WEIGHTED NORM INEQUALITIES FOR
CALDERON-ZYGMUND OPERATORS WITHOUT
DOUBLING CONDITIONS

XAVIER TOLSA

ABSTRACT. Let p be a Borel measure on R? which may be non doubling.
The only condition that p must satisfy is u(B(z,7)) < Cr™ for all z €
R? r > 0 and for some fixed n with 0 < n < d. In this paper we
introduce a maximal operator N, which coincides with the maximal
Hardy-Littlewood operator if u(B(z,r)) ~ r™ for € supp(u), and we
show that all n-dimensional Calderén-Zygmund operators are bounded
on LP(wdpy) if and only if N is bounded on LP(wdu), for a fixed p €
(1,00). Also, we prove that this happens if and only if some conditions
of Sawyer type hold. We obtain analogous results about the weak (p, p)
estimates. This type of weights do not satisfy a reverse Holder inequality,
in general, but some kind of self improving property still holds. On the
other hand, if f € RBMO(p) and ¢ > 0 is small enough, then ¥
belongs to this class of weights.

1. INTRODUCTION

Let 1 be some Borel measure on R? satisfying
(1.1) w(B(z,r)) < Cor" for all z € R%, r > 0,

where n is some fixed constant (which may be non integer) with 0 < n < d.
In this paper we obtain a characterization of all the weights w such that, for
every n-dimensional Calderén-Zygmund operator (CZO) T which is bounded
on L?(p), the following weighted inequality holds:

(1.2) /\Tf]pwd,ug C/\f\pwd,u for all f € LP(w),

where C' is independent of f, 1 < p < oo, and LP(w) := LP(wdu). It is
shown that these weights w are those such that a suitable maximal operator
N (defined below) is bounded on LP(w). We also prove an analogous result
for the weak (p,p) estimates.

Moreover, we show that the LP weights for CZO’s (and for N) satisfy a self
improving property. Loosely speaking, weak weighted inequalities for w and
for the dual weight w=/®=1) imply strong weighted inequalities for w and
its dual weight. Let us remark that we do not assume that the underlying
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measure 4 is doubling. Recall that p is said to be doubling if there exists
some constant C' such that u(B(x,2r)) < C u(B(z,r)) for all z € supp(u)
and r > 0.

In the particular case where u coincides with the Lebesgue measure on
R9, it is known that the weighted inequality (1.2) holds for all d-dimensional
CZO’s if and only if w is an A, weight. This result was obtained by Coifman
and Fefferman [CF], and it generalizes a previous result by Hunt, Mucken-
houpt and Wheeden [HMW] about the Hilbert transform. Let us recall that
Muckenhoupt proved [Mu] that the A, weights are precisely those weights w
for which the Hardy-Littlewood operator is bounded on LP(w) (always as-
suming g to be the Lebesgue measure on R?). So the L? weights for CZO’s
and the LP weights for the maximal Hardy-Littlewood operator coincide in
this case.

Suppose now that the measure u satisfies

(1.3) w(B(z,r)) ~r" for all x € supp(u), r > 0,

where A ~ B means that there is some constant C' > 0 such that C~14 <
B < CA, with C depending only on n and d (and also on Cj sometimes),
in general. In this case the results (and their proofs) are analogous to the
ones for the Lebesgue measure. Namely, (1.2) holds for all n-dimensional
CZO’s if and only if w € A, which is equivalent to say that the maximal
Hardy-Littlewood operator is bounded on LP(w).

Many other results about weights for CZO’s can be found in the literature.
In most of them it is assumed that  is either the Lebesgue measure on R?
or the underlying measure of a space of homogeneous type, satisfying (1.3).
See for example [Pé] and the recent result on the two weight problem for
the Hilbert transform in [Vo).

It is much more difficult to find results where (1.3) does not hold. Saks-
man [Sak| has obtained some results concerning the weights for the Hilbert
transform H on arbitrary bounded subsets of R (with p being the Lebesgue
measure restricted to these subsets). These results relate the boundedness
of H on LP(w) with some operator properties of H, and quite often his argu-
ments are of complex analytic nature. Orobitg and Pérez [OP] have studied
the A, classes of weights with respect to arbitrary measures on R?, which
may be non doubling. In particular, they have shown that if w is an A,
weight, then the centered maximal Hardy-Littlewood operator is bounded
on LP(w), and that if moreover p satisfies (1.1), then all n-dimensional
CZO’s are also bounded on LP(w). Other more recent result which involve
the operator

1
M (5) 20 )

where the supremum is taken over all balls B containing x, have been ob-
tained in [Ko].

[ 1#@ldunts) for @ € supp() and k> 1.
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Our approach uses real variable techniques and it is based on the ideas and
methods developed in [To2], [To3] and [To4] to extend Calderén-Zygmund
theory to the the setting of non doubling measures. Indeed, recently it has
been shown that the doubling assumption is not essential for many results of
Calderén-Zygmund theory. See [NTV1], [Tol], [NTV2], [MMNO] and [GM],
for instance, in addition to the references cited above.

In order to state our results more precisely, we need to introduce some
definitions. A kernel k(-,-) : R? x R? — R is called a (n-dimensional)
Calderén-Zygmund (CZ) kernel if

Cy :
(1) [k(z, )| < T if  # y,
(2) there exists some fixed constant 0 < v < 1 such that
k k(2! k by, o')] < Gy 1221
|k(2,y) — k(2 y)| + [k(y, 2) — k(y, )] < A P—TE]

if |z — 2| <z —vy|/2.
Throughout all the paper we will assume that x is a Radon measure on R?

satisfying (1.1). We say that 7" is a (n-dimensional) CZO associated to the
kernel k(z,y) if for any compactly supported function f € L?(iu)

(1.4) Tf(z) = / K(e,y) f(y) duly)  if = & supp(u).

and T is bounded on L?(u) (see the paragraph below regarding this ques-
tion). If we want to make explicit the constant v which appears in the
second property of the CZ kernel, we will write T' € CZO(~).

The integral in (1.4) may be non convergent for x € supp(u), even for
“very nice” functions, such as C*° functions with compact support. For this
reason it is convenient to introduce the truncated operators T, € > 0:

TA@ = [ k) S0 )

Then we say that T is bounded on L?(u) if the operators 7. are bounded
on L?(u) uniformly on € > 0.

Now we will define the maximal operator V. For 0 < r < R and a fixed
x € supp(u), we consider the function

1/r™ if0<|z—y| <r,
parr(y) =4 V0w —y|" ifr<|z—y| <R,
0 if |z —y| > R.

Then we set

1
1.5 Nf(x)= sup /(p”Rfdu,
5 @ T4 Tpanallgy | PorR ]

for f € L} (1) and x € supp(u).
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Throughout all the paper w stands for a positive weight in L}, (x). Some-
times the measure w dp is denoted simply by w. The notation for the dual
weight is o := w VPN with 1 < p < .

The first result that we will prove deals with the weak (p, p) estimates.

Theorem 1.1. Let p, v be constants with 1 < p < oo and 0 <y < 1. Let w
be a positive weight. The following statements are equivalent:
(a) All operators T € CZO(y) are of weak type (p,p) with respect to
w ds.
(b) The mazimal operator N is of weak type (p,p) with respect to w dpu.

Next we state the corresponding result for the strong (p,p) estimates.

Theorem 1.2. Let p, v be constants with 1 <p < oo and 0 <y < 1. Let w
be a positive weight. The following statements are equivalent:

(a) All operators T € CZO(y) are bounded on LP(w).
(b) The mazimal operator N is bounded on LP(w).

Let us denote by Z, the class of weights w such that N is bounded on
LP(w), and by Z;”eak its weak version, that is, the class of weights w such
that N is bounded from LP(w) into L”*°(w). Notice that since N is bounded
on L*°(w), by interpolation we have Z, C Z, if 1 < p < ¢ < co. On the
other hand, the inclusion Z,, C Z;”e“k is trivial, and by duality (of CZO’s)
and Theorem 1.2 it follows that w € Z, if and only if o € Z,/, where p/
stands for the conjugate exponent of p, i.e. p’ =p/(p —1).

We will prove the following self improving property for this type weights:

Theorem 1.3. Let w be a positive weight and 1 < p < oco. If w € Z;,”e“k
and o = w1/~ ¢ Z;j,}e“k, then w € Z, and 0 € Z.

More detailed results are stated in Lemmas 4.1 and 4.2 in Section 4. In
particular, necessary and sufficient conditions of “Sawyer type” are given for
the boundedness of N on LP(w) and also for the weak (p, p) case. Moreover,
it is shown that if w € Z, (w € Z¥*¥), then the maximal CZO

T.f(z) = Sup T-f ()]

is bounded on LP(w) [of weak type (p,p) with respect to w].
Let us see an easy consequence of our results. Given A > 1, let M) be
following version of the maximal Hardy-Littlewood operator:

(1.6)

1
VS (@) = sp s [ Il f € Ll 2 € supn()

It is easily seen that for any A > 1,

(L7)  Nf(2) <CO)Maf(@), [ €L (u), € supp(p).

Thus all weights w such that M) is bounded on LP(w) belong to Z,, and
then all CZO’s are bounded on LP(w). In particular, A, C Z, if 1 < p < oo.
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Observe that the maximal operator IV is a centered maximal operator,
which is not equivalent to any “reasonable” non centered maximal operator,
as far as we know. This fact and the absence of any doubling condition on p
are responsible for most of the difficulties that arise in our arguments. For
instance, it turns out that the weights of the class Z,, don’t satisfy a reverse
Hoélder inequality, in general. Indeed there are examples which show that it
may happen that w € Z, but w'*® & L] () for any € > 0 (see Examples 2.3
and 2.4). Also, we will show that the weights in Z, satisfy a property much
weaker than the Ao, condition of the classical A, weights (see Definition 5.1
and Lemma 5.3), which is more difficult to deal with.

Let us notice that it has been shown in [OP] that, even with pu non
doubling, if w € A,, then w satisfies a reverse Holder inequality. As a
consequence, A, # Z, in general.

The plan of the paper is the following. In Section 2 we show some exam-
ples which illustrate our results. In Section 3 we recall the basic properties
of the lattice of cubes introduced in [To3] and [To4], together with its asso-
ciated approximation of the identity. This construction will be an essential
tool for our arguments. In the same section we will study some of the prop-
erties of the maximal operator N. In Section 4 we state Lemmas 4.1 and
4.2, from which Theorems 1.1, 1.2 and 1.3 follow directly. Lemma 4.1 deals
with the weak (p,p) estimates, and it is proved in Sections 5-7, while the
strong (p,p) case is treated in Lemma 4.2 and is proved in Sections 8-10.
In Section 11 we explain how to prove the theorems above in their full gen-
erality, without a technical assumption that is used in Sections 5-10 for
simplicity. Finally, in Section 12 we show which is the relationship between
Zy and RBMO(p) (this is the space of type BMO introduced in [To2]), and
we make some remarks. In particular in this section we prove the following
result:

Theorem 1.4. Let 1 <p < oo. If f € RBMO(u) and e = (|| f||+,p) > 0
is small enough, then e/ € Zy.

For the precise definition of RBMO(u), see Section 12.

2. SOME EXAMPLES

Example 2.1. If u(B(z,7)) ~ r" for all x € supp(u), then N f(z) ~ M f
where M is the usual centered Hardy-Littlewood operator (defined in (
with A = 1). In this case, the class Z, coincides with the class A,,.

(z),
1.6)
Example 2.2. In R? consider the square Qp = [0,1]?> and the measure
dp = xg,dm, where dm stands for the planar Lebesgue measure, and take
n = 1. That is, we are interested in studying the weights for 1-dimensional
CZO’s such as the Cauchy transform. Notice that p is a doubling measure
which does not satisfy the assumption in Example 2.1. For this measure,

we have the uniform estimate [ \yix| du(y) < C. Then, from Theorem 1.2,
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we deduce that the class Z, coincides with the class of LP weights for the
fractional integral

0@ = [ = 1) ditw)

since N f(z) = Ip|f|(z). This is the result that should be expected because,
with our choice of u, Iy is a CZO, and for all other T' € CZO(~), we have

Tf ()| < CLIolf|().

Example 2.3. This is an example studied by Saksman in his paper about
weights for the Hilbert transform [Sak]. We are in R and n = 1. Let
U, = 1/k! and consider the intervals I}, = (% b 1y %’“) for k> 1. Let u
be the Lebesgue measure restricted to the set S := (Jyo; I.

Let w be a weight such that w > 1 and wz, is constant for each k > 1. In
[Sak], it is proved that, for any p € (1, 00), the Hilbert transform is bounded
on LP(w) if and only if w € L'(x). Almost the same calculations show that
the operators Sy, (defined after Lemma 3.7 below) are uniformly bounded
on LP(w) if and only if w € L(p).

So, if a weight wy is defined by wo|;, = (n — 2)!, then wy € Z,, for all p €
(1,00), by Lemma 4.2 below. However, it is easily seen that w'™® ¢ L' ()
for any € > 0. Therefore, wy does not satisfy a reverse Holder inequality.

Example 2.4. In this example we will show that there are measures u
and weights w € Z, such that the (centered) maximal Hardy-Littlewood
operator M is not bounded on LP(w). Also we will see that it may happen
w € Z, but w € Z,_. for any € > 0.

We take d = n = 1. Suppose that I; and I5 are disjoint intervals on R.
The measure p is the Lebesgue measure restricted to I; U I>. Suppose that
wu(l) = p(l2) = L, and let D = dist(Iy, Iz), with D > 2L. For f = xy,, the
inequality || M f||zo(w) < Csl fllzr(w) implies
(2.1) w(IQ) < 04 w(Il),
with Cy depending on C5 but not on D or L. By symmetry, (2.1) also holds
interchanging I7 and Is.

