4∆(x) ≥ cµ|4∆(x) ≥ C−1 λ.

So in any case (4.4) holds. ¤

Remark 4.4. The main tool to prove the minimum principle of Theorem 4.2
and its corollary is Claim 4.1. Let us see that the assertion in this claim also
can be obtained from Corollary 4.3. Let Γ0 ⊂ C be some simple curve. We
may assume that the endpoints a, b of Γ0 are on the x axis, with a < b and
diam(Γ0) = |a−b|. We denote by Γn the curve Γ0+n |a−b|, (a translation of
Γ0 in the x direction). Let Γn be the curve obtained joining Γ0,Γ1, · · · ,Γn.
Let En ⊂ C be the region enclosed by Γn, Γn + i 4 |a−b| and the two vertical
segments joining the endpoints of Γn and Γn + i 4 |a− b|. Since En contains
a horizontal segment of length (n + 1) |a− b|, we get

(4.6) γ+(En) ≥ C−1
6 (n + 1) |a− b|.

By Corollary 4.3 and the countable semiadditivity of γ+, we have

(4.7) γ+(En) ≤ C γ+(∂En) ≤ C7 (2 (n + 1) γ+(Γ0) + 8 |a− b|).
So, by (4.6) and (4.7) we get

γ+(Γ0) ≥ C−1
6 (n + 1) |a− b| − C−1

7 8 |a− b|
2 (n + 1)

.

Letting n →∞, we obtain

γ+(Γ0) ≥ C−1
8 |a− b|.

Hence the minimum principle of Theorem 4.2 and the fact that the ca-
pacity γ+ of a continuum is comparable to its diameter are equivalent.

5. Characterization of γ+ by means of measures with bounded
upper density

Given some Radon measure µ on C, we denote by Θ∗
µ(x) its 1-dimensional

upper density at x:

Θ∗
µ(x) = lim sup

r→0

µ(B(x, r))
2r

.

Let Λ(E) be the set of Radon measures supported on E such that Θ∗
µ(x) ≤ 1

for µ-a.e. x ∈ E. The main objective of this section is to prove the following
result.

Theorem 5.1. Let E ⊂ C be compact. Then,

γ+(E) ≈ sup
µ∈Λ(E)

‖µ‖2

‖µ‖+ c2(µ)
.
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Let us remark that analogous results can be obtained in connection with
the characterizations (1.3), (1.5) and (1.6) of γ+. For example, one can
describe γ+ in terms of the potential Ũµ(x) := Θ∗

µ(x) + cµ(x):

γ+(E) ≈ sup{‖µ‖ : supp(µ) ⊂ E, Ũµ(x) ≤ 1∀x ∈ E}.
To prove Theorem 5.1, notice that Σ(E) ⊂ Λ(E), and so the inequality

γ+(E) ≤ C sup
µ∈Λ(E)

‖µ‖2

‖µ‖+ c2(µ)

is trivial. For the converse inequality we will need some lemmas. The first
one is an estimate involving c2(µ).

Lemma 5.2. Let µ be some Radon measure supported on B(x0, R), with
Θ∗

µ(x) ≤ 1 for µ-a.e. x ∈ C. If c2(µ) ≤ C9 µ(B(x0, R)), then µ(B(x0, R)) ≤
MR, where M is some constant depending only on C9.

To prove this lemma we will use the following remarkable result due to
G. David and J.C. Léger [Lé, Proposition 1.2].

Theorem 5.3 (David, Léger). For any constant C10 ≥ 10, there exists a
number η > 0 such that if µ is any positive Radon measure supported on
B̄(x0, R) satisfying µ(B(x0, R)) ≥ R, µ(B(x, r)) ≤ C10r for all x ∈ C,
r > 0, and c2(µ) ≤ ηR, then there exists a Lipschitz graph Γ such that
µ(Γ) ≥ 99

100 µ(C). Moreover, the Lipschitz constant of Γ depends only on
C10 and η.

Proof of Lemma 5.2. Suppose that µ(B(x0, R)) = MR for some big M >
106. Let

E = {x ∈ B(x0, R) : c2
µ(x) ≤ 2C9}.

