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Abstract

Recently, V. Cruz, J. Mateu and J. Orobitg have proved a T(1) theorem for the Beurling
transform in the complex plane. It asserts that given 0 < s < 1, 1 < p < o0 with sp > 2
and a Lipschitz domain 2 < C then the Beurling transform Bf = —pvﬁ—i2 # f is bounded in
W*P(Q) if and only if Bxg € W?P(0Q).

The aim of the present article is to obtain a generalized version of the former theorem for
s =n € N valid for a larger family of Calderén-Zygmund operators in any ambient space R?
as long as p > d. In that case we need to check the boundedness of not only the characteristic
function, but a finite collection of polynomials restricted to the domain. Finally we find a
sufficient condition in terms of Carleson measures for p < d, and, in the particular case s = 1
we find that this condition is in fact neccessary, which yields a complete characterization.

1 Introduction

1.1 On the notation

Given an open set U < R? we say that a function is in the Sobolev space W™P(U) if it has
derivatives up to order n in the weak sense in U and all of them are integrable in the LP sense.
We say that f e W,2P(U) if those derivatives are in the space L} (U) instead.

loc

Definition 1.1. We say that a measurable function K € VVIZ’CI (RA\{0}) is a smooth convolution
Calderon-Zygmund kernel of order n if

VI K (z)| < 7 for0<j<n.

and that kernel can be extended to a tempered distribution W in R? in the sense that for any
Schwartz function ¢ € S with 0 ¢ supp(¢),

W, ¢) = (K = $)(0).
Abusing notation, we will write K instead of W.

We will use the classical notation f for the Fourier transform of a given Schwartz function,

fio) = | e s
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and f will denote its inverse. It is well known that the Fourier transform can be extended to the
whole space of tempered distributions by duality and it induces an isometry in L? (see for example
[Gra08, Chapter 2]).

Definition 1.2. We say that an operator T : S — S’ is a smooth convolution Calderdén-Zygmund
operator of order n with kernel K if K is a smooth convolution Calderdn-Zygmund kernel of order
n such that K € L} T is defined as

loc?
To=K+¢:= (f{-gz?)v
for any ¢ € S and T extends to an operator bounded in LP for any 1 < p < 0.

One can see using the results in [Ste70, Chapter IV] and [Gra08, Chapter 4], for instance, that
this boundedness property is equivalent to having KelL*.

It is a well-known fact that the Schwartz class is dense in LP for p < c0. Bearing this in mind,
we get that given any f € LP and x ¢ supp(f),

Tf(@) = [ Ko=)y
Example 1.3. In the complex plane, the Beurling transform is defined as the principal value

Bf(z):= 1 lim

T e—0 lw—2z|>¢ (Z - w)2

It is a smooth convolution Calderon-Zygmund operator of any order associated to the kernel

Nw‘ —_

and its multiplier is

Thus, the Beurling transform is an isometry in L?.

Definition 1.4. Let Q < R? be a domain (open and connected). We say that a cube Q with side-
length R > 0 and center x € 05) is an R-window of the domain if it induces a local parameterization
of the boundary, i.e. there exists a continuous function Ag : R¥™! — R such that, after a suitable
rotation that brings all the faces of Q parallel to the coordinate axes,

QnQ={(y,ya) € R xR)n Q:ys>Ao(¥)}.

We say that a bounded domain Q it is a (8, R)-Lipschitz domain if for each x € 09 there exist
an R-window centered in x with A, Lipschitz with a uniform bound |V A, <.

We say that an unbounded domain Q) is a special §-Lipschitz domain if there exists a Lipschitz
function A such that |VA|, <0 and

Q={(,ya) e R xR:yq > A(y)}.

With no risk of confusion, we will forget often about the parameters § and R and we will talk
in general of Lipschitz domains and windows without more explanations.



1.2 Context and main results

In the recent article [CMO12], Victor Cruz, Joan Mateu and Joan Orobitg, seeking for some results
on the Sobolev smoothness of quasiconformal mappings proved the next theorem.

Theorem 1.5. Let Q be a bounded C**¢ domain (i.e. a Lipschitz domain with parameterizations
in C1*¢€) for a given e >0, and let 1 <p < o0 and 0 < s < 1 such that sp > 2. Then the Beurling
transform is bounded in W*P(Q) if and only if B(xq) € W5P(Q).

This was proved in fact for a wider class of even Calderén-Zygmund operators in the plane. We
considered the extension of the Theorem 1.5 to higher orders of smoothness s and other ambient
spaces R?. We have restricted ourselves to the study of the classical Sobolev spaces, where the
smoothness is a natural number, so we will call it n. The first result of the present article is the
next theorem.

Theorem 1.6. Let §2 be a Lipschitz domain, T a smooth convolution Calderon-Zygmund operator,
n €N and p > d. Then the following statements are equivalent:

a) The operator T is bounded in W™P(£2).
b) For any polynomial restricted to the domain, P € P"~1(Q), we have that T(P) € W™P().

The notation is explained in Section 2. Notice that the restriction of having an even kernel
is not there anymore. This result reminds us the results by Rodolfo H. Torres in [Tor88], where
the characterization of some generalized Calderén-Zygmund operators which are bounded in the
homogeneous Triebel-Lizorkin spaces in the whole ambient space is given in terms of its behavior
on polynomials. In [Vah09] Antti V. Vahdkangas obtained some T1 theorem for weakly singular
integral operators on domains, but in that case, roughly speaking, the image of the characteristic
function being in a certain BMO-type space was shown to be equivalent to the boundedness of
T : LP(Q2) —» W™P(Q) where m is the degree of the singularity of T’s kernel.

Using a result in [MOVO09], one can see that, if ¢ > s and Q is a C'*¢ domain then Byq €
W#P(£2), so we have that, assuming the conditions in the Theorem 1.5 for €, s and p, one always
has the Beurling transform bounded in W*P(2). With this result, they could deduce the next
remarkable theorem in [CMO12] that we state here as a corollary.

Corollary 1.7. Assuming ), s and p to be as in the previous theorem with the restriction € > s,
if we have a function p such that supp(p) € Q2 and ||p|,, < 1, we can define the principal solution
of the Beltrami equation

06(2) = n(2)09(2),
as ¢(z) = z+ C(h)(z) where C stands for the Cauchy transform. Then

e WP(Q) = he WP(Q).

In 2009, Victor Cruz and Xavier Tolsa worked to find a sufficient condition weaker than € > s,
and they proved in [CT12] that if Q c C is a Lipschitz domain and its unitary outward normal

vector N is in the Besov space Bj,"/? (following the notation in [Tri78]), then one has B(xq) €

W$P(Q). Taking into account that for any e > 0, B;;,l/p c Ws=l/p=epr_if sp > 2 we can use the
Sobolev Embedding Theorem to deduce that the parameterizations are indeed in C'*¢ for some
e > s, leading to the boundedness of the Beurling transform. Xavier Tolsa proved in [Tol12] that
this geometric condition is necessary when the Lipschitz constants are small. The result in [CT12]
can be formulated similarly for s = n > 2 but it is out of the reach of the present article. We are
trying to see which conditions can be weakened.

Finally we work with Carleson measures in the spirit of [ARS02] to find a sufficient condition
for p < d. This condition is in fact necessary for s = 1:



Theorem 1.8. Given a Calderon-Zygmund smooth operator of order 1, a Lipschitz domain Q and
1 < p < oo, the following statements are equivalent:

1. T is a bounded operator on W1P(Q).
2. The measure |VT xq(x)|Pdx is a Carleson measure in the sense of Definition 8.8.

(See Theorem 9.9 in Section 9 for the details).

1.3 Navigation chart

In Section 2 we begin by stating some remarks and definitions and then we cite some results that
we will use. In Section 3 we define an oriented Whitney covering and discuss about its properties,
defining a structure that will be very helpful to simplify the proof of Theorem 1.6. To end with
the preliminaries, we present some approximating polynomials in Section 4. These polynomials
will be the cornerstone of the proof of theorems 1.6 and 1.8. Before we proof them, we devote
the rather technical section 5 to grant the existence of weak derivatives of T'f in () as long as
f € W™P(Q). The expert reader may skip it. In Section 6 we prove a Key Lemma which will
simplify the proofs of the two main results of this paper. Afterwards we prove the first of them,
Theorem 1.6 in Section 7. In Section 8 we find a sufficient condition valid for any d, n and p for T
to be bounded in W™P(Q) using the Key Lemma again. In Section 9 we see that, for n = 1 this
condition is, in fact, necessary.

2 Notation and well-known facts

We write P™ for the vector space of polynomials of degree smaller or equal than n (in R?). Given
aset U c R, we write P"(U) for the family of functions p - xp with p € P™.