Also, if w € Z,, from |[Nfllpp@w) < Csllfllorw) We get %w(Ig)l/p <
Cw(I;)Y/P. That is,

L p
The constant Cg depends only on C5. By symmetry, we deduce
L\? L\?
(2.3) 06_1 <D> ’U}(IQ) S w(Il) S C@' (D) ’LU(IQ)

If w is constant on each interval I, Iz, then N is bounded on LP(w) and it
is easily seen that || N||1p(w)—rrw) < C(C).

Now we introduce a new measure p on R. For each integer m > 1 we
consider the intervals I{* = 1000™ 4 [-m — 1,—m] and I3* = 1000™ +
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[m,m + 1], so that D, := dist([{*,I3") = 2m and L = 1. The measure
p is the Lebesgue measure restricted to J;-_;(I{" U I3"). The weight w is
constant on each interval wym, with wyy;m = 1 and w); = (D /L)P = (2m)P.

The maximal operator M is not bounded on LP(w) because, otherwise,
we should have w(13") < Cw(I]") uniformly on m, as in (2.1). On the other
hand, (2.3) is satisfied (with the corresponding subindices and superindices
m) uniformly on m. Taking also into account that I7* U I3 is very far from
ITU I3 if m # r, it is easily checked that N is bounded on LP(w). Moreover,
N is not bounded on LP~¢(w) for any € > 0 because the inequality

(5) wie) <o)

fails for m big enough.

3. PRELIMINARIES

3.1. The lattice of cubes. For definiteness, by a cube we mean a closed
cube with sides parallel to the coordinate axes. We will assume that the
constant Cp in (1.1) has been chosen big enough so that for all cubes @ C R?
we have u(Q) < Cpl(Q)", where £(Q) stands for the side length of Q.

Given o, 3 > 1, we say that the cube Q C R%is (o, 3)-doubling if u(aQ) <
Bu(Q). If o and 8 are not specified and we say that some cube is doubling,
we are assuming a = 2 and 3 equal to some constant big enough (3 > 2¢,
for example) which may depend from the context.

Remark 3.1. Due to the fact that u satisfies the growth condition (1.1), there
are a lot “big” doubling cubes. To be precise, given any point x € supp(u)
and ¢ > 0, there exists some («,3)-doubling cube @ centered at x with
[(Q) > c. This follows easily from (1.1) and the fact that we are assuming
that g > o™.

On the other hand, if 8 > a? then for p-a.e. x € RY there exists a
sequence of («, #)-doubling cubes {Q}r centered at x with £(Qx) — 0 as
k — 00. So there are a lot of “small” doubling cubes too.

Given cubes Q, R, with Q C R, we denote by zg the center of (), and by
QR the smallest cube concentric with ¢ containing ) and R. We set

1
6(Q,R) = \/QR\Q‘x_ZQ’ndIUI((E)‘

We may treat points € R? and the whole space R? as if they were cubes
(with £(z) = 0, £(R?) = 00). So for x € R? and some cube @, the notations
§(z,Q), 6(Q,RY) make sense. Of course, it may happen §(z, Q) = oo and
§(Q,R?Y) = .

In the following lemma, proved in [To3|, we recall some useful properties
of §(+,-).

Lemma 3.2. Let P,Q,R C R? be cubes with P C Q C R The following
properties hold:
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(a) If £(Q) ~ ((R), then 6(Q,R) < C. In particular, §(Q,pQ) <
Co 2™ p™ for p > 1.

(b) If @ C R are concentric and there are no doubling cubes of the form
2FQ, k >0, with Q C 2°Q C R, then 6(Q,R) < C7.

(¢) 5(Q,R) < C <1+log EESD .

(d) [6(P,R)—[6(P,Q)+6(Q, R)]| < eo. That is, with a different notation,
5(P, R) = 8(P,Q) + 8(Q, R) + .

The constants C' and g that appear in (b), (¢) and (d) depend on Cp, n, d.
The constant C' in (a) depends, further, on the constants that are implicit
in the relation ~. Let us insist on the fact that a notation such asa =b+¢
does not mean any precise equality but the estimate |a — b| < e.

Now we will describe the lattice of cubes introduced in [To4]. In the
following lemma, @, ;. stands for a cube centered at z, and we allow @, 1, = x
and Qg 1 = RY. If Quk # z,R%, we say that Qz i 1s a transit cube.

Lemma 3.3. Let A be an arbitrary positive constant big enough. There
exists a family of cubes Qg , for all x € supp(p), k € Z, centered at x, and
such that:

(a) Qug C Qo ifk =7

(b) limg—t oo U(Qux) =0 and limy_,_ oo £(Qqg k) = 00.

(€) 8(Quk, Q) = (J—k)ALe if j > k and Qg 1, Q; are transit cubes.
(d) 6(Qups Qug) < (= K)A+e if j > k.

(e) IfQQx,kQQQy,k 7é g, then 2Qz,k C Qy,kfl and E(Qw,k) < g(Qy,kfl)/loo-
(f) There exists somen > 0 such that if m > 1 and 2Q p+mN2Qy k # D,

then Z(Qx,lﬁ»m) < 2—nAm€(Qy’k)'

The constants €, n in (c), (d) and (f) depend on Cy,n,d, but not on A.

See [To4, Section 3] for the proof. The constant £ above must be under-
stood as an error term, because we will take A > e. Let us notice also that,
if necessary, the cubes @, can be chosen so that they are doubling (see
[To4]). However we don’t need this assumption.

Remark 3.4. If x € supp(u) is such that fB(%l) ly — x| " du(y) < oo, then
it follows from the properties of the lattice that there exists some K, € Z
such that @, = x for k > K, and Q. # v for k < K,. In this case we
say that Q j is a stopping cube (or stopping point).

If fRd\B(x,l) ly—x| " du(y) < oo (which does not depend on = € supp(u)),
then there exists some constant K, such that Qo = R? for k < K, and
Qup # RY for k > K,. We say that R? is an (or the) initial cube. From
the property (e) in the lemma above, it follows easily that |K, — K| < 1
for z,y € supp(u). However, as shown in [To4], the construction of the
lattice can be done so that K, = I_(y =: Ky for all z,y, and so that
0(Qz +m,Rd) = mA + ¢ for m > 1. For simplicity, we will assume that
our lattice fulfils these properties.
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If fB(x,l) ly — x| du(y) = fRd\B(x,l) ly — |7 du(y) = oo, then all the
cubes Qg 1, k € Z, satisfy 0 < £(Q 1) < oo. That is, they are transit cubes.
We denote Dy, = {Qx : « € supp(p)} for k € Z, and D = ¢z, Dk

Consider a cube Q C R? whose center may not be in supp(u). Let Qe
be one of the smallest cubes in D containing @ in the following sense. Set

{= inf{K(Qaj) : Q%j eD, Q C Q%j}.
Take @, containing @ such that £(Q, ) < %é. Then we write ) € ADy
(by the property (e) in Lemma 3.3, k depends only on Q). In a sense, @ is
approximately in Dy. Given k,j with —oco < k < j < +o0, we also denote
ADy.; = Ui _ ADp. If Q is such that there are cubes Quk, Qyr—1 with
Qzx C Q C Qyr—1, then it follows easily that Q € ADy j—1.

3.2. The kernels si(z,y). For each x € supp(u), si(z,-) is a non negative
radial non increasing function with center x, supported on 2Q, x—1, and such
that

(a) sp(x,y) < — for all y € RY,

v
Alx —y|

~ ——— forall .
(b) Sk(x7 y) AK(QI’]C)TL or a y € QCE,k

1
— " forall et \ Qure.
(C) Sk(.’IJ,y) A‘.’L’-y‘n or a yeQ k 1\@ k
1 1
UQu )"t |z — gyt
Lemma 3.5. If y € supp(u), then supp(si(-,y)) C Qyir—2- If Q@ € ADjy
and z € Q Nsupp(p), then supp(Sgirm(z,-)) C %Q for all m > 3, and
SUPP(Sjtm (5 2)) C 15Q for all m > 4.
Proof. For the assertion supp(si(-,¥)) C Qy.k—2, see [To3] or [To4].
Let Q € ADy, and z € QNsuppp. We have Q ¢ @ r+1, because otherwise
Q & ADy. Thus £(Q, k+1) < 20(Q). Then,

(d) Vysp(z,y) < CA™! min < > for all y € R

11
supp(sk+m(z, )) - 2Qz,k+m71 - EQy
because £(2Q. j1m—1) < 1o50(Q-pt+1) < 1550(Q). Finally, the inclusion
supp(Sg+m(+, 2)) C %Q follows in a similar way. O
In [To4, Section 3] the following estimates are proved.

Lemma 3.6. If A is big enough, then for all k € Z and z € supp(u) we
have

10 10
(3.1) /sk(z,y) du(y) < 5 and /sk(x,z) du(z) < R
If moreover Qi is a transit cube, then

9 9
(3.2) /sk(z,y) du(y) > 10 and /sk(x,z) du(x) > 10"
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In the following lemma we state another technical result that we will need.

Lemma 3.7. For all k € Z and x,y € supp(u), we have
(3.3) sk(,y) < Csk—1(y, ) + sk(y, 2) + sp1(y, ).

The proof follows easily from our construction. See also [To3, Lemma
7.8].

We will denote by Sy the integral operator associated with the kernel
sk(x,y) and the measure p. Observe that (3.1) implies that the operators

S are bounded uniformly on LP(u), for all p € [1,00]. Also, from (3.3) we
get,

(3-4) Sif(x) < C(Si_1f(@) + Sif (@) + Siyrf(2),

for fe L} (), f>0,and x € R,

Notice that the only property in the definition of Calderén-Zygmund ker-
nel which sg(x,y) may not satisfy is the gradient condition on the first
variable. It is not difficult to check that if the functions ¢(Q ;) were Lip-
schitz (with respect to z) uniformly on k, then we would be able to define
Sk(z,y) so that

C

. " , <,
(3.5) Ve, ) )| € e

in addition to the properties above. The following lemma solves this ques-
tion.

Lemma 3.8. The lattice D can be constructed so that the functions €(Qz. 1)
are Lipschitz (with respect to x € supp(u)) uniformly on k and the properties
(a)-(f) in Lemma 3.3 still hold. In this case, the operators Sy, k € Z, are
CZ0O’s with constants uniform on k.

Proof. Suppose that the cubes @, € D have already been chosen and the
properties stated in Lemma 3.3 hold. Let us see how we can choose cubes
@x,k, substitutes of @, such that ¢y (x) := E(vak) are Lipschitz functions
on supp(u). For a fixed k, we set
(3.6) Ye(@) == sup  (UQ:k) — |z — z]).
z€supp(p)

It is easily seen that this is a non negative Lipschitz function, with constant
independent of k. Then, we denote by @xk the cube centered at x with side
length ¢y (x).

We have to show that @xk is a good choice as a cube of the scale k.
Indeed, by (3.6) it is clear that K(@xk) > U(Qgk). Thus Qg C vak

Take now zp € supp(p) such that

99 ~
E(on,k) - |=T - ZO| > mg(Qz,k)-

We derive |2 — 29| < €(Q4,%), and also E(vak) < 1004(Qz.%)/99. Thus
T € 2Q 4k and Qg1 C 4Q,, k- The inclusions Q1 C Qur C 4Q;, 1 imply
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5(C~2x’k,Qx,k) <O« 5(C~2x’k,Qw’k_1), with Cg depending only on n, d, Cp.
One can verfy that the properties in Lemma 3.3 still hold, assuming that the
constant Cg is absorbed by the “error” ¢ in (c) and (d) in Lemma 3.3. O

3.3. The maximal operator IN. In the following lemma we show which
is the relationship between N and the operators Sj.

Lemma 3.9. For all f € L} (1), z € RY, we have

loc

N f(z) ~ sup S| f|(z),
kEZ
with constants depending on A, Cy, n, d but independent of f and x.

Proof. For fixed = € supp(p) and k € Z, we have si(z,y) < C ¢z r(Y),
with r = Cl(Qzx) and R = Cl(Qgr—1). Assume 0 < r,R < oo. Since
[0z,r,RllL1() < C we get
C
<
1+ HSOa:,r,RHLl(

Self() )/&auﬁwugcwﬂ@-
m

If r =0 or R = oo, we also have Si|f|(z) < C N f(z) by an approximation
argument, and so supy, Sk|f|(z) < C N f(x).

Let us see the converse inequality. Given 0 < r < R < o0, let k be the
least integer such that @, C B(z,r). Now let m be the least positive
integer such that B(z, R) C Qg k—m-. Then we have

P r(Y) < C(sk(x,y) + 551 (2,9) + - + sk (2, 9))-
Also, it is easily checked that 1+ |l@zr rllL1(,) = C~' m. Therefore,

1
1+ ”%,T,RHLl(

C m
)/MWMWSmZ&mmsm@wmn
H h=0 ¢

O

In the rest of the paper we will assume that N is defined not by (1.5),
but as
N f(z) := sup Skl f[(2).
kEeZ
With this new definition we have:

Lemma 3.10. Let A > 0 and f € L}, .(n). For each k € Z, the set {x €
RY : Sp|f|(x) > A} is open. As a consequence, {x € R : Nf(x) > A} is
open too.

The proof is an easy exercise which is left for the reader.

Given a fixed = € supp(u), we can think of Sif(x) as an average of
the means mp(, ) f = fB(x,T) fdu/u(B(x,r)) over some range of radii r.
Arguing in this way, (1.7) follows. We will exploit the same idea in the
following lemma.
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Lemma 3.11. For all a > 1, we can choose constants A, 3, Cy big enough
s0 that the following property holds: Let x € supp(u), k € Z and f € L} _(n),

loc
and assume that Qg 1 is a transit cube. Then there exists some ball B(x,r)

with Q. C B(z,a™r), B(z,7) C Qux_1 such that B(z,a~'r) is (o, B)-
doubling and mp(, )| f| < Co Skl f|(2).