By Chebychev, µ(E) ≥ µ(B(x0, R))/2. We set

En = {x ∈ E : µ(B(x, r)) ≤ 3r if 0 < r ≤ 1/n}.
Since µ(C \ ⋃∞

n=1 En) = 0, we can choose n big enough so that µ(En) ≥
‖µ‖/3. We denote ν = µ|En

.
We claim that there exists some ball B(x1, R1), with x1 ∈ B(x0, R), such

that

(5.1) ν(B(x1, R1)) ≥ M

100
R1

and

(5.2) ν(B(x, r)) ≤ 100Mr for all x ∈ C and 0 < r ≤ R1.

Indeed, let Q0 be the square concentric with B(x0, R) and side length 4R.
Let D(Q0) be the collection of dyadic squares generated by Q0 which are
contained in Q0. That is, D(Q0) =

⋃∞
k=0Dk(Q0), where Dk(Q0) stands for

the family of 22k squares with disjoint interiors and side length 2−k`(Q0)
contained in Q0.
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For each square Q ∈ D(Q0) with side length ≤ 1/10n we have ν(Q) ≤
10`(Q) < M

20 `(Q). On the other hand, ν(Q0) ≥ M
10 `(Q0). So there exists

some square Q1 ∈ D(Q0) such that ν(Q1) ≥ M
20 `((Q1) whose side length is

minimal. If we choose x1 as the center of Q1 and we set R1 = `(Q1), then
B(x1, R1) fulfils the required properties.

Now we consider the measure σ = 100
M ν|B(x1,R1). Notice that supp(σ) ⊂

B̄(x1, R1), ‖σ‖ ≥ R1, σ(B(x, r)) ≤ 104r for all x ∈ C, and

c2
σ(x) ≤ 104

M2
c2
ν(x) ≤ 104

M2
c2
µ(x) ≤ 104 2C9

M2

for all x ∈ E ∩B(x1, R1). Hence,

c2(σ) ≤ C

M2
‖σ‖ ≤ C11

M2
R1.

If M2 ≥ C11/η, by Theorem 5.3 we derive that there exists a Lipschitz graph
Γ, with Lipschitz constant L bounded above, such that σ(Γ) ≥ 99

100 ‖σ‖.
Therefore,

µ(Γ ∩B(x1, R1)) ≥ 99
100

µ(B(x1, R1) ∩ En) ≥ 99
10000

MR1.

Since Θ∗
µ(x) ≤ 1 µ-a.e., we have

µ(Γ ∩B(x1, R1)) ≤ 2LR1.

Thus, M ≤ CL. ¤

We will prove Theorem 5.1 by an application of a variational argument
on a set Ẽ which approximates E, as in Lemma 3.6.

Lemma 5.4. Consider a grid of squares of side length δ > 0 in C with sides
parallel to the axes. Take a finite collection of closed squares {Qi}i∈I of the
grid. For each i ∈ I, let Li be the closed segment of length δ/2 centered in
Qi and parallel to the x axis. Set Ẽ =

⋃
i∈I Li. Let Λ0(Ẽ) be the subset of

measures µ of the form µ =
∑

i∈I aiH1
|Li

, with 0 ≤ ai ≤ 1. There exists a

measure ν ∈ Λ0(Ẽ) such that

(5.3)
‖ν‖2

‖ν‖+ c2(ν)
= sup

µ∈Λ0( eE)

‖µ‖2

‖µ‖+ c2(µ)
=: γ+,0(Ẽ).

The maximal measure ν satisfies

(5.4) c2(ν) ≤ 2‖ν‖
and

(5.5) ν(B(x, r)) ≤ C12r for all x ∈ Ẽ, r > 0,

where C12 > 0 is some absolute constant. Also, γ+(Ẽ) ≥ C−1 γ+,0(Ẽ).
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Proof. The existence of ν follows easily by a compactness argument. More-
over, the same argument used in Lemma 3.6 to prove (3.9) applies to present
situation and yields (5.4). On the other hand, the inequality γ+(Ẽ) ≥
C−1 γ+,0(Ẽ) is a direct consequence of (5.5), which implies that the maxi-
mal measure ν belongs to Σ(Ẽ), after dividing by some absolute constant.

It remains to see that (5.5) holds. Consider a fixed ball B(x0, R). We only
need to deal with the case R ≥ 10δ, say. Let I0 = {i ∈ I : Li∩B(x0, R) 6= ∅}
and Ẽ0 =

⋃
i∈I0

Li. Given λ ∈ [0, 1], let νλ = ν − λ ν| eE0
. It is clear that

νλ ∈ Λ0(Ẽ). Let f(λ) be the function

f(λ) =
‖νλ‖2

‖νλ‖+ c2(νλ)
.