The polynomials and derivatives that we need to use will be written with the multiindex
notation. For any multiindex o € N¢ (where we assume the natural numbers to include the 0),

a = (ag, " ,aq), we define its modulus as |a| = Z?Zl a; and its factorial a! 1= H‘;:l a;!, leading
to the usual definitions of combinatorial numbers. For z € R? we write 2@ := H?zl x?j and for
¢ € CF (infinitely many times differentiable with compact support), D%¢ := ﬁqﬁ

! d

In general, for any open set €2, and any distribution f € D'(2), we define the a derivative in
the sense of distributions, i.e.

(D*f, ¢y := (—1)|‘3‘|<f7 D%¢) for every ¢ € CF(Q).

If the distribution is regular, i.e. D*f € L} ., we say it is a weak derivative.
We say that f € LP(Q) is in the Sobolev space W™P(Q) if it has weak derivatives up to order
n and D*f e LP() for |o| < n. We will use the norm

1flwnacy = 25 1D Flzogay-

as<n

For Lipschitz domains, it is enough to consider the higher order derivatives,

I ey = 1fle + 1V Fle)

(see [Tri78, 4.2.4]), where [V f| = 3}, _, [D*f| .



In Section 9 we will solve a Neumann problem by means of the Newton potential: given an
integrable function with compact support g € L§(R?), its Newton potential is

x —yl>¢ . log |x — .
Ng(z) = ig(y)dy ifd>2, Ng(z)= Jug(y)dy if d=2, (2.1)
(2 — d)wg 27

where wy stands for the surface measure of the unit sphere in R?. Recall that the gradient of Ng
is the (d — 1)-dimensional Riesz transform of g,

r— =z

VNg(z) = R4 Vg(z) = J (z)dz.

wgl|r — z|dg

It is well known that ANg(z) = g(x) for x € R? (see [Fol95, Theorem 2.21] for instance).
We recall now two results that we will use every now and then. The first is the Leibnitz’
Formula, which states that for f € W™P(Q) and |a| < n, if ¢ € CF(Q), then f - ¢ € W™P(Q) and

D(f-¢) = (%) DPoD"y (2.2)
= (5)

(see, for instance, [Eva97, 5.2.3]).
The second is the Sobolev Embedding Theorem for Lipschitz domains (see [AF03, Theorem
4.12]), which says that for any Lipschitz domain 2, we have the continuous embedding

Whr(Q) c O F (). (2.3)

of the Sobolev space W1?(Q) into the Holder space 00’17%(5). Recall that

|f(x) = F(y)l
fllcos@y = 1fl» + sup :
vy = Il + sup S0

TFEY

3 Oriented Whitney covering
Consider a given dyadic grid of semi-open cubes in R%.

Definition 3.1. We say that a collection of cubes W is a Whitney covering of a Lipschitz domain
Q if

W1. The cubes in W are dyadic.
W2. The cubes have pairwise disjoint interiors.
W3. The union of the cubes in W is €.

W4. There exists a constant C\y such that
Cwl(Q) < dist(Q, 092) < 4OWH(Q).

W5. Two neighbor cubes Q and R (i.e. Q n R # &, Q # R) satisfy £(Q) < 2((R).

W6. The family {10Q}qew has finite superposition, i.e. 3 neyy X10Q < C.



We do not prove here the existence of such a covering because this kind of coverings are well
known and widely used in the literature.

Recall that we consider the R-window Q to be a cube centered in x € 02, with side-length R
inducing a Lipschitz parameterization of the boundary (see Definition 1.4). Given a (0, R)-Lipschitz
domain, we can choose a number N ~ H4~1(9Q) /R~ of windows {Qj}1_; such that

NS
00 c — Ok, 3.1
kL:Jl s (3.1)

where §p < % and ¢y > 2 are values to fix later (in Remark 3.4). Notice that
{x € Q: dist(x, 0Q) > €} is a connected set for any € small enough. (3.2)
Each window Q. is associated to a parameterization Ay in the sense that, after a rotation,
QN ={(¥,va) € R xR) " Q:ya > Ar(y)}.

Thus, each Qj, induces a “vertical” direction, given by the eventually rotated y4 axis. The following
is an easy consequence of the previous statements and the fact that the domain is Lipschitz:

W7. The number of Whitney cubes in %Qk with the same side-length intersecting a given vertical
line is uniformly bounded where the “vertical” direction is the one induced by the window.

This is the last property of the Whitney cubes we want to point out. Next we give some
structure to construct paths connecting Whitney cubes. First, we use that the vertical direction
allows us to say that one cube is above another one:

Definition 3.2. We say that a cube S is above @ with respect to Qf if Q,S %Qk, there is a
line parallel to the vertical direction induced by Qy. intersecting the interior of both cubes and there
exists a point x € S such that for any y € Q, xq > yq in local coordinates.

In order to give a structure to the covering, we distinguish the cubes in the central region from
those which are close to the boundary of the domain:

Definition 3.3. We say that Q is central if sup,.q dist(z, 0Q) > ‘CS—CI’R, wherecy is a constant to
fix in Remark 3.4. We call Wy to this subcollection of cubes.
We say that Q is peripheral if it is not central.

Remark 3.4. For ¢y big enough, the union of central cubes is a connected set by (3.2).

Taking co, c¢1 and the Whitney constants big enough, if Q is peripheral, then Q < 09Qy for
some 1 < k< N. We call Wy to each subcollection of peripheral cubes. Those subcollections are
not disjoint.

On the other hand we call windowpane to dgQr N Q. We will choose &g in such a way that the
cubes contained in a windowpane will have “enough room over them” inside Q. Namely, taking
S0 small enough we can grant that for every peripheral cube Q € Wy there exists a cube S above

Q with respect to Qy, (see Definition 3.2) such that sup,eg dist(x, 0Q2) > 8% due to the Lipschitz
character of Q. Choosing oy even smaller, if necessary, 8% > i—‘;R, so we can say that for any
peripheral cube QQ € Wy, there is another cube S which is at the same time central and above
with respect to Q.

There is a minimal length £y such that any central cube @ € Wy has €(Q) > €y. There is a
mazimal side-length £y such that any cube Q € |, Wi has £(Q) < £1. We have {1 ~ {y ~ R with

constants depending on the Lipschitz character.



Next we provide a tree-like structure to the family of cubes so that we can refer to the neighbor
cubes easier.

Definition 3.5. We say that C = (Q1,Q2, -+ ,Qn) is a chain connecting Q1 and Qs if Q; and
Qi+1 are neighbors for any i < M. We will call the “next” cube to No(Q;) = Q1.

We want to have a somewhat rigid structure to gain some control on the chains we use, so we
need to introduce the “chain function” [-,-] : W x W — [ J,, WM. We state three rules. The first
one is on the definition of chain function.

First rule:
1.1: For any cubes Q,S € W, [@, S] is a chain connecting @) and S.
1.2: Given two cubes QaS € Wa if [Q»S] = (QlaQQa e ’QM) then [Sa Q] = (QM) T »Ql)‘

Abusing notation we will also write [Q, S] for the non-ordered collection {Q;}, so that we
can say that Q; € [Q, S].

Given two cubes @, S, we will use the open-close interval notation: (Q,S5) := [@, S]\{Q, S},
[Q.9) = [Q, S\{S}, (Q. 5] := [ S\Q}.

Now we can state the second rule, concerning the central cubes. For that purpose, assume that
we have fixed a central cube Q.

Figure 3.1: Second rule, 2.2.
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Second rule:

2.1 For any central cube @ € Wy, [Q, Qo] is a chain of central cubes connecting these two cubes
with minimal number of steps.

2.2 For any central cubes @, S € Wy with S € [@, Qo], then [S, Qo] < [Q, Qo]. Thus, we can define
[Qa S] = [Qa QO]\(S, QO] (See Figure 31)

2.3 Given two different central cubes Q and S, let Qg € [@, Qo] and S € [S, Qo] be the first pair
of cubes which are neighbors. Then, [@,S] = [Q,Qs] v [Sq, S] (see Figure 3.2).

This completes the central structure. For any cube @ < 00Qy, we define [Q, Qo]r as a chain
connecting @ and Qg and such that for any cube S € [Q, Qo], S is either central or above Q with
respect to Qp, and in case S is central, then [Q,Qolr = [Q, S|k U [S, Qo], where [Q, S]) is the
subchain of [@Q, Qo] limited by @ and S (see Figure 3.3).

Figure 3.3: [Q, Qo]x for Q < 0pQ.

Now we can add the rule for peripheral cubes.
Third rule:

3.1: Given two diferent peripheral cubes which are both contained in, at least, one common win-
dowpane @, S € Wy, fix k and use [, ]x: Call Qg € [Q, Qo] and Sg € [S, Qok to the first pair
of cubes which are neighbors. Then, [Q, S] = [Q, Qs]k v [Sq, Sk where [Q, Qs]k < [Q, Qolk
and [S, SQ]k C [S, QO]k-

3.2: For any peripheral cube S, fix any k such that S € Wy, and define [S, Qo] := [S, Qo]k-
3.3: Given two diferent cubes @ and S in any situation different from 3.1, use rule 2.3.