It is easy to check that there are balls B(z, ) and B(x,r2) with Q% C
B(z, a7t ry), B(z,r2) C Qg such that B(z,a~!ry) is (a, 3)-doubling and
MB(zro) | f| < CSglf|(x). However, it is more difficult to see that we may
take B(z,r1) = B(x,72), as the lemma asserts.

On the other hand, the lemma is false if we substitute the condition

“mp(anlf| < Co Skl fI(@)” by “mpnlf| > Cqt Skl f|(x)".

Proof. We denote A := Si|f|(x), Ry = d1/2€(Qx,k), and Ry = (Qzx-1)/2.
Recall that, for fixed x, k, we have defined si(z,y) = ¥(ly — z|), where
1 : R — R is non negative, smooth, radial, and non increasing. Then,

Az/lf(y)ISk(x,y)du(y) :/0 ' (7)) (/B(w’r) |fydu> dr.

We denote h(r) = |/ ()| p(B(x,a~1r)) and

1
ma(r) B u(B(a:,a_lr)) /B(x,r) ’f‘ -

Thus, A = [ h(r) ma(r) dr.

Let us see that fféo h(r)dr is big. Recall that ¢'(r) = 1/(Ar™*1) for
r € [Ro, R1]. Then, for s € [Ry, a ' Ry], we have |¢)(as)| = [¢/(s)|/a™ .
Therefore,

Ry a 1Ry
/ Wrydr = o / [ (5)| 1(Ba, 8)) ds

RO RO

_ o ( / s, y) dy(y)
Ro<|z—y|<a~1R;

+1(Ro) (B(, Ro)) — (™" Ry) u(B(, 04_131))>

> a " (/ sk(x,y) du(y) — Co A_1> .
Ro<|z—y|<a™ 1Ry

Since flw—y\SRo se(x,y) du(y) < C A~! and also f‘x_y|2a,1R1 sk(z,y) du(y) <
C A~ for A big enough we obtain

R1 1
/ h(r)dr > — =: M,
aRg 2™
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using (3.2). If we denote the measure h(r)dr by h, we get

M [ M
h{r > 0 ma(r) > 2\/M} < / () h(r) dr = L.
2 Jo 2
Thus,
M M
h{r € [aRo, R1] : mq(r) <2\/M} > M — 5 =5
Now we will deal with the doubling property. If B(z,a~!r) is not («, 3)-

doubling, we write r € ND. We have

h([aRo, R1]NND) = |0 (r)| u(B(, ailr)) dr

/TE[aRo,Rl]ﬁND
R1
< g / ) (B dr

< gt /Sk(w,y) du(y) < %ﬂ’l-
Therefore,
h({r € [aRo, R1] : mqa(r) <2)\/M}\ ND) > % — %05—1.
So if we take [ big enough, there exists some r € [aRp, Ri] such that
B(z,a~'r) is (o, B)-doubling and mp, | f| < ma(r) < 2X/M. O

As a direct corollary of Lemma 3.11 we get:

Lemma 3.12. Assume that A, 3, C1g are positive and big enough. Let x €
supp(p), k € Z and f € L}, (n). If Q. is a transit cube, then there exists

some (2, 3)-doubling cube Q € ADy 1 centered at x such that mag|f| <
Cho Skl f|(z).

In the rest of the paper we will assume that the constant A used to
construct the lattice D and the kernels si(x,y) has been chosen big enough
so that the conclusion of the preceding lemma holds.

4. THE MAIN LEMMAS
Theorems 1.1, 1.2 and 1.3 follow from the following two lemmas:

Lemma 4.1. Let p, v be constants with 1 < p < oo and 0 < v < 1. Let
w > 0 be a weight and o = w1 (for p # 1). The following statements
are equivalent:

(a) All operators T € CZO(~) are of weak type (p,p) with respect to
w ds.

(b) For all T € CZO(v), Ty is of weak type (p,p) with respect to w dp.

(¢c) The mazimal operator N is of weak type (p,p) with respect to w dpu.

(d) The operators Sy are of weak type (p,p) with respect to wdu uni-
formly on k € Z.
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(e) (Only in the case p # 1). For all k € Z and all cubes @,

(4.1) [18:w @l odu < C (@),
with C' independent of k and Q.

Lemma 4.2. Let p, v be constants with 1 < p < oo and 0 < v < 1.
Let w > 0 be a weight and o = w=/®=V_ The following statements are
equivalent:

(a) All operators T € CZO(y) are bounded on LP(w).

) For allT € CZO(v), Ty is bounded on LP(w).

) The mazimal operator N is bounded on LP(w).

) The operators Sy, are bounded on LP(w) uniformly on k € Z.
) For all k € Z and all cubes @,

(b
(c
(d
(e

/ Sk(o xQ)Pwdi < Co(Q)
and

[ 18w xa)l o du < Cw(@Q)
with C' independent of k and Q.

Notice that the Sawyer type conditions (e) in Lemma 4.1 and Lemma 4.2
involve the operators S}, instead of the maximal operator N. In the present
formulation these conditions are much weaker and of more geometric nature
than the analogous conditions involving N.

The scheme for proving both lemmas is the same. In both cases we will
start by (c) = (b). Later we will see (b) = (a) = (d) = (e). These will be
the easy implications. Notice, for instance, that (b) = (a) is trivial. Finally
we will show (e) = (c) (except in the weak (1,1) case). This will be the
most difficult part of the proof (in both lemmas). In the weak (1,1) case,
we will see directly the implication (d) = (c).

For simplicity, to prove Lemmas 4.1 and 4.2, we will assume that all the
cubes @, € D are transit cubes. In Section 11 we will give some hints
for the proof in the general case. We have operated in this way because
the presence of stopping cubes in the lattice D introduces some technical
difficulties which make the proofs more lengthy, but the ideas and arguments
involved are basically the same than in the special case in which all the cubes
in D are transit cubes.

First we will prove Lemma 4.1.

5. THE IMPLICATION (c¢) = (b) oF LEMMA 4.1

Definition 5.1. We say that w satisfies the Z,, property if there exists
some constant 7 > 0 such that for any cube Q € AD;, and any set A C RY,
if

(5.1) Sktaxal(z) >1/4 for all z € Q,
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then w(AN2Q) > Tw(Q).
Lemma 5.2. If
[ 1Sitwx)l odn < Cu(Q)
for all cubes Q and all k € Z, then w satisfies the property Z.

Proof. Take Q € AD;, and A C RY satisfying (5.1). By the assumption
above, the fact that supp(sgi+3(z,-)) C 2Q for x € @, and Hélder’s inequal-
ity, we get

w@) < 4 /Q (Sersxa) wdn

= 4 / (Sk+3xan2Q) wdp = 4 / Skts(wxq) dp
AN2Q

, 1/p'
< 4 </ Srys(wxqQ)? 0d,u> w(AN2Q)YP
< Cuw(@M w(An2Q)"?,
and so w(Q) < Cw(AN2Q). O

Notice that if NV is bounded on LP(w) for some p € (1, 00), then the oper-
ators Sy, are bounded on L”(w) uniformly on k. By duality, the operators S}
are bounded on Lp/(o) uniformly on £k too. Then, by Lemma 5.2, w satisfies
oo

Occasionally we will apply the Z, condition by means of the following
lemma.

Lemma 5.3. Suppose that w satisfies the Zoo property. Let A C R® and
Q € ADy. Let {P;}; be a family of cubes with finite overlap such that
AN %Q C U; P, with P; € AD oo 44 for all i. There exists some constant
d > 0 such that if wW(AN P;) <0 u(F;) for each i, then

(5:2) w(2Q\ A) = Tw(Q),

for some constant T > 0 (depending on Zs ). If, moreover, w(2Q) <
Ciw(Q), then

(5.3) w(AN2Q) < (1-Ci'r)w(2Q).

This lemma, specially the inequality (5.3), shows that the Z,, property
can be considered as a weak version of the usual A, property satisfied by
the A, weights. Notice that unlike A, the Z,, condition is not symmetric
on u and w.

Let us remark that we have not been able to prove that the constant
1- C’l_llr in (5.3) can be substituted by some constant Cs tending to 0 as
0 — 0. Many difficulties in the arguments below stem from this fact.
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Proof. For a fixed zg € @, we denote Qo := @z, n+3- Observe that
3
supp(sa+3(20,°) X4) C AN2Quhr2 C AN SQ C U~
i

We have
1n(27Qy N A)
=¢ Z 029Qo)™

where ng is the least integer such that 2Q ., n+2 C 2"°Qq. If PN 20Qy # @,
then £(P;) < £(27Qq)/10. Therefore,

WPQenA) < ST wPnA) < > su(P) < CouQo).

i: PiN2I Qu# D i: PN2IQo#D

Sh+axa(zo)

Therefore,

= A2 Qo)
2 1@Qoy
If § is small enough, we have Spi3xpa\a(70) > 1/4 for all zg € Q, by(3.2).

Thus (5.2) holds.
Finally, (5.3) follows easily from (5.2). O

Shyaxal(zg) <Co < C6.

The implication (¢) = (b) of Lemma 4.1 is a direct consequence of the
good A inequality in next lemma.

Lemma 5.4. Let T € CZO(vy) and w which satisfies the Zs, condition.
There exists some 1 > 0 such that for all A\,e >0

(5.4) w{z: Tuf(x) > (1+e) X\, Nf(z) <A} < (1—n)w{z: Tif(z) > A}
if 6 =0(n,e) > 0 is small enough.

The constant § depends also on the weak (1,1) norm of T, (with respect
to p) and on n,d, besides of 7, e, but not on A.

Proof. Given A > 0, we set Q) = {x : T f(x) > A\} and
Ay ={z: Tif(z) > (1+e) A\, Nf(x) < 0A}.

So we have to see that there exists some n > 0 such that, for all € > 0 and
A >0, w(Ay) < (1 —n)w(2)y) if we choose 6 = §(n,e) > 0 small enough.
Since €2 is open, we can consider a Whitney decomposition of it. That is,
we set (2 = [J; Q;, so that the cubes @; have disjoint interiors, dist(Q;, R%\
0)) ~ £(Q;) for each i, and the cubes 4Q); have finite overlap.
Take a cube Q; such that there exists some xg € 2Q; with N f(xg) < .
By standard arguments, one can check that for any z € 2Q);,

T(fxmansg,)(x) < A+ C Mg f(2),
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where MF, is the centered radial maximal Hardy-Littlewood operator:

. 1
Mpf(z) = sup — |fl dp.
r>0 " JB(x,r)
Since Mgf < CNf, we get T fxga\30,(®) < (L +CH N if z € Ay N2Q;.
For § small enough, this implies T%(fx30,)(xz) > 5\ for all z € A\ N 2Q;.
So we have

(5.5) AxN2Q; C{zr €2Q;: Tu(fxzg,)(x) >eN/2, Nf(x) <A}
Let k € Z be such that Q; € AD;.. Let us check that
(5.6) Skraxay(y) < Coe! for all y € Q;.

For a fixed y € @i, let jo be the least non negative integer such that there
exists some yg € 20Q, k4+3 N Ax. Let us denote Cj = 27Qy k13 \ 27 Qy 43
for j > jo, and C}j, = 27°Q)y x+3. Then we have

no
Amc

Sk3xa, (Y =/ sky3(y, 2 )< C

k43X A5 (V) 120, k+3( Z 02

where ng is the least integer such that 2Q, x42 C 2"°Q), x+3. Let V; be the
£(27Qy k+3)-neighborhood of C;. It is easily checked that Ti(fxzg0v; ) (2) <
C N f(z) for all z € C}. Therefore, if § is small enough, for z € A\ N C; we
must have Ti(fxv;)(z) > e\/4. Then, by the weak (1,1) boundedness of T
with respect to p, we get

HANNC) € e Thag)(2) 2 x4} < 5 [ 1ldn
v

Using the finite overlap of the neighborhoods V7,

C
E — < — < —
Sk+3XA)\ )\ Z QJQ k;+3 / ‘f| d:u 5)\Nf(y0) ="z )

which proves (5.6).

By (3.2), we get Sky3xra\ 4, (y) > 9/10 — Coe! > 1/4 for all y € Qy, if
J is small enough. By the Z, condition, w(2Q; \ Ay) > T7w(Q;). Therefore,
by the finite overlap of the cubes 20Q);,

(5.7) w(Qy) < 771 Z w(2Q; \ Ay) < Ca lw(Qy \ Ay).

Thus, w(Ay) < (1-C7 1) w(,). Now we only have to take n := 1 —C 77!
(whlch does not depend on §, € or \), and (5.4) follows. O
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6. THE IMPLICATIONS (b) = (a) = (d) = (e) OF LEMMA 4.1

The implication (b) = (a) is trivial. Let us see the remaining ones.

Proof of (a) = (d) in Lemma 4.1. We have defined the kernels sy (z,y)
so that they are CZ kernels uniformly on k& € Z. By the statement (a) in
Lemma 4.1 we know that they are of weak type (p, p) with respect to w dpu.
We only have to check that this holds uniformly on k. Indeed, if this is not
the case, for each m > 1 we take Sk,, such that Sk || L (), 150 () = 0P
Then we define T'= >, m2 Sk, Since Y —5 < oo, T is a CZO (using
also uniform estlmates for the operators Si). On the other hand, we have
1T || £ (w), L0 () = m2\|5km||Lp ),Lpoo(w) > M for each m, because Sy are
mtegral operators with non negative kernel. Thus ||T|| 1 (w),Lr.0(w) = 00,
which contradicts the statement (a) in Lemma 4.1.