By the maximality of ν, f ′(0) ≤ 0.
Operating as in the proof of Lemma 3.6 (we only need to replace H1

|Li
by

−ν| eE0
, and δ/2 by −ν(Ẽ0)), we deduce that f ′(0) ≤ 0 is equivalent to

2ν(Ẽ0)(‖ν‖+ c2(ν)) ≥ ‖ν‖(ν(Ẽ0) + +3 c2(ν| eE0
, ν, ν)),

that is,

ν(Ẽ0)
‖ν‖+ 2c2(ν)

3‖ν‖ ≥ c2(ν| eE0
, ν, ν).

Since c2(ν) ≤ 2‖ν‖, this implies

c2(ν| eE0
) ≤ 5

3
ν(Ẽ0).

From Lemma 5.2, we deduce ν(Ẽ0) ≤ C R. ¤

Proof of Theorem 5.1. Given any measure µ ∈ Λ(E), we have to show that

(5.6) γ+(E) ≥ C−1 ‖µ‖2

‖µ‖+ c2(µ)
.

Let En = {x ∈ supp(µ) : µ(B(x, r)) ≤ 3r if 0 < r ≤ 1/n}. We choose
n big enough so that µ(En) ≥ ‖µ‖/2. Given ε0 > 0 arbitrarily small, let
δ0 > 0 be such that γ+(E) ≥ γ+(Vδ0(E))− ε0.

Notice that there exists some (big) constant C13 such that µ(B(x, r) ∩
En) ≤ C13r for all r > 0, with C13 depending on n and diam(E). We let
N ≥ 10 be the least integer such that C13 ≤ 2N .

Consider a grid of squares with side length δ := min(δ0/2, 2−2N/n), with
sides parallel to the axes. Let {Qi}i∈I be the closed squares of the grid that
intersect En. For each i ∈ I, let Li be the closed segment of length δ/2
centered in Qi and parallel to the x axis. Let Ẽ =

⋃
i∈I Li, and let ν be

the measure supported on Ẽ which coincides with some multiple of H1
|Li

on
each segment Li, and which satisfies ν(Li) = µ(Qi∩En). Notice that by the



ON THE ANALYTIC CAPACITY γ+ 17

definitions of En and ν, we have ‖ν‖ ≥ ‖µ‖/2 and ν(Li) ≤ 6`(Qi) for each
i ∈ I. We will show that

(5.7) c2(ν) ≤ C (c2(µ) + ‖µ‖),

where C is some absolute constant. This estimate implies (5.6), because
1
12ν ∈ Λ0(Ẽ), and by Lemma 5.4 we have

γ+(E) ≥ γ+(Vδ0(E))− ε0 ≥ γ+(Ẽ)− ε0

≥ C−1 ‖ν‖2

‖ν‖+ c2(ν)
− ε0 ≥ C−1 ‖µ‖2

‖µ‖+ c2(µ)
− ε0,

for any ε0 > 0.
Let us prove (5.7). We will use the notation

c2
ν(A,B, C) :=

∫

A

∫

B

∫

C
c(x, y, z)2 dν(x) dν(y) dν(z).

We have

(5.8) c2(ν) =
∑

i∈I

c2
ν(Qi,C,C) =

∑

i∈I

c2
ν(Qi, 3Qi,C) +

∑

i∈I

c2
ν(Qi,C \ 3Qi,C).

First we estimate c2
ν(Qi, 3Qi,C) for a fixed i. Given x ∈ Li, we have

c2(x, ν|3Qi
, ν|C\Qi

) ≤ C

∫

y∈3Qi

∫

z 6∈Qi

1
|x− z|2 dν(y) dν(z)

≤ Cδ

∫

|x−z|≥δ/2

1
|x− z|2 dν(z).