Definition 3.6. Given a Lipschitz domain Q, we say that {W,{Qx}_,, Qo,[",-]} is an oriented
a Whitney covering of Q if W is a Whitney covering of Q, Qk are windows as in (3.1), the cube
Qo € W is a central cube of Q with respect to those windows (with the constants fixed in Remark
3.4) and [-,-] is a chain function satisfying the three rules explained before.

We say that the covering is properly oriented with respect to a window Qy, if the cubes in the
Whitney covering have sides parallel to the faces of Q.



Definition 3.7. If Q,S € [P, Qo] for some P and j\/'[jp Qo](Q) = S for some j = 0, then we say
that Q@ < S. We will say that Q@ < S if @ < S and Q # S.

Remark 3.8. If the covering is properly oriented with respect to Qi and Q,S € Wy, then Q < S
if and only if S € [Q,Qo]. Otherwise, Q < S does not imply that S € [Q, Qo], but if Q and S are
peripheral it implies that their vertical projections in some window have non-empty intersection.

Definition 3.9. Given two cubes Q and S of an oriented Whitney covering, we define the long
distance

D(Q,S) = 4(Q) + £(S) + dist(Q, 5).

Remark 3.10. One can see using the Lipschitz condition that, if two Whitney cubes Q, S %Qk,
then

where disty is the usual horizontal distance between the vertical projections of Q@ and S in the
window Qy,.

Using that, the properties of the Whitney covering and the chain function rules 2.3, 3.1 and
3.8, one can also prove that, for P € [Q,Qs],

D(P,S) ~ D(Q, S)

and

D(P,Q) ~ ¢(P).

Now we consider some properties of sums across regions and we relate them to the Hardy-
Littlewood maximal operator,
Mg(x) = Sup][ 9(y)dy.
Q3zJQ
It is a well known fact that this operator is bounded in L? for 1 < p < 0.

Lemma 3.11. Assume that g€ L} and r > 0. Then

loc

e Ifn>0,
Z §s9(z)dx < info Mg
D(Q, S)d+n N

D(Q,S)>r

e Ifn>0,

Ss9(z)dz
Z - Zinf Mgr"
— <
D(Q,SMD(Q’S) K]

e In particular,
1| g(z)dz < inf Mg £(Q)?
S<Q S Q

and, thus,

DTUs) ~ uQ)“

S<@



Proof. The first can be just bounded by

CJ )d:z dx
(zq,r/2)° |.I‘ - $Q| +n

and this can be bounded separating the integral region in annuli. The second can be done by an
analogous reasoning. Using the property W7 of Definition 3.1 we can see that the third is a case
of the second for n = d. O

Notice that we used the Lipschitz character only to prove the last two inequalities. In the
last section we will make use repeatedly of the following technical results, specific for Lipschitz
domains, which deepen the results of the previous lemma for g constant:

Lemma 3.12. Leta>d—1. Then

> Us)

S<Q
with constants depending on a.
Proof. First assume that @ is not central. Selecting the cubes by their side-length, we can write

Sasr-Y Y Q)

S<Q 7j=1 S<Q
€(S)=2774(Q)

Q)" Y27 #(S <Q: U(S) =27 H(Q)).

Using W7 and Remark 3.8 we get that
#{S < Q: 4(5) =2770(Q)} < 241
and thus

o0
D U8 S U@ Y 2t
S<Q 7j=1
This is bounded if a > d — 1. By the same token, given an R-window Qy,

D Us)* < R (3.3)
If @ is central, use (3.3) in any region and Remark 3.4. O

Lemma 3.13. Letb>a>d—1. Then

«s)"
S;W (22 )S)b < Cantl@".

Proof. Let us assume that Q € Wy. First of all we consider the cubes contained in %Qk and we
classify those cubes by their side-length and their distance to @:
2 oS < Z Z (25 0(Q))"
j b
Sc3Qp (Q S k=—o j=0 5:0(8)=2%2(Q) (2 é(Q))
274(Q)<D(5.Q) <21 4(Q)
2ak

< Q)" ”Z S S 008) = 2(Q), D(S,Q) < 2*11(Q))

10



Notice that the value of j in the sum must be greater or equal than k£ because, otherwise, the last
cardinal would be zero.

Using again W7, we only have to bother about how many cubes of side-length 2¥¢(Q) can be
fit in the section where one can find cubes at a horizontal distance smaller than 2/+14(Q):

j+1 d—1
#{S: £(S) = 2"0(Q) and D(S,Q) < 271(Q)} < C <(2 "2 ng;_Ql))é(Q))

< O2U+3=k)(d-1)

Thus,

E(S)a a < d (a+1—d)—j -
Z W bZ ; +1—d)—j(b+1—d)

Sciog j=0k
< Copl(Q)*°
assoonasb>a>d-—1.

On the other hand, when S ¢ %Qk the long distance D(Q, S) is always bounded from below
by a constant times R (because @ < 09Qy), so separating in windows and using Lemma 3.12,

£2(S)” < dlamQ
2 Q.57 © Sg%

SEQx

];ék SeW;
SRS 0Q) . (3.4)

When it comes to a central cube Q € Wy, just apply an argument analogous to (3.4). O

4 Approximating Polynomials

We will fix a Whitney cube and approximate the function by some mean. Recall that the Poincaré
inequality says that, given a function f € W1P(Q), with 0 mean in the cube,

1oy S €IV 10

with universal constants once we fix d and p (see, for example, [AD04]).
If we want to iterate that inequality, we need also the gradient of f to have 0 mean on ). That
leads us to define the next approximating polynomials:

Definition 4.1. Let Q be a domain. Let Q be a cube with 3Q < Q. Given f € W™P(3Q), we
define P (f) € P"(Q) as the unique polynomial (restricted to Q) of degree smaller or equal than
n such that

][ DPPY f dm =f DPfdm (4.1)
Q Q
for any multiindex 8 € N¢ with |3] < n

The existence of those polynomials is granted in the next lemma.

Lemma 4.2. The polynomial P35, f e P Y(Q) ewists and is unique as long as we fix Q and
fewn=12(3Q).
Furthermore those polynomials have the next properties:

11



P1. Let Q be a cube with center xg. If we consider the Taylor expansion of Pgélf at zq,

P f(y) = xa(y) D) maq(y— 1), (4.2)
Nd
<n

then the coefficients mq , are bounded by
n—1 . )
ImQq| < en Z HVJfHLw(?,Q)E(Q)ﬁM
i=hl

P2. Given any 0 < j < n, any cube Q and any function f € W 1LP(3Q),
J Vj(Pgélf — f)dm = 0.
3Q

P3. Furthermore, if f € W™P(3Q), for 1 < p < 0 we have
If = P3g" fllrse) < CUQ)™MIV" fllrr(zg)-
PJj. Giwen a square Q c R, if pe P"~1,

D(y, Q)"+

lp(y)| OWHPHL”(Q)

N

where y € R, and D(y, Q) = dist(y, Q) + £(Q).

P5. Given an oriented Whitney covering W with chain function [-,-] associated to 2, and given
two Whitney cubes Q,S € W and f € W™P(Q),

(S)*D(P, S~
L1(S) < 2 g(P)d_l ”v fHLl(BP)

izt

Pe[S,Q]

P6. If |a| < n,
n— n—1—|a
D Py f(y) = P (D f)(w),

Proof. Notice that (4.1) is a triangular system of equations on the coefficients of the polynomial.
Indeed, if the polynomial exists and has Taylor expansion (4.2), then

B!

DPL, f(y) = ), moys (y = 20)" .

Bz

(B=)!

Fix v. When we integrate on the cube 3Q),

][ D”fdmzf DPiS fdm
3Q 3Q

ﬁ! 3 [B—| o
= P (2 2
2 BB ) (2 (Q)> 72(0,1) vy

B=y

= 2 CﬁﬁmQ)Bg(Q)IB—WI

Bz=y
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which is a triangular system of equations on the coefficients mq 3.
Solving for mg ~, we obtain the explicit expression

mo., f Dfdm = 31 Cpma sH(Q) " (4.3)

For |y| = n — 1 this gives the value of mq , in terms of D7 f,

-1
= — D7 fdm.
Oy Jsq

Using induction on n — |y| we get the existence and uniqueness of P53, f Taking absolute values
we obtain P1.