Proof of (d) = (e) in Lemma 4.1 for 1 < p < co. Since the operators
Sk are of weak type (p,p) with respect to wdpu, from (3.4) it follows that
their duals are also of weak type (p,p) with respect to w du, uniformly on k.
Then, the statement (e) is a consequence of duality in Lorentz spaces. We
only have to argue as in [Sawl, p. 341], for example:

, 1/p'
(/ |Sk(w xQ) 0du> = /Sk wxqQ) fodu

||f||LP(a)<1

— s [ sifo)wdn
I fller(y<1JQ
o0

= sup / w{r e Q: Si(fo)(x) > A}dA

Ifllzp(oy<1 /0

IN

/OOO min(C AP, w(Q)) d\ = Cw(Q)Y”.

O

7. THE IMPLICATION (e) = (c¢) OF LEMMA 4.1

We need to introduce some notation and terminology. Let €2 be an open
set. Suppose that we have a Whitney decomposition © = |J; @Q; into dyadic
cubes @; with disjoint interiors, with 10Q; C €, dist(Q;, Q) ~ ¢(Q;), and
such that the cubes 4Q); have finite overlap. We say that two cubes @ and R
are neighbors if @ N R # & (recall that we are assuming that the cubes are
closed). For a fixed i, we denote by U;(Q;) the union of all the neighbors of
3Q; (including Q) itself). For m > 1, inductively we let Uy, (Q;) be the union
of all the cubes which are neighbors of some cube in U,,—1(Q;). That is, one
should think that U,,(Q;) is formed by 3Q; and m “layers” of neighbors.
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We denote by Mg the non centered radial maximal Hardy-Littlewood
operator:

Mpf(z) = S B /Ifldu,

where B stands for any ball containing x and r(B) is its radius.
In order to prove the implication (e) = (c) we will need a very sharp
maximum principle. In the following lemma we deal with this question.

Lemma 7.1. Let € > 0 be some arbitrary fized constant. There exist 3 > 0
and m > 1, m € Z, both big enough, such that the operator T = N + 3 Mg
satisfies the followmg mazimum principle for all X > 0 and all f € L}, (1):

Let Qy = {xz : Tf(x) > A}, and consider a Whitney decomposition 1 =
\U; Qi as above. Then, for any x € Q;,
(7.1) T(f Xra\U (@) (@) < (1 +€) A

The point in this lemma is that the constant ¢ > 0 can be as small as
we need, which will be very useful. We only have to define the operator
T choosing [ big enough, and also to take the integer m sufficiently big
in Up,(Q;). Notice also that Nf(z) < Tf(x) < (1 + CB)N f(x), because
Mpf(z) < CN f().

Proof. Let x € Q; be some fixed point. First we will show that, for some
z € 01,

(7.2) Mp(f Xpa\v,,. (@) (®) < (1 +¢/2) MR f(2),
if we choose m big enough. Let B be some ball containing x such that

1
(1+¢/2)"/? (B /B |f Xravu, ()| At = MR(f Xra\v,, (0:)) (%)

Notice that if Mg(fXga\v,,(0,))(®) # 0, then B\ Un(Q;) # 9. Since
3Qi C Um(Qi), we get
(7.3) diam(B) > £(Q;).
Recall also that U,,(Q;) is formed by m “layers” of Whitney cubes, and so
we have
(7.4) diam(B) > m inf Q).
J Q5 CUm(Q:)
QNB#a
We distinguish two cases:

(a) Assume 100£4(Q;) < [(1 4 ¢/2)/** —1]r(B) =: C.r(B). That is,
0(Q;) is small compared to r(B). We choose z € 9 such that
dist(z,R?\ Q) = |z — 2| < 100£(Q;). Then there exists some ball
B’ containing z and B with radius r(B’) < r(B) + |z — 2| < (1 +
£/2)'/?" r(B). Therefore,

15 M) > 5 [ 1 M_(1+8/2 o / fld,
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and (7.2) holds.

(b) Suppose that 100£4(Q;) > C.r(B). Then there exists some Whitney
cube P in U, (Q;) such that PNB # @ and £(P) < 300 C=14(Q;)/m.
Otherwise, by (7.4), 27(B) > 300 C=*(Q;), which contradicts our
assumption.

Since P N B # @, we can find z € 90 such that dist(z,B) <
100 4(P). Thus,
dist(z, B) < 30000 C- 1 0(Q:)/m < C-4(Q;)/2,
if m is chosen big enough. By (7.3), we obtain dist(z, B) < C. r(B).
Then there exists some ball B’ containing z and B with radius
r(B') < (1+C.)r(B) = (1+¢/2)"*"r(B).
Arguing as in (7.5), we obtain (7.2).

Now we have to deal with the term N f(x). Notice that if z € 99 is the
point chosen in (a) or (b) above, then in both cases we have |z —z| < C4(Q;),
where C' may depend on m. Thus we may choose some constant 1 > 0 big
enough so that 17 4(Q;) > dist(z,09), |x — z|. We set B, := B(z,1n4(Q;)),
and we have

N(f Xra\U, (@) (@) < N(f XBN\Un (@) (@) + N(f xpa\5,) (@)-

Since |x — z| < nl(Q;), for each k we get
|Sk(f xra\B, ) (@) — Sk(f Xra\B,)(2)| < Cra MR f(2),

where C12 may depend on 7. Thus N(f xga\p,) () < Nf(2)+Cia Mpf(2).
We also have N (f XB,\v,.(@:)) () < Ci3 Mg f(z), with C13 depending on 7.
Therefore,

N(f xra\v,, Q) (@) < Nf(2) + Cy Mpf(2).
If we take 3 such that C, < Be/2, by (7.2), we obtain
N f(z) + Cy Mrf(z) + B(1+¢/2) Mpf(z)
Nf(z)+B(1+e)Mrf(z)
1+e)Tf(z) < (14+¢)A

T(f Xga\v,, () (%)

VAN VARVAN

O

Proof of (e) = (c¢) in Lemma 4.1 for 1 < p < co. We will show that for
some (3 > 0, the operator T := N + (3 Mp is bounded on LP(w). The pre-
cise value of 8 will be fixed below. Without loss of generality, we take
f € L' (i) non negative with compact support. Given any A > 0, we denote
Oy =A{z: Tf(z) > A\}. We will show that there exists some constant 7,
with 0 < 1 < 1, such that for all e, A > 0

Ce
(7.6) W(Qrpern) < nw(@y) + S5 / 1P wdp,
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where C; is some constant depending on € but not on A. It is straightforward
to check that (7.6) implies that T is of weak type (p, p) with respect to w dpu
for € small enough.

As in Lemma 7.1, we consider the Whitney decomposition Q) = |, @i,
where @); are dyadic cubes with disjoint interiors (the Whitney cubes). Sup-
pose that m and [ are chosen in Lemma 7.1 so that the maximum principle
(7.1) holds with /2 instead of €. Take some cube @Q; C Q. To simplify
notation, we will write U; instead of Up,(Q;). Then, for z € Q; N Q40)x,
we have T'(f xga\p,) (%) < (1 +¢/2) A, and so

(7.7) T(f xv;)(x) = e A/2.

Let h € Z be such that Q; € ADy,. If for all k with h —ny <k < h+5
we have Si(fxv,)(z) < d A, where ny,d are positive constants which we will
fix below, then we write x € B) (i.e. = is a “bad point”) and, otherwise,
T € G).

Notice that Gy U By = Q(HE))\ C Q. We will see that B), is quite small.
Indeed, we will prove that

(7.8) w(By) < mw(y),

for some positive constant 171 < 1 independent of € and A.
Assume that (7.8) holds for the moment, and let us estimate w(G)). For
Qi € ADy,, we have

h+5

1
Qi p—h—n,
AL
— 5 2 [ Pwsiwo) du
k=h—ny
. hts / 1/p’ 1/p
< 5\ Z (/Sk(wXQi)p Ud'“) </ ‘f‘p’wd/ﬁ>
k=h—ny Ui
C(ni+6 / p
(7.9) < (1)\)747(@1')1/]0 (/U \f!pwdu> :

Using the inequality a'/? bY/P < @a + 0~7'/Pb, for a, b, 6 > 0, we get

co—r'/p
w6y <00@) + I [ 1w

It is not difficult to check that the family of sets {U;}; has bounded overlap
(depending on m). Then, summing over all the indices ¢, we obtain

w(Gy) < COw(Q) + C(i;m) /|f|pwd,u.
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By (7.8), if we choose 6 = (1 —n1)/2C, we get

1+
w(Q14e)n) < 2771 (2y) +/’f|p10d#,

which is (7.6) with n = (14 11)/2.
Now we have to show that (7.8) holds. We intend to use the Z, property.
Let us see that

1
(7.10) ShaXra\s, (V) 2

for all y € Q;. By (7.7), if z € Q;, then N(f xv,)(2) > Cia A, where Cyy is
some positive constant depending on ¢, 5. Then we have

(7.11) Se(f xv)(2) = Cra A

for some k > h —ny. If moreover z € By N (Q);, then this inequality holds for
some k > h + 6, assuming that we take § < C1y.

Suppose that By Nsupp(sp+3(y,-)) # &. Let jo > 0 be the least integer
such there exists some xy € 27 Qy,h+3, and let ng be the least integer such
that Qy nt+2 C 2"Qy n+3. Then we have

Shesxn, (y) — / shea(ys2) dp(z)
ZEB)\

C Z (BN (27 Qynys \ 2 Qy7h+3>)
el U2 Qynt3)"

It is not difficult to check that if 2 € By N (2771Qy nis \ 27Qynt3) and
k > h + 6, then supp(si(z,-)) C 2j+2Qy7h+3 \ 2j*1Qy7h+3 =: Vj. Therefore,
N(fxv;)(2) = C1a A. Then, by the weak (1,1) boundedness of N, we have

p(BxN (277 Qy has \ P Qynss)) < uf{z: N(fxy)(z) = Crur}

C
)\/Vj\f\dﬂ-

Thus, by the finite overlap of the sets Vj, and since xg € B,

C & 1
S <Oy / d
h+3XBA(y> A ;}5(2]Qy,h+3)n v, |f’ 1%

% (Sht2f(z0) + Snyaf(2o) + Shtaf(z0)) < Cis0.
Notice that C15 depends on g, but not on §. If § is small enough, we obtain
Sh+3xB,(y) < 1/4. Now, we have Spy3xra\p, (¥) = 9/10 — Spisxs, (y) >
1/4, and (7.10) holds.

By the Z property, we get w(2Q; \ Bx) > 7 w(Q;), and because of the
finite overlap of the cubes 2Q);,

w(y) < 77! Zw(QQi \ By) < Crem'w(Q \ By),

<

<



WEIGHTS FOR CALDERON-ZYGMUND OPERATORS 23
which implies (7.8). O

A slight modification of the arguments above yields the proof of the
implication (d) = (c) in the weak (1, 1) case. Instead of using (4.1) to
estimate w(Q; N G)) in (7.9), one can apply directly that the operators Sy
are bounded from L!(w) into L1*°(w). We leave the details for the reader.

8. PRELIMINARY LEMMAS FOR THE PROOF OF LEMMA 4.2

Section 8-10 are devoted to the proof of Lemma 4.2. As in our lemma
about the weak (p, p) case, the implication (¢) = (b) is a direct consequence
of the good A inequality of Lemma 5.4. The proofs of the implications (b)
= (a) = (d) = (e) are similar to the ones of Lemma 4.1. We will not go
through the details. So we have to concentrate on the implication (e) =
(c), which is more difficult than the corresponding implication of the weak
(p,p) case, as we will see.

In this section we will obtain some technical results which will be needed
later for the proof of (e) = (c).

Lemma 8.1. Let p > 1 be some fized constant. Let Q C RY be some cube
and suppose that x € Q Nsupp(p), 2’ € pQ Nsupp(p), and y € R4\ 2Q.
Then, sk(xz,y) < Ciy Zfi;;’_5 sj(@',y), for any k € Z, with Ci7 depending
on p and assuming A big enough (depending on p too).

Proof. We denote s*(z/,y) = ?i,i’_{) sj(«’,y). Observe that, by the defini-
tion of sj(2’,y), we have

k(.. ~ ol 1 1 .
(8.1)  s"(2',y) =~ min (AE(QI/JH{))"’ Al — y|”> if y € Qp j—s.

Let h € Z be such that Q € ADy,. If k > h + 3, then supp(sg(z,-)) C 2Q
by Lemma 3.5, and then si(z,y) = 0.

Assume now k < h — 3. Since @ € AD},, we have @ C Q4 4—1. If A is big
enough (depending on p), we deduce 2/ € Qz -2 C Q1 by (g) in Lemma
3.3. Then we get 2Qg k-1 C Qu/ k—4, and so y € Qu 4 if sp(z,y) # 0. We
also deduce £(Qy k15) < Q). By (8.1), if s (z,y) # 0, we obtain

1 1
kit 1.
st(z, > C7"min )
) Cromab )

1 1 >> ( )
, > Sklz,vy).
AUQrp)™ Az —y[r kY

Y

C~ ' min (

Suppose finally that |h — k| < 2. As above, we have 2’ € Qg 2, and
since h —2 > k—4, 2’ € Quir—4. Then we get 2Q, -1 C Qu k—5, and
s0 Yy € Qu ks if sp(x,y) # 0. On the other hand, @ ¢ Qg h+1, because
Q € AD;,. Thus

U(Qar 1) < CUQ) < Cla =y,
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with C' depending on p. Then, if si(z,y) # 0, by (8.1) we get

sk(xlvy) > C_l > C_l Sk»(l‘,y)-

Alz —y|™ —
0

Given a, 3 > 1, we say that some cube Q@ C R? is p-o-(a, 3)-doubling
if p(a@) < pp(Q) and o(a@) < fo(Q). We say that @ is p-o-doubling
if « = 2 and (8 is some fixed constant big enough (which perhaps is not
specified explicitly). Next lemma deals with the existence of this kind of
cubes.