Notice that ν(2kQi) ≤ 6 `(2kQi) if 0 ≤ k ≤ N , and ν(2kQi) ≤ C13 `(2kQi)
for k > N . Then we obtain

∫

|x−z|≥δ/2

1
|x− z|2 dν(z) =

N−1∑

k=0

∫

δ2k−1≤|x−z|≥δ2k

1
|x− z|2 dν(z)

+
∞∑

k=N

∫

δ2k−1≤|x−z|≥δ2k

1
|x− z|2 dν(z)

≤ C

(
1
δ

+
C13

2Nδ

)
≤ C

δ
.(5.9)

Observe that the last constant C above does not depend on C13 because of
the choice of N . Thus, we get c2

ν(Qi, 3Qi,C \ Qi) ≤ Cν(Qi). It is easy to
check that we also have c2

ν(Qi, 3Qi, Qi) ≤ Cν(Qi). Thus,

(5.10) c2
ν(Qi, 3Qi,C) ≤ Cν(Qi).
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Now we have to deal with the last term on the right of (5.8). We write

c2
ν(Qi,C \ 3Qi,C) =

∑

j:Qj∩3Qi=?
c2
ν(Qi, Qj ,C \ (3Qi ∪ 3Qj))

+
∑

j:Qj∩3Qi=?
c2
ν(Qi, Qj , 3Qj) =: Ai + Bi.

Using (5.10), we deduce
∑

i∈I

Bi ≤
∑

i∈I

∑

j∈I

c2
ν(Qi, Qj , 3Qj)

≤
∑

j∈I

c2
ν(C, Qj , 3Qj) ≤ C

∑

j∈I

ν(Qj) ≤ C ‖ν‖.(5.11)

It remains to estimate Ai. Let Qj , j ∈ I, be such that Qj ∩ 3Qi = ∅, and
Qk ⊂ C \ (3Qi ∪ 3Qj). Let y ∈ Qj , z ∈ Qk, and denote by qh the center
of each square Qh. Notice that |x − y| ≈ |qi − qj |, |x − z| ≈ |qi − qk| and
|y − z| ≈ |qj − qk|. By Lemma 2.4 of [To1], we have

|c(x, y, z)− c(qi, qj , qk)| ≤ Cδ

|x− y||y − z| +
Cδ

|y − x||y − z| +
Cδ

|z − x||z − y| .

Thus,

c(x, y, z)2 ≤ 2c(qi, qj , qk)2

+
Cδ2

|x− y|2|y − z|2 +
Cδ2

|y − x|2|y − z|2 +
Cδ2

|z − x|2|z − y|2
= 2c(qi, qj , qk)2 + S1 + S2 + S3.(5.12)

Therefore,

Ai ≤ 2
∑

j, k : Qj ∩ 3Qi = ?,
Qk ∩ (3Qi ∪ 3Qj) = ?

∫

x∈Qi

∫

y∈Qj

∫

z∈Qk

c(qi, qj , qk)2 dν(x) dν(y) dν(z)

+
∫

x∈Qi

∫

|y−x|>δ

∫
|z − x| > δ
|z − y| > δ

(S1 + S2 + S3) dν(x) dν(y) dν(z).(5.13)

Using the estimate (5.9), we get
∫

|y−x|>δ

∫
|z − x| > δ
|z − y| > δ

S1 dν(y) dν(z)

≤ Cδ2

∫

|y−x|>δ

1
|x− y|2 dν(y)

∫

|z−x|>δ

1
|x− z|2 dν(z) ≤ C.
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Operating in analogous way, we obtain the same estimates for the integrals
of S2 and S3 over the same domain. Therefore,
(5.14)∫

x∈Qi

∫

|y−x|>δ

∫
|z − x| > δ
|z − y| > δ

(S1 + S2 + S3) dν(x) dν(y) dν(z) ≤ C ν(Qi).

Let us consider the first term on the right hand side of (5.13). Since
ν(Qh) = µ(Qh) for each h, this term equals

Di := 2
∑

j, k : Qj ∩ 3Qi = ?,
Qk ∩ (3Qi ∪ 3Qj) = ?

∫

x∈Qi

∫

y∈Qj

∫

z∈Qk

c(qi, qj , qk)2 dµ(x) dµ(y) dµ(z).

By an estimate analogous to (5.12) and operating as above, we will derive

Di ≤ 4
∑

j, k : Qj ∩ 3Qi = ?,
Qk ∩ (3Qi ∪ 3Qj) = ?

∫

x∈Qi

∫

y∈Qj

∫

z∈Qk

c(x, y, z)2 dµ(x) dµ(y) dµ(z)

+ C ν(Qi) ≤ 4c2
µ(Qi,C,C) + C ν(Qi).(5.15)

Now, (5.7) follows from the estimates (5.10), (5.11), (5.13), (5.14) and
(5.15). ¤

The following corollary follows from Theorem 5.1 and will be used in next
section.