In P2 we write the definition of the polynomial in a new fashion. This allows us to iterate the
Poincaré inequality

If = P15 Flissa) < CIVU = Pig" Nliea) < - < CUQ) IV flLso):

that is P3.
Property P4 is left for the reader.
To prove P5, we consider the chain function in Definition 3.6 to write

lr=Pigs] <1 =Pl + X |PE - Piin ]
Pe[S,Q)

L(S) L'(S)

where we write N'(P) instead of Njg oj(P) from Definition 3.5. Using the equivalence of norms of
polynomials of bounded degree and the property P4,

[Pt s = Pite /]

B T e )L

(S)eD(p, S)nt
L*(3PA3N(P)) (pyn—t

0(8)D(P,S)"t
L13PA3N(P)) L(P)"~H(P)d

A

nglf P3N(P)f

~ n—1 n—1
~ |Psp [ =Pyyipy S

Taking into account P3 we get

(s)!p(p,S)" !
< Py flL
L1(s) Pe%’]Q ”f fHL (3P)" g(p)dtn-T1

n—1
|7-Ps

(S)‘D(P, S)"*
S Z V™ FllLa s py a1
Pe[s,Q] «P)

Finally, to prove P6, notice that for |5| < n — |a] — 1, we have

][ DP(D*P35" f) dm =][ DPTePLS fdm =][ DP*efdm =][ DA (D f)dm
3Q 3Q 3Q 3Q
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5 Some remarks on the derivatives of 7T'f

From now on, we assume T to be a smooth convolution Calderén-Zygmund operator of order n.
Recall that for f € LP and x ¢ supp(f),
= JK(I —y)f(y) dy

where the kernel K has derivatives bounded by

IVIK(z)| < 2] for0<j<n (5.1)

Given a function f € W™P (), we want to see that its transform T'f is in some Sobolev space and,
thus, we need to check that its weak derivatives exist up to order n. Indeed that is the case.

Lemma 5.1. Given a function f € W™P(Q), the weak derivatives of T'f in § exist up to order n.
Before proving this, we consider the functions defined in all R¢.

Remark 5.2. Since T is a bounded linear operator in L*(R?) that commutes with translations,
for Schwartz functions the derivative commutes with T (see [Gra08, Lemma 2.5.3]). Using that S
is dense in any Triebel-Lizorkin space F; , with finite exponents p and q and that W™P = I}, (see
[Tri78, sections 2.3.8 and 2.5.6]), we conclude that for any f € W™P(R?)

DOT(f) = TD(f) (5.2)
and, thus, the operator T is bounded in W™P(R?).

Definition 5.3. Let K € WZZ’Cl(Rd\{O}) be a smooth convolution Calderon-Zygmund kernel of
order n, f e LP, a € N? a multiindex with || < n and x ¢ supp(f). We define

T f(z) = f DK (z — 4)f(y) dy (5.3)

Lemma 5.4. Let T be a smooth convolution Calderdn-Zygmund kernel of degree n and f € LP.
Then T'f has weak derivatives up to order n in R¥\suppf. Moreover, for any multiindex o € N?
with |a] < n, and = ¢ suppf,

DOTf(x) = T f(x).

Proof. Take a compactly supported smooth function ¢ € Cg (R¥\suppf). We can use Tonelli’s
Theorem and get

T f, 6y = f J D"K(e =) ) dyole) do

= J - Lum DK (z —y)¢(x) dz f(y) dy

Using the definition of distributional derivative and Tonelli’s Theorem again,

<T<a>f,¢>=<—1)“f f j Kl =)D 0(a) dr f () dy

j f K(x — )/ (y) dy D*(x) da
supp¢ Jsuppf
= (=1)XTf,D*¢).
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Proof of Lemma 5.1. Take a classical Whitney covering of €2, W, and for any @ € W, define a
bump function pg € Cf such that x20 < ¢o < x3g. On the other hand, let {¢g}genw be a
partition of the unity associated to {32Q : @ € W}. Consider a multiindex a with |a| = n. Then

take le =g - f,and f2Q =f- le One can define
= > wo) (TD () + T f£ ()
QeW

This function is defined almost everywhere and is the weak derivative DT f.
Indeed, given a test function ¢ € C§ (), then, since ¢ is compactly supported in €, its support
intersects a finite number of Whitney double cubes and, thus, the following additions are finite:

9:8) =Y, g -TDfP + g - T3, 6)

QeW
= DITDfP 60>+ D TP 6o), (5.4)
Qew Qew

where ¢g = Vg - ¢.
In the local part we can use (5.2), so

(TDf, 60y = (-1)*KT {1, D*(¢q))-

When it comes to the non-local part, bearing in mind that sz has support away form 2Q) and
®g € C(2Q), we can use the Lemma 5.4 and we get

(T2 60> = (—1)*KT f5, D*¢q).
Back in (5.4) we have
9:) = Y, (1)K f2, D) + Y (~1)I*KT 1, D" bq)

QeW QeWw

= Y. (=1)l*KTf, D¢q)

QeW
= (=1)*KTf, D*¢),
that is ¢ = D*T f in the weak sense. O

6 The Key Lemma

To prove Theorem 1.6 we need the following lemma which says that it is equivalent to bound the
transform of a function and its approximation by polynomials.

Key Lemma 6.1. Let ) be a Lipschitz domain, VW an oriented Whitney covering associated to it,
T a smooth convolution Calderon-Zygmund operator of order n € N. Then the following statements
are equivalent:

i) For every f e W™P(),
HTfHW"»P(Q) < CHfHW"»P(Q)

ii) For every f € W™P(Q),

> [V T®ig ), o) < Ol sy
QeWwW

15



Proof. Given a multiindex a with |a| = n, we will bound the difference

P
PTG =Pig | S IV (6.1)
Oew (®))
Given a cube @ € W we define a bump function ¢g € Cf° such that X3Q S PQ < X2Q and

HVijQ”I ~ ¢(Q) 7 for any j € N. Then we can break (6.1) into the local and the non-local parts
as follows:

3 HDO‘T . e

QewW

v S 2 |77 (et - Pig D),

n Q;W HDQT ( xe — Q) (f — Pig )) Lr(Q)

=+ (6.2)

First of all we bound the local term in (6.2),

@ = X |07 (¢valr =Pig" )|, <19 Al (6.3)

Qew Lr (Q

Lr(Q)

To do so, notice that g (f — ngl ) € W™P(R9) and, by (5.2) and the boundedness of T in L?,

<,

|7 (ol - Pig 1f))

D7 (polf - i)
=OHD“ (vetr -Pi' N

Lr(R4)

Lr(2Q)

where |-, ) stands for the operator norm in LP(R?).
Using first the Leibnitz formula (2.2), and then using j times the Poincaré inequality (which
can be used by the property P2 in Lemma 4.2), we get

n

HD“T (wQ(f—P?é ) L (Q) Sj; ‘PQHy(zQ)HV (/= Pig 9l Lr(2Q)
. n 1 E(Q)ijVn(f_Pnil ) P
W= 39 Vllieaq)
= n”vanLP 3Q)"

Summing over all ) we get (6.3).
For the non-local part in (6.2),

@=3 HD T(st—<PQ)(f Pi5! ))

QeW

)

Lr(Q)

we will argue by duality. We can write

@% = sup J ‘DQT [ xe — Q) (f — Pjg )] (x)‘g(m)dw (6.4)

I90p <1 Qew



Notice that given x € @, by Lemma 5.4 one has

D*T[(xe = v)(f — P35 ))l(@)

= | DK@ = w) (1= ggw) (fw) = P fw)) du.
Taking absolute values and using Definition 1.1, we can bound

|f(w) = P35 f(w)]

DTl e)(f ~Pig NNl < || | e

Hf_Pgél (S) (6.5)

< n+d
&, D@9

By property P5 in Lemma 4.2 we have that

(S)*D(P, )"
> IV £l L1 3y
d—1 L(3P)
Pe[S,Q] «p)

H.f Pn 1

)

so plugging this expression and (6.5) into (6.4), we get

@ 5 o ¥ [ oy %

Il <1 Qew Sew Pe(S,Q]

dD(P )"V f L sp)
d 1D(Q7S)n+d

Finally, we use that P € [S, Q] implies D(P, S) < D(Q, S) (see Remark 3.10),

@% < sup J sy v f||L1 3P)
ol ,<1Q Sw pef55q] 4(P )4 1D(Q, S)4+t
US)YUV" Fllrasmy
+ sup g(p )4-1D(Q, §)d+1

lall,r<1g) SeW PE[QSQ]
- @)+@)

We consider first the term @, where P € [5,Sg] and, thus, by Remark 3.10, D(Q, S) ~
D(P, Q). Rearranging the sum,

IV £l Sqo@
C)s i SRS e 5 1)

lgll, <1"p S<P

By Lemma 3.11,

and

Z SQ g(x)dz < infyesp Mg(x)

L D(Q P S T U(P)
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Next we perform a similar argument with @ Notice that when P € [Q,Qgs], we have
D(Q, S) ~ D(P,S), leading to

V" f||L1 3p) 0(s)4
< sup J DIP Syt
@ uguplslg Z D(P, 5)*+
By Lemma 3.11,

D J g(x)dz < inf Mg(x)((P)°,

o=p xe3P

and
7 (s 1
< D(P,S)**1 — ((P)
Thus,
@ @ HV "flrie mfgngg( Py
Lol (py=t  U(P)
< sup ZHV”f Mgl 1 3py
lgll, <15

and, by Holder inequality and the boundedness of the Hardy-Littlewood maximal operator in Lp',

i 1/p 1/p'
@”s(ZP]V"fII’ip(p)> (ﬁ‘ip Sl )

S IV fllLo -

7 Proof of Theorem 1.6

Theorem. Let Q be a Lipschitz domain, T a smooth convolution Calderdn-Zygmund operator of
order n € N and p > d. Then the following statements are equivalent:

a) The operator T is bounded in W™P(€2).
b) For any polynomial restricted to the domain, P € P"~1(Q), we have that T(P) € W™P().