Lemma 8.2. Suppose that the operators Sy are bounded on L" (o) uniformly
on k for some r with 1 < r < oo and that the constant A is big enough.
Then there ezists some constant 3 > 0 such that for any x € supp(u) and
all cubes Q, R centered at x with §(Q,R) > A/2, there exists some p-o-
(100, B)-doubling cube P centered at x, with Q C P C R.

Proof. The constant 8 will be chosen below. For the moment, let us say that
B > 1009t Let Ny be the least integer such that R C 100N°Q. For each
j >0, we denote R; = 10077 R. We have §(Rn,, R) > A/2 —100C, > A/4.
We will show that some cube R;, with j = 0, ... Ny, is doubling with respect
to u and o.

Suppose that all the cubes R;, j = 0,... Ny, are either non (100, 3)-
p-doubling, or non (100, 5")-o-doubling (for simplicity, we will show the
existence of a cube P which is (100, 5")-o-doubling, instead of (100, 3)-o-
doubling). For each j =0,..., Ny, let a; be the number of non (100, 3)-p-
doubling cubes of the form 1007*R, k = 0,...,j and let b; the number of
non (100, 8")-o-doubling cubes of the form 100™*R, k = 0,...,j. From our
assumption we deduce

(8.2) aj+b; > j+1.
We have p(R;) < 7% pu(R). Thus,

p(Ry) _ BYp(R) 1007

(8:3) ((Ry)" = 100 me(R)r = 0 g

Let R, be the largest non (100, ")-o-doubling cube of the form 1007* R,
k=0,...,Ng. Then, for j > sy we have

1
o(R;) < B 0(100Rs,) < 5 B¢ (100Rs, \ Rs,),

if B is big enough.

Let h € Z be such that Q € AD;,. We denote S = 2?2_3 Sh+i. From the
properties of the kernels s(x,y), it is easily seen that, for x € 100R,, \ R,
and j = so,s0 + 1,...,No, we have S(xr,)(x) > C~'u(R;)/¢(R)". Then,
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using the boundedness of S on L"(w), we obtain

_ R;)"
Co(R;) > / S(xr,)["odu > C'o(100R,, \ Rs,) ‘Z(Rﬂgr
100Rs, \Rs, (R)
L B p(R))"
> ' (R ]
= 10047 a(R;) (R
if § > sg. Thus,
1(R;j) 10077 e
8.4 <C if > sp.
&4 (R =" 3 7=
By (8.2), max(aj, bj) > (j + 1)/2. Then, from (8.3) and (8.4), we get
W(Rp) _ ., 1007
(R — ~ putn/2’
Therefore,

100\’ ¢
<o ()<

if 41/2 > 2.100". Thus §(Rn,, R) < A/4 if B is big enough, which is a
contradiction. ]

Let us remark that if in the lemma above we also assume that the oper-
ators Sy are bounded uniformly on k& on L*(w) for some s with 1 < s < oo,
then it is possible to show the existence of cubes which are p-doubling,
o-doubling and w-doubling simultaneously, by an easy modification of the
proof.

Notice also that if [ |Sg(oxg)|Pwdu < Co(Q) for k € Z and all the cubes
Q C R? then N is of weak type (p/,p’) with respect to o and bounded on
L"(o) for p’ < r < co. Thus the assumptions of the preceding lemma are
satisfied.

Lemma 8.3. Suppose that the operators Sy are bounded on L" (o) uniformly
on k for some r with 1 < r < co and that the constant A is big enough.
Then there exists some constant n with 0 < n < 1 such that, for all z € RY

and k € Z, 0(Qu k) < 10(Quk—1)-
Proof. We denote S = 22, Sp4i. Then, we have S(XQui-1\Qu)(¥) =
Cig > 0, for all y € Q. Therefore,

7(@ur) < O [ 100,10l 7 it < Cr0(Quscn \ Qu)

Thus, 0(Qak—1) > (1 + Cig') 0(Qup)- U

We will use the following version of Wiener’s Covering Lemma.

Lemma 8.4. Let A C R? be a bounded set and {Q;}ic1 some family of cubes
such that A C J;c; Qi, with Q; N A # & for each i € I. Then there exists
some finite or countable subfamily {Q;}jes, J C I, such that
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(1) A CUjes20Q5,
(2) 2Q;N2Q, =2 if j,k € J.
(3) IfjeJ, kg J, and 2Q; N2Qy # @, then £(Qr) < 104(Q;).

The main novelty with respect to the usual Wiener’s Lemma is the asser-
tion (3). Although the lemma follows by standard arguments, for the sake
of completeness we will show the detailed proof.

Proof. We will construct inductively the set J = {j1,j2,...}. Let {1 =
sup;cr £(Qi). If £1 = oo, the lemma is straightforward. Otherwise, we take
Qj, such that £(Qj,) > d1/2. Assume that Q;,,...,Q;,,_, have been chosen.
We set

tn = sup{€(Q1) : 4Q: ¢ UZ3'20Q;. |,

and we choose Q;,, such that £(Qy,) > £,,/2 and 4Q;,, ¢ U 20Q;,.

By construction, A C |J;°_;20Q;,., and also £(Q;,.) > £(Q;,)/2 for s >
m. We have 2@Q);,, N2Q;, = @ for each s =1,...,m — 1, because otherwise
2Q;,, C 10Q)j,, and then 4Q);, C 200Q);,.

Finally we show that the third property holds. Suppose that k ¢ J and
2Q;,, N2Q, # @. If £(Qr) > 10((Qj,.), it is easily seen that 4Q);, C
4Qy. Because of the definition of @);,,, we must have 4Q; C UZ”:_ll 20Q;,
(otherwise £, > £(Qy) > 10¢(Qj,,.), which is not possible). However the last
inclusions imply 4@Q);,, C U;n:_ll 20Q);,, which is a contradiction. U

9. BOUNDEDNESS OF N OVER FUNCTIONS OF TYPE o) ON L”(w)

The main result of this section is the following lemma.

Lemma 9.1. If
[1scoxo)l win < Co(@)

for all cubes Q@ C R uniformly on k € Z, then
[Nl win < Catiia)

for all cubes @ C RY.

In a sense, Lemma 9.1 acts as a substitute of the usual reverse Holder
inequality for the classical A, weights. Its proof will follow by a self im-
provement argument in the same spirit as the proof of the reverse Holder
inequality for the A, weights.

Given h € Z and f € L}, (1), we denote

N"f(z) = sup Sg| f|(z).
k>h

The next technical result concentrates the main steps of the proof of
Lemma 9.1.
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Lemma 9.2. Let S = sup o(1Q)7" [ |N(oxq)|P wdp, where the supre-
mum is taken over all cubes Q C R?. Assume that

/ Sk(o xQ)Pwdp < Co(Q)

for all cubes Q@ C R uniformly on k € Z. Then, for all € > 0, there exists
some constant Ce such that for any p-o-(2, 3)-doubling cube Q € ADy,

(9.1) /Q\Nh(aXQ)]pwd,ug (C. +e8)0(Q).

Proof. The construction. Let Qg be some fixed p-0-(2, 3)-doubling cube,
with Qo € ADj,. We also denote \g := mg,0. We will show that (9.1)
holds for Q. To this end, by an inductive argument, for each k > 1 we will
construct a sequence of u-o-doubling cubes {QF};.

First we will show how the cubes {Q}} are obtained. Let

(9.2) Qo = {N" 5 (z) > K)o},

where K is some big positive constant which will be fixed below. By Lemma
3.10, this set is open. We consider some Whitney decomposition ¢ = |J; Ril,
where R} are dyadic cubes with disjoint interiors.

Let us check that Qg \ Qo # @. If Qo C Qo, then for all = € Qo Nsupp(u)
there exists some cube @), centered at x, with @, € ADi p19 with
mq,0 > CK Xy (where C > 0 is some fixed constant). Since Q, €
AD o6 h+19, We have £(Q,) < £(Qo)/10. By Besicovitch’s Covering The-
orem, there exists some covering Qo C |J; Q», with finite overlap. Using
that Qg is o-doubling, we obtain

/ ad,MZC'_l/ odu > C'_IZ/ odu
Qo 2Qo iV Qu;

(2

CTUE MY p(Qa) = CHE Ao p(Qo).

Vv

Therefore, mg,0 > C~1 K \g, which is a contradiction if K is big enough.
Since Qo \ Qo # &, by the properties of the Whitney covering, we have
E(R}) < Oy0(Qq) for any Whitney cube le- such that le- NQy # 2.
Moreover, subdividing the Whitney cubes if necessary, we may assume that
Coo < 1/10.
Let gjl- € 7 be such that le- € ADg];. Observe that if le N Qo # @, then

le. C %Qo, and so gjl >h—2. Foruz e le- N supp(p), we consider some
p-0-(100, 3)-doubling cube QL € Angl.-i—le with 3 given by Lemma 8.2.
Now we take a Besicovitch’s covering of Qg N Qg with this type of cubes:
Qo N Qo C Uier, Q}, and we define A; = Uier, Q}. Notice that, for each
i, 10Q} C %Qo, because all the Whitney cubes intersecting Qg have side
length < ¢(Qo)/10. In particular, we have A; C %Qo. For each i € Iy, let
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h} € Z be such that Q} € AD,1. If Q} is centered at some point in le-7 then
hz1 = g} + 16 > h + 14. This finishes the step k = 1 of the construction.

Suppose now that the cubes {Q¥};c;, (which are u-o-(100, 3)-doubling,
with 1062;€ C %QO, and have finite overlap) have already been constructed.

Let us see how the cubes {Qf“}ing are obtained. For each fixed cube
Qf we repeat the arguments applied to Q9. We denote )\f = M@0 and
let hf’ € Z be such that Qf € Ath. We consider the open set Qf =
{Nhi+205(2) > K AF}, and a decomposition of it into Whitney dyadic cubes
with disjoint interiors: Qf = Uj R?H. Arguing as in the case of Qg, we
deduce Q¥ \ QOF # @, and if Rk N QY # @, then E(Rk) < 4(Q¥)/10. Given

ngrl € Z such that RkJrl € AD gkt for x € RkJrl, we consider some p-o-

(100, 8)-doubling cube Qf ' € AD 6

It may happen that the union Uze I (Q¥NQ¥) is not pairwise disjoint, and
so for a fixed x € [ J;¢ Ik(Qf N QF) there are several indices i such that Qﬁ;l
is defined. In any case, for each z € UZ(Qf N QF) we choose QF*! := Qf;“l

with i so that x € QF N Q¥ (no matter which 7). Now we take a Besicovitch
covering of |, (QkﬂQk) with cubes of the type Q¥*1. So we have User, (€% kA

QY C Ujere., Q;’?H, and the cubes Q;‘?H have bounded overlap. Moreover,
for each j € I there exists some % such that 1062;“rl - %Qf - %Qo. We
define Ay1q := Ujelkﬂ Q?“, and we denote by h?“ the integer such that
Q?‘H € AD,k+1.

J

The first step to estimate fQo |N"o|Pwdu. We want to show that
given any € > 0, if K is big enough, then

9.3) / IN*(oxgu)Pwdp < (Ce+28)S (A
Qo k=0

We will prove this estimate inductively. First we deal with the case k = 0.

We have

h+19
[ Whoxapwdn < [ S isionaPwdnt [ NPy
Qo on h Qo
(9.4) < CU(Q0)+/ IN"F2051Pw dpu.
Qo

Given some small constant € > 0, let By = {x € Qo : Sh30(z) < eXo}.
Let us see that o(Byp) is small. By Lemma 3.12, for all x € By there exists
some p-doubling cube P, € AD, 42 centered at x such that mop o <
CeXg. We consider a Besicovitch’s covering of By with this type of cubes.



WEIGHTS FOR CALDERON-ZYGMUND OPERATORS 29

That is, By C U; Py, with 3, xp,, < C. We have
D o(2Py) < Cedgd pu(2P:,) < Cedo Y u(Pr,)

< Cedop(2Q0) < Cergp(Qo) = Cea(Qo).

In particular, we deduce o(By) < Ce0(Qg). Then we obtain

/B]Nh+200]pwdu < Z/P IN" 206 1P 4w dp
0 7 L

= Y[ N oxg, P wd
i Py 27"

(9.5) sza(%gpggi) < sza(zpzi) < CeSa(Qo).