Corollary 5.5. Let E ⊂ C be compact. If µ is a positive Radon measure
supported on E such that Θ∗

µ(x) = 0 for µ-a.e. x ∈ E, then

γ+(E) ≥ C−1 ‖µ‖3/2

c2(µ)1/2
.

Proof. Notice that µ is not supported on a line (unless µ = 0). As a
consequence, c2(µ) 6= 0. We can apply Theorem 5.1 to the measure µ̃ =( ‖µ‖

c2(µ)

)1/2
µ, which belongs to Λ(E), and the corollary follows. ¤

6. Density estimates for γ+ and instability

The main result of this section is the following.

Theorem 6.1. Let E ⊂ C be compact with γ+(E) > 0. Let µ be a positive
Radon measure supported on E. Then, for γ+-almost all x ∈ supp(µ) one
(and only one) of the following statements holds:

(a)

(6.1) lim inf
r→0

r

µ(B(x, r))
< ∞.
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(b)

(6.2) lim
r→0

γ+(B(x, r) ∩ E)
µ(B(x, r))

= ∞.

This result should be understood as a kind of instability result (see [O’F],
for instance). Notice that if (a) does not hold for some x, then clearly
we have limr→0 r/µ(B(x, r)) = ∞. The statement (b) is sharper because
γ+(B(x, r) ∩ E) ≤ r. Indeed, it may happen γ+(B(x, r) ∩ E)/r → 0 as
r → 0. This is the case, for example, when E coincides with the set E(λ) of
Section 3.1 and

∑∞
n=0 4−2nσ−2

n < ∞, for any x ∈ E(λ).
It is worth to compare Theorem 6.1 with the following result due to

Mattila and Paramonov [MP] which also deals with densities for γ+.

Theorem 6.2 (Mattila, Paramonov). Let h : [0, +∞) → [0, +∞) be a non
decreasing continuous function with h(0) = 0 and h(t) > 0 for t > 0.

(a) Let E ⊂ C be compact with γ+(E) > 0. If h satisfies
∫ 1
0

h(t)2

t3
dt < ∞,

then for γ+-almost all x ∈ E,

lim sup
r→0

γ+(B(x, r) ∩ E)
h(r)

= ∞.

(b) Suppose that h(t) ≤ t for t ≥ 0. If
∫ 1
0

h2(t)
t3

dt = ∞ and the function

g(r) = h(r) exp
(
−

∫ 1

r

h(t)2

2t3
dt

)
, r ≥ 0,

satisfies g−1(4−j−1)/g−1(4−j) ∈ [ε, 1/2) for some ε ∈ (0, 1/2) and
all j big enough, then there exists a Cantor set E0 ⊂ R2 with

C−1 h(r) ≤ γ+(B(x, r) ∩ E0) ≤ C h(r)

for all x ∈ E0, r ∈ (0, 1), and some C > 0 depending only on h.

From Theorem 6.2 it follows that there exist compact sets E1 ⊂ C and
continuous non decreasing functions h : [0, +∞) → [0, +∞) with h(0) = 0
and h(t) > 0 for t > 0, which satisfy limt→0

h(t)
t = 0 and

(6.3)
γ+(B(x, r) ∩ E1)

h(r)
≤ C

for all x ∈ E1, r > 0. In view of (6.3), one can ask if

(6.4) lim sup
r→0

γ+(B(x, r) ∩ E1)
Hh(B(x, r) ∩ E1)

< ∞,

where Hh is the generalized Hausdorff measure associated with the function
h. However, notice that (6.2) in Theorem 6.1 seems to suggest that (6.4)
should be false. We will deal with this question in Proposition 6.4 below.

To prove Theorem 6.1 we need the following lemma.
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Lemma 6.3. Let µ be some positive finite Radon measure without atoms
on C. If c2(µ) < ∞, then, for µ-almost all x ∈ C,

lim
r→0

c2(µ|B(x,r))
µ(B(x, r))

= 0.

Although we think that this result is known, we will show the detailed
proof for the reader’s convenience.

Proof. For each m ≥ 1, let

Am =
{
x ∈ C : lim supr→0 c2(µ|B(x,r))[µ(B(x, r))]−1 > 1/m

}
.

For r > 0, we denote

c2
r(µ) =

∫∫∫

|x−y|≤r
c(x, y, z)2 dµ(x) dµ(y) dµ(z).