Proof. The implication a) = b) is trivial.
To see the converse, fix a point o € . We have a finite number of monomials Py(z) =
(z — 20)*xa(x) for multiindices A € N? and || < n, so the hypothesis can be written as

IT(Py)lwnr ) < C. (7.1)

Assume f e W™P(Q)). By the Key Lemma, we have to prove that
2 IVT®R O o) S 1F e

Qew

We can write the polynomials

Py f(x) = xa() ) moas(e—2q),

[v|<n
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where zg stands for the center of each square ). Taking the Taylor expansion in xy for each
monomial one has

P, z) D) mas ), ()w—xowxo—m)v-k.
[vl<n 0<a<y
Thus,
VTIP3 ) = Y man ), ()wo—xQWV”@PA)(y). (7.2)

[vl<n <A<y

Recall the property P1 in Lemma 4.2, which states that

n—1 n—1
Mol <C X0 V] o0 @Y < 30 [V F] 0 diam® . (7.3)
7=l i=hl

Raising (7.2) to the power p, integrating in @ and using (7.3) we get

HV”T @iz ol

s Vg Y diamQU AP IN(TR)(G, o)
LP(Q) j=n 6@@

S Z ijinm(Q) Z an(TPA)”Lp(Q

j<n <A<y

with constants depending on the diameter of €2, p, d and n. By the Sobolev Embedding Theorem,
we know that ||ijHL«,J(Q) < C’||ij||W1,p(Q) as long as p > d. If we add with respect to Q € W

and we use (7.1) we get

> [vrr@sziol, < IV ey 3 19T e

QeW ’ I<Asy

HfHWnp

8 Carleson measures

Theorem 1.6 provides us with a nice tool to check if an operator is bounded in W™ () as long as
p > d. Our concern for this section is to find a sufficient condition valid even if p < d. We want
this condition to be related to some test functions (the polynomials of degree smaller than n seem
the right choice) but somewhat more specific than the condition in the Key Lemma. In particular
we seek for some Carleson condition in the spirit of the celebrated article [ARS02] by N. Arcozzi,
R. Rochberg and E. Sawyer. In the next section we will check that, when we consider only the
first derivative, that is for W1?(€), the sufficient condition below is in fact necessary.

To use their techniques we need to have some tree structure coherent with the shadows of
the cubes. We will use a local version of the Key Lemma in order to get rid of some technical
difficulties:

Lemma 8.1. Let Q be a Lipschitz domain, T a smooth convolution Calderon-Zygmund operator
of order n € N. Then the following statements are equivalent:

i) For every f e W™P(Q),
ITflwno) < Clflwno ) (8.1)
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ii) For every window Q and every f € W™P(Q) with f|(5,0)c =0,

% [vrresg),

< Clf (o (8.2)
QEWo )

P(Q

where the whitney covering Wg is properly oriented with respect to Q, i.e., with the dyadic
grid parallel to the local coordinates (see Definition 3.6).

Sketch of the proof. To see that i) implies i) just use the Key Lemma with an appropriate dyadic
grid.

To see the converse, one can choose a finite a collection of windows {Qx}_ | with N ~
HIL(02) /R~ such that i—ng is a covering of the boundary of €, call Qg to the inner re-

gion O\ | %OQk, and let {1} be a partition of the unity related to the covering {Qn} U {50 Qx }2_,.
Consider a function f € W™P(Q2). Since ¢ f € W™P(R?), using the Remark 5.2 one can see that

|T o f)lwnr )y < Cltof lwnrq)-

Now, following the proof for the Key Lemma but replacing f by v f and using an appropriate
Whitney covering for every single window, one can get

1T fllwnniy < C D 19 lrnn(e):
k

Choosing ¥, as bump functions with the usual estimates on the derivatives ||Vj T/Jk” Lo S R~ one
can get (8.1) using the Leibnitz formula.

Remark 8.2. Notice that in the proof of i) = 1) we just need to check the finite collection of
windows {Qk};c\,:l: so the statement i) can be rewritten in terms of a finite number of windows.

Next we recall some useful results from [ARS02]. We will use in particular Theorem 3, which is
stated in terms of trees, and Proposition 16, relating measures in a Whitney covering with measures
in trees.

Y

Figure 8.1: y € Shy(z).

Definition 8.3. We say that a connected, loopless graph T is a tree, and we will fix a vertex o€ T
and call it its root. This choice induces a partial order in T, given by x = y if x € [o,y] where
[0,y] stands for the geodesic path uniting those two vertices of the graph (see Figure 8.1). We call
shadow of x in T to the collection

Shr(x)={yeT :y <z}
We say that a function p : T — R is a weight if it takes positive values (by a function we mean

a function defined in the vertices of the tree).

20



Remark 8.4. Notice that in [ARS02] the notation is < instead of =. We use this notation to be
consistent with the dyadic structure of the Whitney covering, relation that we explain later.

Definition 8.5. Given h: T — R, we call the primitive Zh the function

Thy) = Y hia).

z€[o,y]

Theorem 8.6. [ARS02, Theorem 3] Let 1 < p < o0 and let p be a weight on T. For a nonnegative
function p, the following statements are equivalent:

i) There exists a constant C = C(u) such that
IZ0] Loy < ClRl Lo

it) There exists a constant C = C(u) such that for any re T

’

p

D SUouly) | p@) T < Y p).

zeShy(r) \yeShr(x) zeShy(r)

For any 1 < p < 00, we say that a non-negative function y is a Carleson measure for (Z, p, p) if
there exists a constant C' = C(u) such that the condition i) is satisfied.

Given an R-window Q of a Lipschitz domain ) with a properly oriented Whitney covering W,
for any x € %Q, we write z = (2/,24) € R¥"! x R. Given a cube Q %Q, we define the shadow of
any point x € Q) as

Sh(z) = {y €QNnQ: yg<zqand [z’ —y| < ;€(Q)} :

Notice that if x is the center of the upper (n — 1)-dimensional face of @, the vertical projection
of Sh(x) (which is a (n — 1)-dimensional square) coincides with the vertical projection of @ (see
Figure 8.2). Finally, we define the vertical extension of Sh(z),

Sh(z) = {y €90 yg <zq+20Q) and |2’ —y'| < ;E(Q)} :

More generally, given a set U < %Q we call its shadow
Sh(U) = {y € QN Q: there exists z € U such that yq < x4 and 2’ =y'}.

Notice that we have a proper orientation in the Whitney covering. Thus, given a Whitney cube
Q, we call the father of @, F(Q) to the neighbor Whitney cube which is immediately on top of @
with respect to the vertical direction. This parental relation induces an order relation (P < Q if P
is a descendant of @)). This would provide a tree structure to the Whitney covering W if there was
a common ancestor Qg for all the cubes. This does not happen, but we can add a “formal” cube
Qo (root of the tree) and writing Q < Qg for any Q c %Q, since we will only consider functions
and measures supported in the windowpane dgQ n €. If we call 7 to the tree with the Whitney
cubes as vertices complemented with ()¢ and the strucutre given by the order relation <, then for
any Whitney cube Q © 30,
sh@=|JprP= |J P

P<Q PeSh7(Q)

(see Figure 8.2).
Now, some minor modifications in the proof of [ARS02, Proposition 16] allow us to rewrite this
theorem in the following way:
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Proposition 8.7. Given 1 < p < o and an R-window Q of a Lipschitz domain Q with a properly
oriented Whitney covering W, consider the weights p(x) = dist(z, 8Q)7P, pyw(Q) = £(Q)?P. For
a positive Borel measure p supported on dgQ n §, the following are equivalent:

1. For any a € 5pQ n Q)

1-p’ » dz
[l P u(S2) 0SB0 g < )

2. For any Pe W,

’

> (Z u(P)> pw(@' T <C Y Q). (8.3)

Q<P \P<Q

In virtue of [ARS02, Theorem 1], when d = 2 and the domain is a disk, the first condition is
equivalent to p being a Carleson measure for the analytic Besov space By(p), i.e., for any analytic
function defined on the unit disc D,

g < T, = 15O + [ 1= |z|2>p|f'<z>|Pp<z>udj”§2P-

Definition 8.8. We say that a measure satisfying the hypothesis of the previous theorem is a (p, p)-
Carleson measure for Q (or just a Carleson measure for Q when there is no risk of confusion,).

We say that a positive Borel measure p is a Carleson measure for a Lipschitz domain Q) if it is
a Carleson measure for any R-window of the domain.