IN

Now we have to estimate fQo\Bo N 2001P w dp. Given x € R} C Qo, let

z' € 0Qp be such that |z — 2’| = dist(z, R\ Q). From Lemma 8.1, we derive
the following maximum principle:

(9.6) Nh+25(O'XRd\2RJ1_)(fI7) < Oy N 05(2") < Co1 K N,

where (91 > 1 is some fixed constant depending on Cy, n,d. Let us see that
if Nh+250'(13) > 2091 K )\, then

(9.7) N'25(z) < max(Q max  Si(oxypt) (), N9J1'+5(0X2R1)(x)>.
gl-2<t<gl+4 3 i

Indeed, we have

NM24(2) < max( max  Sio(z), Ngfl'+5cr(m)),
h+25§t§g]1.+4

(with equality if h + 25 < 9]1 +5). If N+24(z) < Ngﬂl'+5a(w), then (9.7)
follows from the fact that Ngﬂl'+5a(:n) = Ngfl'+5(ax2R1)(3:). If N2 (2) =
J

Si,o(x) for some to with h + 25 <ty < gjl- + 4, then Syo(x) > 2C21 K Ao,
and so

1
S (X)) > Si0(@) = N5 03 (0) > & Sy0(a),
by (9.6). Thus,

h
N0 (a) < 285 (Xomy)(2) 2, max - Si(oxam)(2).
SR

Moreover, it is easily checked that, for ¢t < gjl —2 (and z € le-), we have
St(oxap ) (@) < Sp1_s(oxap1)(x). Therefore, (9.7) holds in any case.
J J J
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We denote Dy := {x € Qo : N"®g(z) > 209 K)\g}. Notice that
Do C Q9N Qo C Ay. We have

h+-24

/ N5 Pwdy < Z / |Sta|pwd,u+/ IN"2561Pw dp
Qo\Bo t=h+20” Q0\Bo Qo\Bo

< Co@)+ [ INYFoPwd

Qo\Bo

where we have used that Syo(x) = Si(ox20,)(z) ift =20,...,24 and z € Qo.
Now we write

/ |Nh+250]pwdu:/ +/ = I+1I.
Qo\Bo Qo\(BoUDo) Do\ Bo

First we will estimate I. For z € Qo \ (Bo U Dy), we have
N"™55(2) < CK)M < CKe™! Sy 30(x).
Therefore,

I = / \Nh+25a\pwdu < C’sz-:_p/ |Shyso|Pwdp
Qo\(BoUDy) Qo

< CKps_pU(QQo) < CKpé_pU(Qo),

where we have used that Spy30(x) = Sp43(0x20,) (7).
It remains to estimate /1. Given x € le- N (Do \ By), by (9.7) we get

g]1.+39
/ NV ol wdp < C ) [ [Si(oxery) P wdp
RIN(Do\Bo) J

t:g]l—2

+/ \Ngfl'+4oa|pwd,u
RN(Do\Bo)

< Co(2R}) + / IN% 406 P w dp.
R;N(Do\Bo)
Given k > 1, for x € A, we denote HF := max{hf’ i€l o€ Qf} It is
easily seen that if x € le- N Ay, then H! +20 < 9]1 + 40. Then, summing
over all the cubes le- C Qp such that le N Qo # @, due to the finite overlap
of the cubes 2R]1., we obtain

(9.8) /D L INHEowd < Co(2Qu) + /A INHE205 ()P () dp(x).
0 0 1
So we have shown that

(9.9) / \Nh(UXQO)\pwdu < (Cag + Ca3eS) U(Qo)+/ \NH“{‘HOa]pwd,u,
Qo

Aq

with Csg, but not Css, depending on K and &.
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The k-th step to estimate fQo INPo|Pwdp. Now we will show that
for any k£ > 1,
(9.10)

[N dy < (O -+ ChyeS) o) + /A INHE 205104 4y,
k k+1

with Cy, but not C9;, depending on K and e. The arguments to prove
(9.10) are similar to the ones we have used to obtain (9.9), although a little
more involved because the cubes {Q¥};c;, are non pairwise disjoint.

For each i € I}, we define BF = {z € Q¥ : Sjr,40(x) < eAl}. Arguing as
n (9.5), we deduce 1

/ INMH206 (P dpy < CeS o (QF).
Bk
We denote B = Uielk BE. Using the definition of HY, we obtain
k k
[ Ve @pu@ i) < 3 [N )P () dua)
k 7 i

/B’“ |Nh§+200|pwdu

CeS> a(QF) < CeSo(Ay).

IN

(9.11)

IN

To estimate fAk\Bk INH:+205[P 4 dpi, we need to introduce some addi-
tional notation. Assume I, = {1,2,3,...}. We denote I, := {i € I} : Qf €

AD,}. We set
Qf=oi\( U efu U o)

Il 4, t>hE lely k. l<i
1

It is easily checked that the sets @k 1 € Iy, are pairwise disjoint, that
Uier, Qk User, QF = Aj, and moreover that if z € Qk then HF = hk.
We have

/ |NHk+200|pwd,u = Z/ ]Nh?+200\pwdu
Ap\By

i€l
h¥+24
< Z Z / |Sta|pwd,u+2/ Nh§+25a|pwdu
i€l t= hk+2() i€l
< CY o200+ / |NHEA251P 4 dy,
il Ap\By

(9.12) < CU(Ak)+/ |NH§+25a|pwdu.
Ar\Bg
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Now we set DF = {z € Q¥ : NM+%0¢ > 20y KM\F}, and Dy = U, DF.
For x € Q¥ \ (DF U By), we have

N Bg(2) < NMH0(2) < OK=" Sy y0(a).

Therefore, operating as in the case k = 0, we get
/ INHE 0.0 P () dp(s) < CKPeP o(QF).
QM\DFuUBy
Summing over i € I, we obtain

(9.13) /A » D)\NH5+250<m)ypw(x)du(x)SCKPE—PU(Ak).
k UDg

Finally we deal with ka\Bk |NHz+256(2) [P w(z) du(x). For a fixed k, let
{R;?'H}je Jrs1 De the collection of all the Whitney cubes (originated from all
the sets QF ¢ € I;) such that if R?H comes from QF, then Rf“ NQF + @.

Assume Ji41 = {1,2,3,...}. We denote Jyy1,:={j € Jpt1: R?'H € AD;}.
We set

Re—3r (| dmTu U iR,

lEJk+1,t,t>g;-c+l lEJk+1’g;_€+1’l<j

The sets ﬁf“, j € Ji41, are pairwise disjoint and

U B = U SRS A

JE€Jkt1 J€Jkt1

Moreover, it easily seen that if x € fi?“, then g}““ 440 > Hf“ + 20, and

k41 ~
so N9 q5(z) < NHI;+1+200'(33‘). If R;“H is originated by QF, arguing as
in the case k = 0, we deduce

NH§+250(:E) < Nhf+25o_(m)

k+1
< max (2 max Si(oXgpr+1) (), N% +40(O’X2Rk+1)(l’)).
gitt—2<t<gh T 439 I ’
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Therefore,

/ INHE 20 ()P w
Dk\Bk

k+1+39

< XY [P wdn

J€Jkt1 t=gt! -2

Z /R’““m(D \By)

J€Jk+1

k+1
Py / N ()P () dp(a)
jEJkJ,- D\Bk)
(9.14) < C 3 (2R + / INHET 4205 ()P () dp(a).
J€Jrt1 Ak+1

In the following estimates the notation R;?H ~ Qf means that Rgfﬂ is a
Whitney cube of Qf

Z J(QR;?'H) = Z Z O’(2R§-€+1)

J€Jk41 i€l jejk+11R?+1NQf
(9.15) < CD o N2Q) < CY o(@F) < ColAy).
i€l 1€l

By (9.11), (9.12), (9.13), (9.14) and (9.15), (9.10) follows.
From (9.9) and (9.10), we get
oo

N(oxg,)Pwdp < (C+CeS)> o(Ax)
Qo k=0

(9.16) + liin Sup/A |NH£+200($)\pw(x) du(x).
—00 k

This is the same as (9.3), except for the last term on right hand side. How-
ever, we will see below that this term equals 0.

The estimate of ), 0(Aj). We are going to prove that

e}

(9-17) > o(A) < Co(Qo).

k=0
We denote ﬁk = UiEIk ZQf. It is easily seen that kaH C ﬁk for all &k (this
is the main advantage of Zk over Ay). We will show that there exists some
positive constant 79 < 1 such that
(9.18) 0(Apy2) < mo0(Ay)

for all k. This implies (9.17), because ﬁo, A C 2Qo and Qg is o-doubling.
For a fixed k > 1, by the covering Lemma 8.4, there exists some subfamily

{2Q§}jel,3 C {2Q%}c1, such that
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(1) A C Ujepo 40Q%.

(2) 4QFN4Qf = @ if j,l € I}.

(3) If j € I}, | ¢ IY, and 4Q% N4QF # @, then £(QF) < 10£(Q%).
First, we will see that
(9.19) o(2Q¥ N Api) < 1o (2QY)  ifje I,

for some fixed constant 0 < 7 < 1. By Lemma 5.3 it is enough to show that,
for each z € %Qf N supp(u), there exists some cube P € ADjk,, centered
J

at x such that p(Ay o N P) < & u(P), with 8y sufficiently small.
Let 2Q**! some cube which forms Az ; such that 2Q%! N 2Q§7 # .
By our construction, there exists some cube QF such that 10Q*+! ¢ %Qf,

so that Q%! comes from QF. Because of the property (3) of the covering,
we have £(QF) < 106(@?). Therefore, 2QF € AD_  jx_3, which implies
7

it e AD ;oo 7 and 2Q" € AD 4 oo 16

Let P € ADjk_ 4 be some p-doubling cube whose center is in %Q;‘? (which

J
implies P C 2@?). Let Sp be the set of indices s such that 2QT! N P # @.
We have £(QF) < ¢(P) for s € Sp, because 2Q¥™ € AD, __ 1. ¢ (since
7
2QF1 N QQQ? # @). Thus, 2Q*+! C 2P. From our construction, we deduce
p(Aksa 0 P) < p( | (6 0205 ) < 3 (@b 20k,
SESp SESp

Since Nhs"'+205(z) = Nh§+1+20(ox3Q§+1)(m) for z € Q' by the weak

(1,1) boundedness of N h§+1+20, and by the o-doubling property of Q*!,
we obtain
k+1
CO’(?)%S ) § QM(QIH—I)
KAkt K

Thus, by the finite overlap of the cubes Q**! and the fact that P is u-
doubling,

~ C C C
n(Ar2 N P) < 22 > 0 QM) < 2 p(2P) < - p(P) =: bou(P).
seSp

p(QE n2Qk ) <

Since we may choose K as big as we want, dy can be taken arbitrarily small,
and (9.19) holds.

Let us see that (9.18) follows from (9.19). We denote Zlk’o = Ujel,(j 2@?.
Since the cubes 2Q§?, j € I?, are disjoint, (9.19) implies U(A/k’o N Avk+2) <

T 0(21@0). By the property (1) of the covering and the fact that Q;? is
(100, B)-o-doubling, we have

o(Aro) = > 0(2Qh) = €y Y o(40QF) > Coilo(Ap).

jern) jer)
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Then,
o (A \ Apso) > 0(Apo \ Apa) > (1 — 1) 0(Aro) > (1 — 1) Cof o(Ay).

Therefore,

0(Ap N Apys) < (1 — (1 —71) C) 0(Ar) =: 100 (Ay).

The end of the proof. We only need to prove the lemma for S < +oc0.
For each £ > 1 we have

IN

/ | NHEF20 6 (2P () dpu(x) > [ INTF (@) P w(a) du(e)

A i€y @;

< CS) o(QF) < CSa(A).

A

From (9.17) we deduce that o(Ay) — 0 as k — oo, and then the integral on
the left hand side above tends to 0 as k — oco. Now the lemma follows from
(9.16) and (9.17). O

Proof of Lemma 9.1. Let () be some cube with Q € ADy, and 29 € @ N
supp(u). We write

/IN(UXQ)I”wduz/21 +/ . +/ = [+ II+1III.
5@ Qug,n—a\55Q RNQz -4

First we will estimate the integral I. For each z € %Q N supp(p), let Py
be some p-0-(4, 3)-doubling cube with P, € ADj19. Notice that for each
y € Py and k > h + 15, we have supp(sx(y,-)) C 2P,. Thus by Lemma 9.2,
if we denote Cg := C. + S, we get

/ N6 P dpy = / IN" 15 (ox9p, ) Pwdp < Cso(2P,) < C Cso(P,).
P,

T

By Besicovitch’s Covering Theorem, there exists some subfamily of cubes
{Ps,;}i C {Pr}z which covers %Q N supp(p) with finite overlap. Since
U(Py,) < 4(Q), we have P, C 15Q. Then we obtain

/ NP gPwdy < Z/ IN" 156 |Pw dp

< CCsY o(Py) < CCso(1Q).

)
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It is easily seen that, for all y € 2Q, N(oxg)(y) < CN'2(oxq)(y).
Therefore,

I < Cf |IN'"?(oxQ)Pwdp
%
h+14
< > Silwo) wdn+ [ N0l w d
21
k=h—2 0@

< C(1+Cs)o(HQ).
Now we turn our attention to the integral I1. For y € Qg n—a \ %Q,

C h+3
Nox)(y) < ,y“;@o)n <Y Sioxo)y).
k=h—6
Thus,
h+3
1< [15 Sioxo)l win < Col@).
k=h—6

Finally we deal with I11. For k < h—4 and y € Qg k-1 \ Qug k> We have

(Q) 0@ R
N(o <C <C Si(o .
( XQ)(y) — ‘y_x0|n — U(on,k’—i-l) j;g j( XQIO,kﬁ»l)(y)
Thus,
k+2
Co(Q)P
IN(ox)lPwdp < / 87(0XQur)| wilp
/on,k\QzO,kl (on K 1)P ‘ zk:g 0FH

Co(Q)P
N U(Qmo,k+1)p_1 ‘

From Lemma 8.3, we deduce 0(Q) < 0(Quon-1) < 7" % 20(Quyx+1) for

some fixed constant n with 0 < n < 1. Therefore,

mo- Y / N(oxg)l'wdp

k=—00 900 k— 1\@1:0 k

< Co(Q) Z nP= V=R < O (Q).

k=—o0

So we have
/\N(UXQ)\pwdu < C(1+Cs)o(1Q) = Cos (14 C. +25) o(1LQ).

Choosing ¢ < 1/(2C55) and taking the supremum over all the cubes @, we
get S < Cs(1+ C.) + 3S. Thus S < 2095(1 4 Ce) if S < +oc.

One way to avoid the assumption S < +o0o would be to work with “trun-
cated” operators of type N™!f := sup, <<, Sk|f| in Lemma 9.2, instead of
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N": and also to consider a truncated version of S in (9.1), etc. The technical
details are left for the reader. (]
10. BOUNDEDNESS OF N ON LP(w)

The implication (e) = (c) of Lemma 4.2 follows from Lemma 9.1 and the
following result.

Lemma 10.1. If for any k € Z and any cube Q,

(10.1) /N(JXQ)pwdu <Co(}Q)
and
(10.2) [ Siwxo)” odu< Cul@),

with C' independent of k and Q, then N is bounded on LP(w).