Notice that limr→0 c2
r(µ) = 0, because c2(µ) < ∞ and µ has no atoms.

Given any r > 0 and m ≥ 1, for each x ∈ Am there exists some ball B(x, s)
with s < r/2 such that µ(B(x, s)) ≤ mc2(µ|B(x,s)). With this type of balls,
we consider a Besicovitch covering of Am. That is, Am ⊂ ⋃

i B(xi, si), with∑
i χB(xi,si) ≤ C. Then,

µ(Am) ≤
∑

i

µ(B(xi, si)) ≤ m
∑

i

c2(µ|B(xi,si)) ≤ Cm c2
r(µ),

which tends to 0 as r → 0. Thus µ(Am) = 0 for each m. ¤

Proof of Theorem 6.1. It is easy to check that (a) and (b) cannot hold simul-
taneosly. Indeed, if (a) is satisfied, using the estimate γ+(B(x, r) ∩ E) ≤ r,
we obtain

lim inf
r→0

γ+(B(x, r) ∩ E)
µ(B(x, r) ∩ E)

≤ lim inf
r→0

r

µ(B(x, r))
< ∞.

Now we must prove that either (6.1) or (6.2) holds γ+-a.e. That is, if we
denote by A the set of x ∈ supp(µ) such that both (6.1) and (6.2) fail, then
we have to show that γ+(A) = 0.

Let
A0 =

{
x ∈ A : c2

µ(x) = ∞}
,

and, for each n ≥ 1,

An =
{
x ∈ A : c2

µ(x) < n
}

.

We have A =
⋃∞

n=0 An. Notice that, by Corollary 3.4, γ+(A0) = 0. We will
show that, for n ≥ 1, γ+(An) = 0 too.

We denote

An,m =
{

x ∈ An : lim inf
r→0

γ+(E ∩B(x, r))
µ(B(x, r))

< m

}
.
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Notice that An =
⋃∞

m=1 An,m. Now we set

An,m,0 =
{

x ∈ An,m : lim inf
r→0

µ(B(x, r) ∩An,m)
µ(B(x, r))

= 0
}

,

and, for k ≥ 1,

An,m,k =
{

x ∈ An,m : lim inf
r→0

µ(B(x, r) ∩An,m)
µ(B(x, r))

>
1
k

}
.

We will show that γ+(An,m,k) = 0 for all n,m ≥ 1 and k ≥ 0.
First we deal with An,m,0. We have µ(An,m,0) = 0. This is quite easy

to check: Given any ε > 0, we take a Besicovitch covering of An,m,0 with
balls B(xi, ri) such that xi ∈ An,m,0 and µ(B(xi, ri)∩An,m) ≤ εµ(B(xi, ri)).
Then,

µ(An,m,0) ≤
∑

i

µ(B(xi, ri) ∩An,m) ≤ ε
∑

i

µ(B(xi, ri)) ≤ Cε µ(E).

Letting ε → 0, we derive µ(An,m,0) = 0. This implies γ+(An,m,0) = 0
because of the following claim.

Claim. If K ⊂ An,m is such that µ(K) = 0, then γ+(K) = 0.
Proof of the claim. We may assume that K is compact. Given any fixed
ε > 0, let Kε be an open neighborhood of K with µ(Kε) ≤ ε. We consider a
Besicovitch covering of K with balls B(xi, ri) such htat xi ∈ K, B(xi, ri) ⊂
Kε and γ+(B(xi, ri)∩E) < mµ(B(xi, ri)) (which is possible by the definition
of An,m). Then we have

γ+(K) ≤ C
∑

i

γ+(B(xi, ri) ∩K) ≤ C
∑

i

γ+(B(xi, ri) ∩ E)

≤ Cm
∑

i

µ(B(xi, ri)) ≤ Cm µ(Kε) ≤ Cmε.

Since ε is arbitrarily small, the claim is proved. ¤
Let us see that γ+(An,m,k) = 0 if k ≥ 1. For every x ∈ An,m,k there exists

a sequence of radii {rj}j tending to 0 such that

γ+(B(x, rj) ∩An,m) ≤ γ+(B(x, rj) ∩ E)
≤ mµ(B(x, rj)) ≤ kmµ(B(x, rj) ∩An,m).(6.5)

If we apply Corollary 5.5 to the set B(x, rj) ∩ An,m and to the measure
µ|B(x,rj)∩An,m

, we get

(6.6) γ+(B(x, rj) ∩An,m) ≥ C−1 µ(B(x, rj) ∩An,m)3/2

c2(µ|B(x,rj)∩An,m
)1/2

.