Now consider a given point zg € 2. We have a finite number of monomials Py(z) = (z —
20)*xa () for multiindices A € N¢ and |\| < n. Then,

Theorem 8.9. If for every multiindex |\| < n
duy(x) = |V"TPy(x)|Pdx

defines a Carleson measure, then T is a bounded operator on W™P ().

Figure 8.2: The shadows Sh(z) and Sh(Q) coincide when z is the center of the upper face of the
cube. Furthermore, P c Sh(Q) if and only if P € Sh7(Q).
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Proof. Consider a fixed R-window Q and a properly oriented Whitney covering W, i.e. with dyadic
grid parallel to the window faces. Making use of Lemma 8.1, we only need to bound

> v vy <Moo

for every f e W™P(Q) with f|;,0)c =0.
Consider a function f € W™P(Q) with f|s,0)c = 0. Using the expression (4.2) and expanding
it as in (7.2) at a fixed point zo € €2, we have

2 VT@],, o X N Cuae ) ImaslIVITRL,
QewW

[vl<n 0<agy Qew
Moreover, taking induction on (4.3), the coefficients are bounded by

moals 3 €Q s, |f Dﬂfdm‘
1Bl <n: B=v 3Q
Y cﬁ,m][ Dﬁfdm‘
18] <n: Bz 3Q
SO
p
> vl [ 0 fam| (@
QeW \[3\<n Qew
0< <8

Taking into account that f|(s,0)c =0, we have fSP DP?fdm = 0 for P close enough to the root

Qo. Thus,
Dffdm = Dffd DA fd )
ﬁQ " PE[Q Qo) <][ "o ‘7[ "

and we can use the Poincaré inequality to find that

Bfld . .
LP(Q s |B|Z<:n Q;W (PZ:QE(P) ]ép v m> Q) o
0<A<B

QewW

By assumption, uy is a Carleson measure for every |A| < n, i.e. it satisifies both conditions of
Proposition 8.7. By Theorem 8.6, we have that, for any h € IP(pyy),

> (Z h(P)) Q) <C D hQPUQ), (8.5)

QEW \P=Q QeEW

where py(Q) = (Q)*.
Consider multiindices 8 and A with |8], [A| < n and take h(P) = {(P) f,,, VD f|dm in (8.5).
Using Holder inequality and the finite overlapping of the triple cubes, we have

D <Z ((P) fgp |VDBf|dm>p'u)\ <c ¥ <][Q|VDﬁf|dm)p “o)"

QEW \P=2Q Qew

P f V0P 17 dim £(Q)

QeW

< J VD FIP dm. (8.6)
Q
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Plugging (8.6) into (8.4) for each 8 and A, we get

% [l

< Cl iy
Qew (Q)

9 A Necessary Condition

In this section we prove a converse of Theorem 8.9 for n = 1. First we need some tools from partial
differential equations.

Remark 9.1. Given g € Lé(@), consider the function

(d-1)

d RS 1
ord (2= d)wglz —y|*=2 oly)  forzeRy (9.1)

for d > 2, where N denotes the Newton potential (2.1), Rgld*l) stands for the vertical component
of the vectorial (d — 1)-dimensional Riesz transform RU=D) and do is the hypersurface measure in
6Ri. This function is well defined since

24
< ———|g(2)|dzdo
L (o) Lm Jm ly — 2| =) W

N J]Ri <LR1 |yidz|dd‘7(y)> lg(2)| dz

< lgly

d—
HREJ Vg

and, thus, the right-hand side of (9.1) is an absolutely convergent integral for all x € Ri with
F(x) < |I‘Lg|‘(|l£2. By the same token, all the derivatives of F are well defined, F is C"’C(Ri),

harmonic and VF(z) = R(dfl)[(R((jd_l)g)da](z). When d = 2 we have to make the usual modifi-
cations.

Lemma 9.2. Consider a ball B;  R? centered at the origin with radius 1. Let g € Ll(Ri N iBl)
and
h(z) == N[(RY"Vg)do](x) — Ng(x).

Then h has weak derivatives in R% and for any ¢ € CF (@),
V¢ -Vhdm = ,[ ¢g dm. (9.2)
RY RS

Furthermore, for any x ¢ By, we have

1 .
WHQM if d> 2,
g T .
(nogloll 1+ =220 pgl, i =2
and
1 Td
|Vh(z)| < a1 1+ |log 2] lgll;- (9.4)
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Remark 9.3. Notice that h can be understood as a weak solution to the Neumann problem

—Ah(z) = g(z) ifreRY,
dah(y) = 0 if y € ORY.

Sketch of the proof of Lemma 9.2. Let us define F' as in (9.1). Then,
VF = RO-D[(RY g)do] (9.5)

and h = ' — Ng. Using Green’s identities we would finish, but we have to check the behavior of
the integrands when aproaching the boundary.

Given € > 0, consider the truncated versions g.(z) = g(z)X{z,>c} (7). Then, writing F. =
N [(Rgd_l)ge)do], it is an exercise to check that F. is C' up to the boundary, with d,F.(y)
Rgldfl)ga(y) for all y € OR%. Consider ¢ € C}(@) Using the Green identities, since F is
harmonic in Ri, we have

V¢-VE.dn— | V¢-VNg.dm = f $daF. do — f RV Vg, do + f ¢g. dm
oRY PR RY

d d
R R
= J'd ®ge-
RY

Taking limits in the previous identity one gets (9.2).
To prove the pointwise bounds for VA, recall that

Vh(z) = REDIRSVg)do](x) - RO g(a).
Given z € R1\By, since supp(g) < 1B,

|RUDg(a)] = c

[ W)(x—z)dz‘ < lal, (9:6)
B '

Lkl I

On the other hand, consider z € supp(g) and x ¢ By. Then, for y € dR? n B(0, |z|/2) one has
lx —y| ~ |z|, for y € ORL n B(0,2|z|)\B(0, |z|/2) one has |y — z| ~ |z| and otherwise |y — x| ~

ly — 2| & |y|. Thus,
J (J 9(2)za dZ> (z —y)do(y)
R \JBy ly — 2| |z — y|
< f (f l9(2) 24 dZ) do(y)
RLAB(0,|z|/2) \IB; ly — 2| ||~

|l9(2)|zadz  do(y)
" Jons EEVATET
eRE A B(a’, |z /2)\B(0,]x|/2) \JB; Y

RODIRE g)do] (@) = ¢

do(y
+J (J lg(2)|z4 dz) %. (9.7)
CRIN(B(' 2 1/2) 0 B(O,]2]/2) \J B, lyl
The first term can be bounded by C‘l‘gd”_ll because S(?]Rd l‘;‘i(zyl)d = Ci. The second can be
4 ,
bounded by C”lgllfd”l log % using polar coordinates and the last one can be bounded by C”lgllfd”l

trivially. Thus,

rillgly
||

Td

g
|z]

‘R(d—l)[(R&d*I)g)dU](x) < H9||1 _i_rl”ng lo

S T T gy "
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proving (9.4) since r1 < |z|.
To prove the pointwise bounds for h, recall that

h(z) = N[(RY " g)do](z) — Ng(z).

When d > 2 we use the same method as in (9.6) and (9.7) using Newton’s potential instead of the
vectorial (d — 1)-dimensional Riesz transform to get

lgly ., gl
h® < + .
h*(2)] < |z|d=2 " Jg]dt

When d = 2 the Newton potential is logarithmic, but the spirit is the same. In this case,
arguing as before,

z| + |z|log |z| + z2 logx
@) < ogellgly + gl OB rzlos

O

Proposition 9.4. Given a window Q of a special Lipschitz domain Q with a Whitney covering
W, a finite positive Borel measure p supported on 6gQ with

1w(Sh(Q)) < CUQRQ)T ™  for every Q e W, (9.8)

and given f € WIP(Q) define the Whitney averaging function
A5@) = ¥ xo@) | )y (9.9)
Qew 3Q

If A: WEP(Q) — LP(u) is bounded, then u is a (p, p)-Carleson measure for p(z) = dist(x, 0Q)?P.

Proof. We will argue by duality. Let us assume that the window Q = Q(0, &) is of side-length R
and centered at the origin, which belongs to 0. Notice that the boundedness of A is equivalent
to the boundedness of its dual operator

A 1 () = (W),

We also assume that ¢ = 0 in a neighborhood of 0. One can prove the general case by means of
truncation and taking limits since the constants of the Carleson condition (8.3) and the the norm
of the averaging operator will not get worse by this procedure.

Fix a cube P. Analogously to [ARS02, Theorem 3|, we apply the boundedness of A* to the
test function g = xgn(p) to get

JA* g sqepye < L0l ) = n(SB(P)).

Thus, it is enough to prove that

>, 1(Sh(Q)UQ)

Q<P

p—d
p—1

< [A* 9” (wie ()« T #(Sh(P)). (9.10)

Given any f € WHP(Q), using (9.9)

A9 f)= [gAfdu= Lf(

26

X3Q 7[ gdu)

QeEW



where we wrote (-, for the duality pairing. Consider

SN X3Q (%) B wQ)
g(z) = py 3 ]égdu = QgpxggQ(x)m(gQ). (9.11)

Then,
(A*g, f5 = f 37 dm
Q

Notice that g is in L* with norm depending on the distance from the support of u to 092 by (9.8),
but the norm of § in L' is well known:

191+ = n(Sh(P)).