The proof of this lemma is inspired by the techniques used by Sawyer
[Saw2] to obtain two weight norm inequalities for fractional integrals. In
our case, we have to overcome new difficulties which are mainly due to the
fact that the operator N is not linear and it is very far from behaving as a
self adjoint operator, because it is a centered maximal operator.

Proof. We will show that for some 3 > 0 the operator T' := N + 8 Mpg
is bounded on LP(w). Without loss of generality, we take f € L'(u) non
negative with compact support. Given some constant a > 1 close to 1, for
each k € Z, we denote

Q= {z: Tf(x) > a}.

The precise value of o and 3 will be fixed below. As in Lemma 7.1, we
consider the Whitney decomposition Q5 = [J; Qf, where Qf are dyadic
cubes with disjoint interiors (the Whitney cubes).

Take some cube Qf C Qp and x € Qf N Qk4o. Suppose that m and
are chosen in Lemma 7.1 so that the maximum principle (7.1) holds with
€ = a — 1. Then, we have

and so
a—1
(10.4) T(f Xu,(gk)) (@) = a2 —aFH = - ans

Let h € Z be such that Q¥ € AD,. If for all j with h — M < j <h+ M
(where M is some positive big integer which will be chosen later) we have

Sj(fXUm(Qf))(ﬂf) <édat,

where 0 > 0 is another constant which we will choose below, then we write
x € By (i.e. z is a “bad point”). Notice that By C Qg2 C Q.
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We will see that the set of bad points is quite small. Indeed, we will prove
that

(10.5) w(U Bj> < nw(Q),
>k

where 0 < 1 < 1 is some constant which depends on 7 (from the Z
property), n, d, but not on 3, m, a, M. We defer the proof of (10.5), which
is one of the key points of our argument, until Lemma 10.2 below.

Let us denote Ay = (J;5 Bj. Now we have

/ TiPwdp = / PN w(€y) dA
0

< Zp(ak+1 _ ak) oF+D)(p—1) w(Q)

k€EZ
(10.6) = pa? i Z ozkp (U \ Ag—2) + w(Qg N Ap— 2)]
keZ
From (10.5) we get
(10.7)
paP1( Zak”w (QUNAg_2) <npaPf” 1 Zakpw (Q—2)
keZ k€EZ

From calculations similar to the ones in (10.6), it follows

[Tt wdnzpa -1 Y o)
keZ

If we take a such that n'/2a*~1 = 1, then the right hand side of (10.7) is
bounded above by n'/2 [ |T f|Pw dy, and so

/|Tf]pwdu§( N2 T afPw(Qy \ Ags).

kEZ
Summing by parts we get

[ < €Y o w4

kEZ
= C Y a" [w(@ya\ Ap) — w(Qpys \ Agr1)].
kEZ
Observe that if we assume [ |Tf|P wdp < oo, then
Zakpw(ﬂk+2 \ A;) < oo and Zozkpw(Qk+3 \ Apt1) < 00
keZ keZ

which implies that our summation by parts is right. Since Agiq C Ag, we
have w(Qg13 \ Akr1) > w(Qxys \ Ax). Thus,

108) (TP wdi< 0 Y 0P (@ \ Qusa) \ A,
keZ
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We denote EF = Q¥N(Qpy2\Q13)\ Ay for all (k,4). To simplify notation,
we also set UF = U,,,(QF). Given h € Z such that Q¥ € ADy,, we consider
the operator

Sty = Shont + Shoni1+ -+ Shiar

Since EF C RY\ A, we obtain

w(Ey)

IN

5l k /Ek Sy Oxue ) wdp

= (5_1a—k7 /kasz(k,z)(XEf ’U)) d,LL

Y A
UM\ Qg3 UFNQp3

From (10.8) we get

[1rrwdn < 03 amu()

ki

=Cc Y + > + > |-orwEh

(kj)eE  (ki)eF  (ki)eG
(10.9) = C{I+1II+III),

where

— {(k,i) :w(EF) < Hw(Qf)},
= {(k,z) s w(Ef) > 0w(Qf) and o7 > Tik}’
= {(k,z)  w(EF) > 0w(QF) and oF < Tz‘k}a

and where 6 is some constant with 0 < 6 < 1 which will be chosen below.
The term [ is easy to estimate:

I = Z o w(EF) SQZO/WW(Q?)

(kji)eE kyi

0 oM w(Tf > ok} < CH/\TfV’wdu.
k

IN
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Let us consider the term I1 now. By Hélder’s inequality and (10.2), we
obtain

20k b
o= 3 drwE) < 3 wE <5w<ék>>

(kji)eF (kjg)eF

Ui\ Q13

p
1

< COTPEP Y w(B / S (WX k) du

; ) (w(Qf) U9\ Qs (ki) (W X )

/v
EF / P

- @ / Sy (wxpr)” o dp / fPwdp

7 A 2 U\ Q43
< Ca—p(s—pz/ Pwda.

ki

It is easy to check that the family of sets {UF}; has finite overlap for each
k, with some constant which depends on m. This fact implies

ZXU{“\Qk+3 < CZXQk\Qk+3 <C
ki k

Therefore, IT < C [ fPwdp.
Finally we have to deal with the term I71I. Notice that Ef C R \ Qirs
and, for y & Qx13, by Lemmas 8.1 and 3.7 we have

t+6
10.10 sup si(y,x) < C inf sr(y,x
(10.10) p sily,) < s _E r(y, )
xEQQj i r=t—6

for all t € Z. Let HF = {j : Q;?JFS NUF # @}. Then, for j € HF, we have

h+M+6
sup 3S(k Z)(wXEk)(ac) <C ima+3 Z S;((UJXEZ(@)(.%').
r€2QMF TE€2Q5 T - M—6
We set g(k,i) = ?i}f\{ﬁ_ﬁ St, and we obtain

T = / I Sy (W xgr) dp
Ukak+3 ¢

IA

Y it Sy [ fds

k+3 k+3
Hk {EGQQ Q]‘Jr

1
c </ ks kz)(wXEk)UdM> <(7(2Q'?+3)/Q{v+3fdu>'

jEHE

IA
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We denote TF = Jor fdu/o(2QF) and L = {s: Q¥ NUF # @}. Then we
have '

S k+3
/QQk+3 S (ki) (W X ) 0 du) T;

J

(10.11) < Ccy Y (/ k+38>(kk7i)(’wxEk)adlu> THH
2Q°7 ¢

seLf j: Q5 cQk 7

‘We will show that

(10.12) > ofP w(EF) < C/fpw du,
(k,i) e G
k> No
k= My mod 3

for any Ng and Mj. For the rest of the proof we follow the convention that
all indices (k, i) are restricted to k > Ny and k = My mod 3.

Now we will introduce principal cubes as in [Saw2, p. 540] or [MW, p. 804].
Let Go be the set of indices (k,4) such that QF is maximal. Assuming G,
already defined, G,,41 consists of those (k,7) for which there is (t,u) € G,
with QF C Q!, and

() T > 2T,

(b) 77 < 27% if QF € Q7 € Q.
We denote I' = (72, Gy, and for each (k, i), we define P(QF) as the smallest
cube Q!, containing Q¥ with (¢,u) € T'. Then we have

(a) P(Q¥) = Q! implies TF < 2T.

(b) Q% C @, and (k,1), (t,u) € I implies TF > 27T,

By (10.11) and the fact that #L¥ < C, we get
k

Z o w(EF) < Z w(EF) <5u?(;51‘7)> <C Z w((gé)l (tFyP

(k,i)eG (k,i)eq ki

p
w(Eh) -
=2 2 uay 2 </2Q Stk (w0 XEWdM) T
ki seLk ¢ j:(k+3,5)¢T J
QP cQk
PQYT?) = P(Qh)
+Czw(Ezk) 3 S (wye) o d Tk+3p
. w(Qk)p QQI?+3 (k’z) XEz H J

ki v/ LjeHk: (k+3,5)er i

= IV+V

Let us estimate the term IV first. Notice that if (k + 3,7) ¢ T, then
Q;H?’ # P(Q;?Jr?’). As a consequence, E(Q;H?’) < Z(P(Q?+3))/2, and 2Q§+3 C
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%P(Q?+3). Taking into account this fact, the finite overlap of the cubes Q?+3
(for a fixed k), and (10.1), for any (¢,u) € I we get

w(EF) »
Z Z w(Qk)p Z (/2Qk+38(k z)(w XEk)O'd,u,> 71]
ki sEL’C Qt, ) j:i(k+3,5) ¢l
Q;?+3 c Q]:
P =Q,

p

p
1 —*
= C w(Ef) ( Sy (W x fs)adﬂ) (2T,)"
p
< Tt Z Z w(E'k)( (Qk)/ S(m)(ax4Qt)wdu>

ki seLk: P(QF)=Q¢,
< Oy [ MINoxg) win

< Oy [ Noxsg P wdn < CTPo(2Q)),

where we have denoted by M,z the dyadic maximal operator with respect to
w. Thus,

(10.13) v <C Y o) (ThH?
(t,u)el
Let us estimate the term V. By Holder’s inequality and (10.2), for a fixed
(k, 1),
w(EY)
w(QF)P

p

k+3
Z (/2Qk+38(k 7) (w XEk) o d,u,> T’]

JEHF: (k+3,5)€T

'/
Z U(2Q§?+3)—p//17 (/ . 33?]{:71-)(11} XEk)Ud,u> ]
jEHF QQJ‘JF '

Z O.(QQ?}-&-S) (TJ[H—3>?

JEHF: (k+3,5)€l

p/p
Z/m (i) (W X )P Udu]

jEHF

w(Ey)
= @by

/

" [ > Qi) <Tf*‘°’>”]
jeHk

o (k+3,5)el

C Z U(2Q§+3) (Tf+3)p-

JEHE: (k+3,5)eT

IN
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Summing over (k,i), since any cube Q;H?’ occurs at most C times in the
resulting sum, we get

(10.14) V<C > o2Q)(ThP

(t,u)el

Notice that for each (t,u) we can write
1
c(2Q)(THP = o(QL)(TH)Pr~t fotod
(2Qu)(Ty) (Qu)(Ty) (@) o

= o(QT)P 'myqr (fo™h).

We have obtained

IvV+v < C o (Q) (TP ' mg i (fo™)
(tyu)er

- cf ( > (Ti)p_lmo,%(fa_l)xQ;;(x)> o(z) du(a).
(t,w)el

Notice that for any fixed = we have

> (T tmegy(fo Yxgu(@) < € sup (THPTME(fomt)(x)
(t,u)el (tu)er:zeQy,

< OMG(fo ) ().
Therefore,

IV+Vv<C /Mff(fol)padu <C /(fal)padu =C /fpwd,u,
which yields (10.12). Thus, by (10.9),

/]Tf|pwdu <CU+I1I+11I)< C'H/ |TfIPwdu+C /fpwdu.
We only have to choose 6 small enough, and we are done. ([

To complete the proof of the implication (d) = (c¢) of Lemma 4.2, it
remains to prove the following result.

Lemma 10.2. With the notation and assumptions of Lemma 10.1, (10.5)
holds. That is, w<Uj>lC Bj> <nw(Qy), with0<n <1

Before proving the lemma, a remark:

Remark 10.3. Besicovitch’s Covering Theorem asserts that if A C R? is
bounded and there exists some family of cubes Q = {Q;}zca, With each
Q. centered at z, then there exists some finite or countable family of cubes
{Qq, }i € Q which covers A with finite overlap. That is, x4 < >, xq,, < C,
with C' depending only on d.
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We are going to show that the covering {Q, }; can be chosen so that the
following property holds too:

(10.15) If z€ ANQy, for some i, then £(Q,) < 4(Qs,).

Indeed, for each x € A, let R, be some cube of the type Q,, y € A, with
T € %Rx and such that

U(Ry) > % sup £(Q,).
y:xG%Qy
Now we will apply Besicovitch’s Covering Theorem to the family of cubes
{R:}zea. Let us remark that the Theorem of Besicovitch also holds for
the family {R,},ca because, although the cubes R, are not centered at x,
we still have € 3R, (see [Mo] or [Gu, p. 6-7], for example). So there
exists some finite or countable family {R,,}; which covers A with finite
overlap. Notice that {R;,}; C Q, and if z € Ry, N A, then ¢(Q,) < 40(Ry,).
Otherwise, z; € Q. and £(Q.) > 4¢(R,,), which contradicts the definition
of Ry,.
It is worth comparing this version of Besicovitch Covering Theorem with
the version of Wiener’s Covering Lemma 8.4. Notice that the statement (3)
of Lemma 8.4 and (10.15) look quite similar.

Proof of Lemma 10.2. We use the same notation as in the proof of the
preceding lemma. . '
Let x € B; and take Q! containing z (recall B; C ;42 C Q;), with Q! €
ADj,. By (10.4), we have N(f x,;5)(x) > g9 for some gy > 0 depending
on a, B, m. It is easily seen that this implies that S;(f x,;)(%) > €o o for

t > h—M, where M is some positive constant which depends on ¢(U. Z] )/ K(Qg ).
Also, by the definition of Bj, S;(f x;s)(z) < 6a? for h— M <t < h+ M.
So, if we choose § < gy and M > 10, then
(10.16) sup Sif(z) >epal

t>h+10

We denote Ay := Uj>k Bj. For a fixed x € Ay, let r be the least integer
such that 7 > k and = € B,. There exists some cube Q! containing z, with
Q; € ADy, for some h. Since Sh15(f xvr)(x) < da”, by Lemma 3.11 there
exists some doubling cube P, € ADj, 5 514 centered at x such that

! / fdu < Coa".
2P,

10.17
(10.17) 1(2Py)
Now, by Besicovitch’s Covering Theorem, we can find some family of cubes
{P..}s (with x5 € Ay) which covers Ay with finite overlap. Moreover, we
assume that the covering has been chosen so that the property (10.15) holds.