From (6.5) and (6.6) we deduce

c2(µ|B(x,rj)∩An,m
)

µ(B(x, rj) ∩An,m)
≥ C−1

(km)2
.
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Therefore,

lim sup
j→∞

c2(µ|B(x,rj)∩An,m
)

µ(B(x, rj) ∩An,m)
> 0

for all x ∈ An,m,k. Since c2(µ|Am,n
) ≤ c2(µ|An

) < ∞, from Lemma 6.3
we derive µ(An,m,k) = 0. Finally, because of the claim above, we deduce
γ+(An,m,k) = 0, and the proof is complete. ¤
Proposition 6.4. Let h : [0, +∞) → [0, +∞) be a continuous non de-
creasing function with h(0) = 0 and h(t) > 0 for t > 0, which satisfies
limt→0

h(t)
t = 0. Let E ⊂ C be compact, and let

A =
{

x ∈ E : lim sup
r→0

γ+(B(x, r) ∩ E)
h(r)

< ∞
}

.

If γ+(A) > 0, then Hh(A) is non σ-finite.

Notice that, in particular, the proposition says that the set E1 in (6.3)
has non σ-finite measure Hh. Thus Hh

|E1
is not a Radon measure, and then

Theorem 6.1 cannot be applied.

Proof. Assume that Hh(A) is finite or σ-finite. Then we can write A =⋃
n An, with Hh(An) < ∞ for each n. Also, there exists some Ak such that

γ+(Ak) > 0. This implies that Hh(Ak) > 0, because of the following claim.

Claim. If K ⊂ Ak is such that γ+(K) > 0, then Hh(K) > 0.
Proof of the claim. We set Ak =

⋃∞
m=1 Ak,m, with

Ak,m =
{

x ∈ Ak : lim sup
r→0

γ+(B(x, r) ∩ E)
h(r)

< m

}
.

Let m be such that γ+(Ak,m ∩ K) > 0. For each integer p ≥ 1, we also
denote

Ak,m,p =
{

x ∈ Ak,m :
γ+(B(x, r) ∩ E)

h(r)
< m if r < 1/p

}
.

Since Ak,m =
⋃∞

p=1 Ak,m,p, we can choose some p ≥ 1 such that γ+(Ak,m,p ∩
K) > 0.

Remember that Hh(Ak,m,p ∩K) = limδ→0Hh
δ (Ak,m,p ∩K), with

Hh
δ (Ak,m,p ∩K) ≈ inf

∑

i

h(ti),

where the infimum is taken over all the coverings Ak,m,p ∩K ⊂ ⋃
i B(xi, ti)

with 0 < ti ≤ δ and xi ∈ Ak,m,p∩K. Consider such a covering with δ ≤ 1/p.
Then we have

∑

i

h(ti) ≥ 1
m

∑

i

γ+(B(xi, ti) ∩Ak,m,p ∩K) ≥ C−1

m
γ+(Ak,m,p ∩K).

Therefore Hh
δ (Ak,m,p ∩K) ≥ C−1m−1γ+(Ak,m,p ∩K) for all δ ≤ 1/p, and so

Hh(Ak,m,p ∩K) > 0. Thus Hh(K) > 0. ¤
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Let us continue with the proof of the proposition. Notice that µ := Hh
|Ak

is a (non zero) Radon measure. Moreover, for µ-a.e. x ∈ Ak, we have

(6.7) lim sup
r→0

µ(B(x, r))
h(r)

> 0.

This is also true for γ+-a.e. x ∈ Ak, because for any Z ⊂ Ak, such that
Hh(Z) = 0 we have γ+(Z) = 0, by the last claim. Then, for γ+-a.e. x ∈ Ak,
we deduce

lim inf
r→0

γ+(B(x, r) ∩Ak)
µ(B(x, r))

≤
(

lim sup
r→0

γ+(B(x, r) ∩ E)
h(r)

)
·
(

lim inf
r→0

h(r)
µ(B(x, r))

)
< ∞

since the first limit on the right hand side is finite by the definition of A,
and the second is also finite because of (6.7). This is a contradiction with
Theorem 6.1. ¤
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