/
L—]
/ /
A //:
| |
=
| |
e |
| P w
| L1 I r
E o T
o S el
Sh(Q) -

Figure 9.1: We divide Ri in pre-images of Whitney cubes.

Consider also the change of variables w : R? — R? w(z’,z4) = (2,24 + A(z')) where A is
the Lipschitz function whose graph coincides with 02, and to any Whitney cube @ assign the set
Q. = w 1(Q) and its shadow Sh,(Q) = w }(Sh(Q)) (see Figure 9.1). Then, for any x € R? we
define

go(x) := g(w(z))|det(Dw(x))], (9-12)

where det(Dw(-)) stands for the determinant of the jacobian matrix. Notice that still |go[ ;. =
|9l = n(Sh(P)), and

<A*g,f>=f fﬁdm=f fow:-godm. (9.13)
Q R‘i
The key of the proof is using

h(z) := N[(RY™ go)do](z) — Ngo(z), (9.14)

which is the solution h € L}

loe(RL) of the Neumann problem

f Vé-Vhdm = J ®go dm for any ¢ € C}(@), (9.15)
RY RY

provided by Lemma 9.2.
We divide the proof in four claims:
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Claim 9.5.
(A*g,pow™ ) = jd Vh-V¢ for any ¢ € CL(R).
]R‘F

Proof. Since w is bilipschitz, the Sobolev WP norms before and after the change of variables w
are equivalent (see [Zie89, Theorem 2.2.2]). In particular, for ¢ € C(R%), pow™" € WHP(Q) and
we can use (9.13) and (9.15). O

Now we look for bounds for [|04h| 1 (gh,, (p))- The Holder inequality together with a density
argument would give us the bound

1A% gl w10 0)yx < VAL + 1(Sh(P)),
with constants depending on the window size R, but we shall need a kind of converse.

Claim 9.6.
[0ah] o < 1A% g w10y + 1(Sh(P))

Proof. Take a ball By containing w='(2Q). The duality between LP and L?’ gives us the bound

HathLP’(Shw(P)) < sup quadh dm‘ .
$eCF (B1nRY)
lol, <1

To avoid problems in the boundary, we will consider h® to be the symmetric extension of h with
respect to the hyperplane x4 = 0, h*(z',24) = h(z',|xq]). One can see that h® has global weak
derivatives 0;h° = (0;h)® for 1 < j < d—1 and 04h°(2’, xq) = —0gh(z’, —x4) for any x4 < 0. Thus,

outliisn.ien < s |[6oun anl. (9.16)
$eCr (B1)
lol,<1

Given ¢ € C(B1), one can consider the function d(z) = ¢(z) — ¢(z — 11 eq), where eq denotes
the unit vector in the d-th direction and r1 = {diam(Bj), and take

Iy(x) = - o(a’ t)dt. (9.17)

—C

Then, we have Iy € C7(3B1) with daly = ¢ in the support of ¢ and [dals[; = 2[¢][;. Thus,

ng 6dhsdm = <6d1¢, 6dhs> - 6d1¢ 6dhsdm (918)
3B1\B1

where we use the brackets for the dual pairing of test functions and distributions. Using Hélder’s
inequality and the estimate (9.4) one can see that the error term in (9.18) is bounded by

L o o i < 10aTol 0 ) < €16l (SHP)) (9.19)

Notice that the constant C' only depends on the Lipschitz constant §y and the window side-length
R.
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It is well known that the vectorial d-dimensional Riesz transform,

1 T —
R(d)f(gc) = 7p.v.J %f(y)dy for any f€ S
2Wd+1 Ra [ —y|*F

is, in fact, a Calderén-Zygmund operator and, thus, it can be extended to a bounded operator in
LP. Writing Rz(d) for the i-th component of the transform and RE?) = Rz(d) o ;d) for the double
Riesz transform in the ¢ and j direction, one has 051y = RE?AId, = ARZ(?) I by a simple Fourier
argument (see [Gra08, Section 4.1.4]). Thus, writing f, = REIZ)qu, we have Afy = 0gqly, so

{0aly,04h®y = —(0aqaly, h*) = —(Afe, h®). (9.20)
Next we claim that
—(Afy,h*) = — hn;(AfT, h®y = hnle(Vfr, Vh*> (9.21)

where ¢ is a given function in C°(B1), fs = Ré‘fi) I with I, defined as in (9.17) and f, = ¢, f3
with ¢, a bump function in C(Ba,(0)) such that xp (o) < ¥r < XB,,.(0)) |Ver| $ 1/r and
|Ag,| < 1/r?. The advantage of f,. is that it is compactly supported, while only the laplacian of
fo is compactly supported.

Recall that Af, = daal, € CF(RY) so, by the hypoellipticity of the Laplacian operator, f €
C™(R?) itself (see [Fol95, Corollary (2.20)]). Thus, the second equality in (9.21) is trivial since f,.
are C functions. It remains to proof

(Af, — Afg, h*y 22255 0. (9.22)

To prove (9.21) recall that Af, is compactly supported, so taking r big enough we can assume
that

Al(er = 1) fg] = (Apr) fg + 2V, - V fg,

(Lell] Rl

SO

72 r

KAS, — Afy h%) < j

B3, (0)\B(0)

It is left for the reader to prove (9.22) plugging (9.3) in this expression. One only needs to use
that fy and V fy are in any L? space for 1 < ¢ < oo.
We can use f5(z',z4) = fr(2',—z4) by a change of variables and, by Claim 9.5, we obtain

JVf,« -Vh®dm = f V- Vhdm + J V- Vhdm = (A*g, (fr + ) ow ). (9.23)
R R
Summing up, by (9.18), (9.19), (9.20), (9.21) and (9.23) and letting = tend to infinity, we get
[o0un an| < (4%, (4 + 121 00073 + ol (SHP), (9.21)

Using Holder inequality in (9.17) we have that [Is[, < C|¢[,. Now, d;f, = @R&?Lp =

jo) 0aly, so using the boundedness of the d-dimensional Riesz transform in LP we get

[follwre = 1fol e + 1V fsl Lo < CULl, + 10als],) < Clél,- (9.25)
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Summing up, by (9.16), (9.24) and (9.25) we have got that
[0ablly < sup  [CA*g, fow ]+ u(Sh(P)).

|‘f“w1,p(ugd)<1

On the other hand, by [Zie89, Theorem 2.2.2] ||f o w‘1||W1=p(Q) A ||f||W1,p(Ri) for any f, so we
have

l0ahllw < sup [CA*g, Pl + n(Sh(P)) = | A*g] g1 (yys +(Sh(P)),

[flw1.p @yt
that is Claim 9.6. O
Next we can make the big step towards the proof of (9.10):
Claim 9.7.

p—

3 u(Sh(Q) UQ)FT < [2ah]”,

Q<P
G (w(2))de ’ dz
" QZSIPI w (J:{z:zd>wd} |1‘ — Z|dg( ( )) >
§ @ i @ (9.26)

Proof. Notice that in (9.14) we have defined h in such a way that

dah(z) = RY V(R go)do](z) — RS go(a)
_ -1 <2xdzd j do(y) N Tq— zd> g0(2)d.

Wd Jrd Wq R ly — 2|4z —yl* |z — 2

Given z,z € R, consider the kernel of Rédil)[(R;dfl)(-))do] — ]-EEZCFI)(-)7

2T 424 do(y) Tq — 24
Glaz) = 22t [ TR (9.27)
wq Jorae |y — 2o —y|? [z — 2]
so that
-1
Oah(z) = — Gz, 2)go(2) dz. (9.28)
wq Ri
We have the trivial bound I
Gz, 2) + ﬁ Xizamza} (2) = 0, (9.29)

but given any Whitney cube @ < P, if z € Sh,,(Q) we can improve the estimate. In this case,

f do(y) f do(y) 1
oR% ASh,, (Q) ly — 2|~ PRL nw=1(Sh(z)) ly — 2| 24’

and, thus, when we consider x € @, and z € Sh,(Q) we have

2d — T4 2w424q do(y)
G(x,2) + ———— X(z. 52 (2) = J,
(o 2) 4 g X B 2 2, 7 s = 2l — o
14 d Y4
Q) Jort nsn@y [y — 2|7 7 UQ)
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By the Lipschitz character of 2 we know that |det Dw(z)| ~ 1 for any z € R%. Thus, by (9.11)
and (9.12), given @ < P we have

D= D)< [ gwdes [ g
5<Q Sh(Q) Sh,, (Q)
For any = € Q,,, using (9.29) and (9.30) together with (9.28) we get

Zd — Xd ~

Jlw(z)) dz Q)"

W(Sh(Q) < | Gz, 2)g0(2) dz €(Q)* +L |

— ~ld
Ri |.I' Z|

< 0ah(@)|Q)* + f{ F T o) dz Q)T

Z:124>Tq} |.Z‘ - Z|d

Then, raising to the power p’, averaging with respect to x € @, and summing with respect to

Q < P with weight py(Q) = €(Q)5%Lli, since (d — 1)p’ + —d =0, we get Claim 9.7.
O

Finally, we bound the negative contribution of the (d— 1)-dimensional Riesz transform in Claim
9.7, i.e. we bound @

Claim 9.8.