Given any p with 0 < p < 1, we will show that if § is small enough, then

(10.18) 1(Ax 0 Pr,) < pp(Py)
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for all s.
Let Py, some fixed cube from the family {Py, }s, and let ro be the least
integer such that xg € B,,. First we will see that

(10.19) w(U Binra) < S

Jj=ro
If z € BjN Py, for some j > rg and z € Qf, then by (10.16) we have

(10.20) sup S;f(z) >epad,
j>h+10
where h is so that Qg € ADy,. Let us denote by Qfg the Whitney cube of
Qy, containing xo, with Q;” € ADjy,. Since Q; C €, we have E(Qg) <
Cog E(Qgg), and so h > hg — 1. In fact, if Cyg, which depends on d, is very
big, then we should write h > hg — g, where ¢ is some positive integer big
enough, depending on Css. The details of the required modifications in this
case are left to the reader. From (10.20), we get

(10.21) sup S;jf(2) >eoad > gpa.
j=ho+9

For j > hg +9 and z € P,,, we have supp(s;(z,-)) C 2P,,, because Py, €
ADhpg15ho+4- Thus (10.21) implies N(f x2p,,)(2) > €0 @™, and then, from
the weak (1,1) boundedness of N, by (10.17), and because P, is doubling,
we obtain

W(UBine) < ulse P Nian,)0) > 20}

j=>ro
C

€0a™ Jap,

So (10.19) holds if § is sufficiently small.
Now we have to estimate /”L(ngjgrofl B;n Pxo). If z € Bj N Py, then

UP,) < 44(Py,), by (10.15). Recall also that P,y € ADp 454,44 As a
consequence, we deduce P, € AD | p,+3. Moreover, we have Py, C {T'f >
a™} and so N f(z) > Cara™, with Ca7 > 0. Since by (10.3) we have

N(f XRd\UZ,j)(Z) < O aj7

(10.22) < fdu < Ceyt s p(Py,y).

we obtain
) ro J Cor ro
N(f XU_])(Z> > CQ7C¥ — 028 o’ > 5 a ",

assuming j < rg — 71, where 71 is some positive integer which depends on
Co7 and Cag. Recall also that the fact that z € B; yields

(10.23) Se(fxpi)(z) < 6ol for by —10 < ¢ < by + 10,
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where hp is given by Qg € ADy,,. If we choose § small enough, then 6 o/ <
Cy7 ™ /2 and, for j <7y — ry, (10.23) implies

C
(10.24) Se(f Xpi)(2) > 727 a™  for some t > hy + 10.

On the other hand, if 1o — r1 < j < 1o, then by (10.16) we have
(10.25) Sif(z) >epa™™ ™ > Cy ' for some ¢t > h; + 10,

with Cag > 0.

In any case, from the fact that P, € ADj, 45 p,+4 we deduce hy > hg — 2,
and so supp(s¢(z,-)) C 2P, for t > hy +10. Thus, from (10.24) and (10.25)
we get

N(f X2P,,)(2) = min(Ca7/2, Cz9) ™

for any j with k£ < j < ro. If we take 0 small enough, operating as in (10.22),
we obtain

M( U Bj meo) < CaU(on) < gM(Pxo)7
k<j<ro
which together with (10.19) implies (10.18).
By (10.18) and Lemma 5.3, using the Z, condition for w, we get w(2Q%\
Ay) > 7w(QF) for each Whitney cube Q¥ € Q. By the finite overlap of the
cubes 2Q?, we obtain

Tw(Q) < TZUJ(QQC) < Zw@@? \ Ag) < Caow( \ Ag).

Therefore,
w(Ag) < (1— C3_017') w(Q) =: nw(Qy).

11. THE GENERAL CASE

In this section we consider the case where not all the cubes @) € D are
transit cubes.

If R is an initial cube but there are no stopping cubes, then the arguments
in Sections 5-10 with some minor modifications are still valid.

If there exist stopping cubes, some problems arise because the functions
SkXxge are not bounded away from zero, in general. As a consequence, the
property Zs has to be modified. Indeed, notice that if we set A := R% and
@ is some cube which contains stopping points, then (5.1) may fail, and so
the Z,, condition is useless in this case.

The new formulation of the Z, property is the following. For k € Z, we
denote STy, := {z € supp(u) : Qx is a stopping cube}. Notice by the way
that Sjf(x) =0for j > k+2and v € STy,
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Definition 11.1. We say that w satisfies the Z,, property if there exists
some constant 7 > 0 such that for any cube Q € AD;, and any set A C R¢
with Q NST 43 C A, if

(11.1) Sktaxalz) >1/4 forall z € Q \ ST j43,
then w(AN2Q) > 7w(Q).

With this new definition, Lemma 5.2 still holds. The new proof is a
variation of the former one. On the other hand, Lemma 5.3 changes. Let us
state the new version:

Lemma 11.2. Suppose that w satisfies the Zo property. Let QQ € ADy, and
A C R? be such that ANQNST yoy = @. Let {P;}; be a family of cubes with
finite overlap such that AN %Q C U; B, with P; € AD 4o pya and £(P;) >0
for all i. There exists some constant § > 0 such that if W(ANP;) < 6 p(P;)
for each i, then

(11.2) w(2Q\ A) > Tw(Q),

for some constant T > 0 (depending on Zs ). If, moreover, w(2Q) <
Criw(Q), then

(11.3) w(AN2Q) < (1 - Ci'r)w(2Q).

The proof is analogous to the proof of Lemma 5.3, and it is left for the
reader.

The results stated in the other lemmas in Sections 5-10 remain true in the
new situation. However, the use of the Z,, condition is basic in the proofs
of Lemma 5.4, the implication (e) = (c) of Lemma 4.1, Lemma 9.2, Lemma
10.1, and Lemma 10.2. Below we will describe the changes required in the
arguments. In the rest of the lemmas and results, the proofs and arguments
either are identical or require only some minor modifications (which are left
for the reader again).

- Changes in the proof of Lemma 5.4. The proof is the same until (5.5),
which still holds. Given Q; € ADy, it is easily seen that if y € ST 13N Q;,
then T, (fxs0,)(y) < Cs1iNf(y). By (5.5), if we choose 6 < €/2C3;, then
ANNQiNSTi3=2.

On the other hand, now the estimate (5.6) is valid for y € Q; \ ST k43.
Then we deduce Sk13X20,\4,(Y) > % for y € Q; \ ST k43, and by the Z,
condition we get w(2Q; \ A)) > Tw(Q;). Arguing as in (5.7), we obtain
w(Ay) < p,w(y).

- Changes in the proof of the implication (e) = (c) of Lemma 4.1. The sets
Oy, G, and B, are defined in the same way. The estimates for w(Q; N G))
are the same.

As shown in (7.11), if z € By N Q;, with Q; € ADy, then Si(fxv,)(z) >
C16A # 0 for some k > h + 6. This implies z & S7},14. Now the arguments
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used to prove that w(B)) < mw(Q2y) are still valid, because By N Q; N
STh+4 =J.

- Changes in the proof of Lemma 9.2.

The construction. The construction is basically the same. The only dif-
ference is that now we must be careful because the cubes QL (and Q* for
k > 1) may fail to exist due to the existence of stopping points. In the first
step of the construction (k = 1), we circumvent this problem as follows. If
x € Rj \Sngle’ then we take a u-0-(100, 8)-doubling cube Q1 € ADQ;H@

Ifx e R} NST j1445, we write z € AS1. We consider a Besicovitch covering
J

of Qo N Q \ AS1 with this type of cubes: Qo N\ AS1 C U I and

i€l i
we set Ay 1= Uiel1 Qil. We operate in an analogous way at each step k of
the construction.

The estimate of fQo |N"o|Pw dp. Here there are little changes too. Equation
(9.3) is proved inductively in the same way. Let us see the required modifi-
cations in the first step. The definition of By is different now: By := {z €
Qo\ST 5 : Spts0o(x) < eXp}. With this new definition, (9.5) holds. On the
other hand, notice that fQoﬂSTh+5 |IN" 206 [Py dy = 0, since N*"200(z) =0
if x € STh+5.

The definition of Dy does not change, and all the other estimates remain
valid. In particular, (9.8) holds now too, because NH+t20g(z) = 0 if z €
AS; (recall that the definition of A; has changed).

The changes required at each step k are analogous.

The estimate of Y, 0(Ay). The former arguments remain valid in the new
situation.

- Changes in the proof of Lemma 10.1 and Lemma 10.2. The proof of Lemma
10.1 does not change. In the arguments for Lemma 10.2, we have to take
into account that if x € By and ¢ is small enough, then © ¢ S7Tp4a/-1.
Indeed, if x € Q;, with Q; € ADj,, then we have T'(fxyr)(x) > %ak+2,
and S;(fxpr)(x) < dao for h — M < j < h+ M. These inequalities imply
Si(fxyr)(x) > g0a® # 0 for some j > M + 1 if § is small enough. In
particular, z &€ ST 4 pr—1.

If we assume M > 20, for instance, then all the cubes P, that appear in

the proof of Lemma 10.2 exist and are transit cubes, and the same estimates
hold.

12. RELATIONSHIP WITH RBMO(p) AND FINAL REMARKS

Let us recall one of the equivalent definitions of the space RBMO(u)
introduced in [To2]. We say that f € Li (u) belongs to RBMO(p) if there

loc
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exists a collection of numbers {fg}gcre C R such that
)~ faldntz) < Cr ()

for each cube @ C R? and

(12.1) [fq = frl < Cr(1+6(Q, R))

for all the cubes @, R with @ C R. The optimal constant Cy is the
RBMO(p) norm of f, which we denote by || f]|«-

Let 1 < p < oo. In general, if w € Z,, then logw ¢ Z,,. This follows easily
from Example 2.3. Indeed, in this case it can be checked that §(0, I}) < C
uniformly on k. As a consequence, for all f € RBMO(u), the numbers
f1, are bounded uniformly on k. If moreover f is constant on each interval
Iy, then we deduce f € L*°(u). However, the weight wy of Example 2.3 is
constant on each interval I, and it is not a bounded function, and the same
happens with log wyg.

On the other hand, if f € RBMO(u), then there exists some ¢ > 0
depending on ||f||«, p such that e/ € Z,. To prove this, first we will show in
the following proposition that a weight of the type %/, with f € RBMO(y),
satisfies a (rather strong) property in the spirit of the classical A, condition.

Proposition 12.1. Let 1 <p < oo. If f € RBMO(u) and e = (|| f|l«,p) >
0 s small enough, then

p/r
(12.2) u(21Q)/ efdu - [,u(21R)/ e—afp’/pdu] < Oy eC339(@Q.R)
Q R

for all the cubes Q, R with Q C R or R C Q, where Css,C33 are positive
constants depending on n,d,Cy.

Proof. The funcions f € RBMO(u) satisfy an inequality of John-Nirenberg
type (see [To2, Theorem 3.1]), which implies that for some constants Cs4, Cs5
and any cube @ and A > 0 we have

/Q exp(Caalf(z) — fol/ 1) dulz) < Css p(2Q).

If we take ¢ < C34min(1,p/p")/||f]l«) and we use (12.1), we deduce (12.2).
(]

Remark 12.2. For 1 < p < oo, in Lemma 4.1, the statement (e) can be
substituted by the following weaker assumption:

(e’) For all k € Z and all cubes Q,
(12.3) /Q 1S (wxo)lP o dy < C w(20),

with C independent of k and Q.
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To see this, only some minor changes (which are left for the reader) in the
proof of Lemma 4.1 are required.

Since (e) and (e’) in Lemma 4.1 are equivalent, we deduce that the state-
ment (e) of Lemma 4.2 can be weakened in the analogous way: We only
need to compute both integrals over (), and on the right hand side ) can
be substituted by 20Q).

Theorem 12.3. Let 1 <p < oo. If f € RBMO(u) and e = (|| f||l«,p) > 0
is small enough, then e/ € Zy.

Proof. By the preceding remark, we only need to show that w := e/ satisfies
(12.3) and its corresponding dual estimate. Moreover, for simplicity we will
assume that there are no stopping cubes.

Let us see that (12.3) holds any given cube @ € ADj;,. We may assume

k> h—3, since Sy(wxg)(x) < O YLy Shya(wx)(x) for & € Qisupp(y).

For each = € Q Nsupp(u), let R, be a doubling cube centered at x, with
R, € ADj110k+9. Let U, Ri DO Q Nsupp(u) be a Besicovitch covering of
Q@ N supp(p) with this type of cubes. Notice that R; C 2Q for all i. Let
Qz € ADj, 2 be some cube centered at z. If x € R;, then R; C @, because
U(R;) < 0(Qy). Since §(R;, Q) < C, by (12.2) we have

1 1 p/p
200 /Qz“’d“' Lz(Ri) /Ri“d“} =

Taking a suitable mean over cubes @, centered at = (as in the proof of
Lemma 3.11), we obtain

Skw(x) - [mp,(0)]"" < C,
for all z € Q). Then we get

/Q Sewxo)l odn < 3 / Se(w) P o dp
< —
- CZ CZ ngp 1°

By Hoélder’s inequality, 1 < mp,w - (m R, 0) . Thus,

/|Sk o s < C S maw w() = €3 w(R) < Cu(2q)

The estimate dual to (12.3) is proved in an analogous way. (]

We will finish with some remarks and open questions:

Remark 12.4. (a) Using Lemma 9.2 and modifying a little the proof of
the implication (e) = (c) of Lemma 4.1 one can show that w € Zwe¥
if and only if there exists some A > 1 such that [ N(wxg)?odu <
Cw(AQ) for all cubes Q. We don’t know if this holds with A = 1
too.



(b)
(c)

[NTV1]

[NTV?2]

[Tol]
[To2]

[To3]
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We don’t know if Z, = Zweek.

In the case p = 1, an statement such as (e) in Lemma 4.1 is missing.
We don’t know if there is a reasonable substitute.
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