’

®- ZJ (L . }g:jiﬁ(w(z))dz> dz < pu(Sh(P)).

Q<P

Proof. Consider x, z € R‘i with x4 < z4 and two Whitney cubes @ and S such that z € Q,, and
2z € w(35)\w™1(3Q), then

24— Td _ dist(w(z), 092) < £(5)
[z =24~ D(S,Q)* T D(S,Q*

On the other hand, when 35 n 3Q # &,

J lza = zal < p0) ~ 0(5).
w=1(3Q)

|z — 2|4

Bearing this in mind and the fact that, by (9.11) g(w(2)) < > o Xg,;((d(Z))%, one gets

@s Qgpe( <S§P s )pl

Let us consider a fixed € > 0 and apply first the Holder inequality and then (9.8). We get

=g, (5550 (

7
ya

,U' lJrep7
3 o)

Q<P S<P S<P

1( g(s ) ( K(S)dp+1+ep> B2
< 0Q) _ .
3o (5 15 ) (S S



By Lemma 3.13, the last sum is bounded by CU(Q)~PH1* with C depending on ¢ as long as
d>d—p+1+ep>d—1, that is, When—<e<p . Thus,

175p'£(Q)d+(571)p'+p'/p

SHY(S
@SZ ZN( )E(S) D(S’Q)d

Q<P S<P

3 e’ E(Q)d—1+ep/
—SEPM(SV(S) Qgpimw)d :

Again by Lemma 3.13, the last sum does not exceed C’Z(S)’HEP’ with C' depending on € as long
asd>d—1+e >d—1,1ie, when 0 <e< 1% = pTTl. Summing up, we need

-2 -1
max{p,O} <e< L.
p p
Such a choice of € is possible for any p > 1. Thus,
(2) < Y] ul(S) = u(Sh(P)).
S<P

O

Being y a finite measure, u(Sh(P))? < u(Sh(P))u(6,Q)? ~1. Thus, the last term in (9.26) is
also bounded due to Claim 9.6:

() < AWz e + 1(SHP) < LA*" gl )+ #(SB(P) € u(SR(P))  (931)

Using Claim 9.7 together with Claim 9.8 and (9.31), we get that

3 w(Sh(Q))” Q)7 < u(Sh(P)).

Q<P
O

Theorem 9.9. Given a Calderdn-Zygmund smooth operator of order 1 and a Lipschitz domain
Q, the following statements are equivalent:

1. Given any window Q with a properly oriented Whitney covering, and given any Whitney cube
P c 60Q, one has

’

P
VT(xo)l? | €Q)5FT <C VT(xo)P.
D (LMQ)| <XQ>|> @F < 970

Q<P

2. T is a bounded operator on WP((Q).

Proof. The implication 1 = 2 is Theorem 8.9.

To prove that 2 == 1 we will use the previous proposition. Let us assume that we have
a properly oriented Whitney covering W associated to an R-window Q of a Lipschitz domain €,
where we assume that the window Q = Q(0, £) is of side-length R and centered at the origin, and
define

dp(x) == VT (xo) ()" xs,0(z) dx
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Notice that if T' is bounded in W1P(Q) then, by Lemma 8.1,

X 1f

QeW
so the discrete averaging operator Agq : WHP(Q) — LP(u) defined as

p

@) < HfHWLP(Q)v

Aaf@) = Y xol@) ﬁ@f@) dy. (9.32)

QeEW

is bounded.

Consider the Lipschitz function A whose graph coincides with the boundary of 2 in Q. We
say that € is the special Lipschitz domain defined by the graph of A that coincides with (2 in the
window Q. One can consider a Whitney covering W associated to Q such that it coincides with
W in 69Q. Consider the €2 version of the averaging operator,

Af(@) 1= Aaf(@) = 3 xo(@) f Fw)dy for W),
Qew 3Q
It is easy to see that the boundedness of Agq implies the boundedness of
AW (@) > L ()

(consider an appropriate bump function and use the Leibnitz formula).

In order to apply Proposition 9.4, we only need to show that x(Sh(Q)) < C¢(Q)% P, which in
particular implies that f is finite. Consider a bump function ¢q such that xsni20) < ¥ < Xsh@o)
with [Vegl| < ﬁ

Then,

H(Sh(Q) - |

VT xq(z)Pdx
Sh(Q)

< f VT (xe — po) (@)Pde + j VT ()P de.
Sh(Q) Q

With respect to the first term, notice that given x € Sh(Q), dist(z, supp(xa — v0)) > $4(Q) so
Lemma 5.4 together with (5.1) allows us to write

1 1
dy < 5=

V(0 - vo)a)l < | e

RA\Sh(2Q) ly — x|d+
Being Q a Lipschitz domain, m(Sh(Q)) =~ £(Q)?, so
[ 9T - )@l < (@)
Sh(Q)

The second term is bounded by hypothesis by a constant times HchHf;Vl,p(Q), and

[0ty = 10alin + V60 Eq < €Q + Q) < (R + DUQ)™ ™,

where R is the side-length of the R-window Q, proving that p satisfies (9.8). O
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10 Final remarks

Remark 10.1. The article of Arcozzi, Rochberg and Sawyer [ARS02] has been the cornerstone
in our quest for necessary conditions related to Carleson measures. In fact their article provides
a quick shortcut for the proof of Theorem 9.9 (avoiding Proposition 9.4) for simply connected
domains of class C* in the complex plane, and we belicve it is worth to give a hint of the reasoning.

Sketch of the proof. In the case of the unit disk, we found in the Key Lemma that if 7" is a
smooth convolution Calderén-Zygmund operator of order 1 bounded in W1?(D), then

f VX dm(2) < 1 By, (10.1)
QeEW

for all f € WLP(D). If one considers du(z) = |[VTxp(2)[Pdm(z) and p(z) = (1 — |2]?)*7P, then,
when f is in the Besov space of analytic functions on the unit disk B, (p),

111, ) = LFOP + fD PP - |z|2>1’p<z>m ST

Using the mean value property (and (9.8) for the error term), one can see that if T' is bounded
then for every holomorphic function f, the bound in (10.1) is equivalent to

[ rePIVTwEPant) < 1712, ) (10.2)

Leo [fllpe(uy < Ifg, (- Following the notation in [ARS02], the measure p is a Carleson measure
for (By(p),p), stablishing Theorem 9.9 for the unit disk by means of Theorem 1 in that article.
For 2 < C Lipschitz, we also have

f PN Txa()Pdm(z) < 1By,

for any analytic function f. If  is simply connected, considering a Riemann mapping F : D — Q,
and using it as a change of variables, one can rewrite the previous inequality as

| 17 PPuF@)IP P am) < sFO)P
+ [ o PY@PIF @ am(w)

for every f analytic in Q. Writing dji(w) = u(F(w))|F' (w)]?dm(w), and p(w) = |F'(w)(1—|w|?)|*7?,
one has that given any ¢ analytic on D,

l9l Loy = 91, ()

So far so good, we have seen that i is a Carleson measure for (B,(p),p), but we only can use
[ARS02, Theorem 1] if two conditions on p are satisfied. The first condition is that the weight p is
“almost constant” in Whitney squares, i.e.,

for x1,20 € Q €W = p(x1) =~ p(z2),
and this is a consequence of Koebe distortion theorem, which asserts that

|F' (w)](1 — |w]?) ~ dist(F(w), o)
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(see [AIMO09, Theorem 2.10.6], for instance). The second condition is the Bekollé-Bonami condition,
which is

[ a=Er=2am (j@ (L= ePy=2p() dm(z))pl < m(@Q)".

If the domain  is Lipschitz with small constant depending on p (in particular if it is C*), then
this condition is satisfied (see [Bek86, Theorem 2.1]). O

Remark 10.2. We want to point out some open problems to conclude this exposition. First of
all, when n > 1 we have found a sufficient condition in terms of Carleson measures, but we do not
know if this condition (or a similar one) is necessary.

Secondly, we have been working on the fractional Sobolev spaces, W*P(Q) for s ¢ N, obtaining
no remarkable results up to the present moment, even for the “easy” case p > d.

Finally we have some results to appear connecting the boundedness of the even smooth con-
volution Calderon-Zygmund operators to the geometry of the boundary of 2, which are valid for
d = 2, that is, the complex plane. It remains open to see if this arguments can be adapted to higher
dimensions.
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